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Preface 


As a rule, the authors of a scientific book pre- 
sumably hope that it will prove useful. The authors 
of this book wish devoutly that it will turn out to be 
quite useless, and that the application of exterior 
ballistics, with lethal intent, may cease.  Neverthe- 
less it is clear that armies will mass and nations stand 
in readiness for war until "Homo sapiens" succeeds in 
better deserving his self-bestowed name. While this 
endures , there must be many who know something about 
the flight of projectiles, and a few who know much 
about it. For these, this book is written. 


To the optimist who feels that this book is point- 
less because there will never be another war we can say 
only that we hope he is right. To the pessimist who 
feels that this book is pointless because the next war 
will be fought with weapons of such wide destructive 
power that it matters little where they are delivered, 
we would say that few weapons indeed, having once been 
useful, have been entirely discarded. The battle-axe 
survived in the hatchet of the commandos; the spear 
survived in the bayonet; and even sticks and stones 
killed many in the first days of the independence of 
India. If there is another war, we may feel reasonably 
sure that guns, bombs and rockets will not be useless. 


This book is not meant to be a compendium of ballis- 
tic knowledge. Many of the older techniques have been 
omitted, and the historical references are few. ‘This 
is due, in part at least, to the fact that a consider- 
able amount of second-rate material has been published 
on problems of ballistics, and even the search for the 
origin of a useful idea would entail much winnowing. 
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The material here incorporated was chosen chiefly on 
a basis of utility. Those subjects are treated which 
proved important in the work done by the authors during 
or near the time of the Second World War; and to these 
are added related topics in exterior ballistics. Not 
all the work of the authors is included, and still less 
is the work of their associates, of whom we shall men- 
tion J. W. Green, A. P. Morse, A. S. Peters, H. Federer, 
H. L. Meyer and M. K. Fort. To select almost at random 
nothing appears about the work of Professor Green on a 
method for setting a certain British bombsight for use 
with U. S. bombs, nor on the work of Professor Morse on 
separating the dispersion due to an aircraft-mounted 
gun turret from other intermingled quantities in the 
experimental data. The first of these could not be 
described without violation of security regulations, 
and is in any case a problem of mechanism rather than 
of projectile flight; the second is a problem in sta- 
tistics rather than in ballistics. Their omission from 
this volume, along with a number of other subjects which 
exercised one or more of us during the war years, is in 
no way an indication that they lacked interest or im- 
portance; rather, they were either "classified" or else 
not entirely within the province of exterior ballistics. 


Exterior ballistics may be regarded as a fairly 
complicated exercise in dynamics, and thus requires 
some knowledge both of mathematics and of physics. 
Experience indicated that not all physicists had as 
much mathematics as was needed, and still less could 
the mathematicians be depended upon to know the re- 
quisite physics. Hence the first chapter in this book. 
Presumably the mathematics in it will appear quite 
trivial to mathematicians, and the physics equally 
trivial to physicists. Let each be tolerant of the 
ignorance of the other. The authors have attempted to 
make the book intelligible to anyone who has had a 
reasonably good undergraduate course either in mathe- 
matics or in physics. Furthermore, the elementary 
physics in the first chapter is not invariably dis- 
cussed rigorously in textbooks. In particular, the 
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authors do not happen to have encountered any pub-. 
lished proof of the Buckingham I[-theorem which is 
above reproach. 


When the manuscript was first completed to the 
approximate satisfaction of the authors, it was sub- 
mitted to the Ballistic Research Laboratories at 
Aberdeen Proving Ground, Maryland. It was read with 
great care by Mr. R. H. Kent, who is an associate 
director of the Laboratories and is also head of the 
Exterior Ballistics Laboratory. Mr. Kent favored us 
with some comments which have been incorporated in 
the text. Later each chapter was also read either by 
Dr. L. S. Dederick, who is the other associave direc- 
tor of the Laboratories » or by Dr. T. E. Sterne, who 
1s the head of tne Terminal Ballistics Laboratory. 

The preceding paragraphs were written on July 12, 
1949. We have left them unchanged, because the in- 
tervening years have done nothing to require their 
revision, save for the abandonment of the wisp of op- 
timism in the second paragraph. But we now have the 
pleasant duty of acknowledging our gratitude to sev- 
eral persons besides those already named. Mr. C. H. 
Murphy of the Laboratories has examined several chap- 
ters and has greatly improved Chapter XI by correcting 
a number of errors. Finally, the authors are grate- 
ful to several persons who prepared the manuscript for 
lithoprinting, including Mrs. Jeannette Sheehan, who 
typed a substantial part of the text proper; Mr. 
George E. Proust, who typed and corrected much of the 
draft for master sheets and verified the trajectory 
computation in Chapter VI; and, especially, to Miss 
Lida Libty who typed about one-half the text proper, and 
entered machine symbolism throughout the book, and 
to Mrs. Pauline Weaver and Mrs. Hazel Spare, who 


entered many proof symbols by hand and made final 
corrections. 


EDWARD JAMES McSHANE. 
JOHN LEROY KELLEY. 
FRANKLIN VICTOR RENO. 


March 1952. 
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CONCERNING THE NUMBERING OF REFERENCES: 


All theorems, equations, formulas, etc., which had 
enough importance to deserve designation have been 
numbered together in one single scheme. References 
to preceding numbered statements ordinarily give three 
numbers in parentheses; the first is a Roman number, 
and indicates the chapter referred to; the second is 
Arabic, and indicates the section; the third is also 
Arabic, and indicates the number of the statement in 
that section. To facilitate reference, each spread 
shows the numbers of the chapter and section to which 
it belongs. For brevity, references to statements 
in the same chapter dispense with the chapter number, 
and references to other statements in the same section 

with both chapter and section numbers. Thus in 
Section l of Chapter VIII we find a reference to 
(VII.1.8), which is equation 8 of Section 1 of Chapter 
VII; a reference to (3.11) which is equation 11 of 
Section 3 of the same chapter (VIII); and a reference 
to (11), which is in the same section (1) of the same 
chapter (VIII). 
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Chapter I 
MECHANICS, 
DIMENSIONAL ANALYSIS, 
AND STATISTICS 


l, Definition of a vector. 


Many quantities encountered in physics are not 
fully specified by a single real number but require 
also the specification of a direction. For example, 
if all we know is that some one has moved thirty-nine 
miles from the center of Washington, his location is 
not determined, but, if he has moved thirty-nine miles 
in a direction forty degrees east of north, he is in 
Baltimore. In order to be able to discuss such quan- 
tities conveniently it is desirable to use mathemat- 
ical entities called vectors. These entities can best 
be regarded as purely mathematical; although they have 
uses in physics as well as in mathematics, it is pre- 
ferable for the sake of clarity of thought to define 
them in a geometrical way and to study their proper- 
ties mathematically, and later to use these estab- 
lished properties to help us in studying problems of 
physics. 


The geometry we shall use is the familiar "Solid 
Geometry"; that is, we assume the axioms for Euclidean 
three-dimensional space. A "translation" is a motion, 
or mapping, of the space onto itself such that, if A 
goes to ΑἹ and B to B', the distance A'B' is equal to 
.the distance AB, and the line through ΑΙ and B' is 
parallel to the line through A and B. 
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To reach a definition of a vector we start off with 
the idea of an ordered pair of points. Let A and B 
be any two points of three-dimensional space. They 
form an ordered pair of points if we designate one of 
them as first, or beginning, point and the other as 
last, or end, point. If we wish to represent such an 
ordered point pair graphically, it is permissible and 
in fact convenient to draw in the line segment from 
A to B, and to put an arrowhead at the point B to mark 
it as end point. But this is only a pictorial con- 
venience; if we know where A and B are and which is 
designated first, we know everything we need to know 
about the line segment from A to B. It is not re- 
quired that A and B be different; ordered pairs of 
points AB with A and B coincident are very important. 
Graphically such a pair would be represented by a 
single point. 


At this stage one is tempted to define a vector as 
an ordered pair of points, or (what amounts to the 
same thing) a line segment AB with a specified begin- 
ning and a specified end. However, this would create 
& certain logical difficulty. It is usually desirable 
‘to regard line segments with the same length and di- 
rection as representing the same vector. Thus, with 
rectangular coordinates in three-dimensional space, 
the line segment from (0, 0, 0) to (1, - 3, 2) has the 
same length and direction as the line segment from 
(5, L, 2) to (6, 1, l). But they are distinct line 
segments with no points in common. So, if we would 
choose to define the vector as being the line segment, 
these (being different segments) would be different 
vectors. 


This difficulty can easily be avoided by use of a 
classical device. We say that two ordered pairs of 
points (A, B) and (C, D) are equivalent if by means 
of a translation of the space it is possible to bring 
A"and B to the position formerly occupied by C and D 
respectively. Thus the two point pairs mentioned in 
the preceding paragraph are equivalent. Then the 
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following statements are almost self-evident. Each 
ordered pair of points is equivalent to itself. If 
(A, B) is equivalent to (C, D), then (C, D) is equiv- 
alent to (A, B). If (A, B) and (C, D) are both equiv- 
alent to (E, F), they are equivalent to each other. 
From these statements it follows (rather obviously) 
that if with each ordered pair of points we associate 
all the pairs equivalent to it, and call the result 
an "equivalence class," every ordered pair of points 
belongs to exactly one such class. Each such class, 
as a whole, will be called a vector. If (A, B) is an 
ordered point pair, it represents the vector to which 
it belongs; and every ordered pair of points equiva- 
lent to (A, B) also represents that same vector. In 
particular, all ordered pairs (A, A) with the same be- 
ginning and end are equivalent to each other; the vec- 
tor of which they all are representations is the zero 
vector. 


Vectors will be represented by letters in boldface 
type, such asx, y, ὦ» The zero vector will be de- 
noted by Q. 


All the pairs of points belonging to any one vec- 
tor x have the same distance between beginning point 
and end point. This distance, being common to all 
peirs which represent the vector, may be regarded as 
a property of the vector. It is named the le of the 
vector X , and will be denoted by the symbol |x |. In 
& certain hazy sense, which will later be made more 
precise, all the representations of any vector x 
other than Ὁ have the same direction, so this direc- 
tion too is a property of the vector x. But the rep- 
resentabions of x do not have any position in common, 
so the vector x may not be regarded as having any 
specific position. Nevertheless, for the sake of 
brevity one often says "we construct the vector x 
with beginning at P" as an abbreviation for "we con- 
struct the line segment PQ such that the ordered pair 
of points (P, Q) is a representation of the vector x." 
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2. Addition of vectors; multiplication of vectors by 
real numbers. 


The simplest operations which can be performed on 
vectors are the addition of two vectors and the multi- 
plication of a vector by a real number. Let x and y 
be two vectors, and let A be any point. The vector 
X has exactly one representation (A, B) beginning at 
A. The vector y has exactly one representation (B, C) 
beginning at B. The vector represented by (A, C) is 
called the sum of X and y, and is denoted by x + y. 
It is evident that this is independent of the choice 
of A; for if any other beginning point A' is chosen, 
and representations (A', B') and (B', C!) of x andy 
respectively are constructed, tbe translation which 
carries A into ΛΙ will also carry B into B' (since 
(A, B) and (A', B') both represent x) and will carry 
C into C'. So (A, C) will be equivalent to (A', Οὐ). 


Let x, y and z be any three vectors and A a point. 
If (A, B) represents x, and (B, C) represents y, and 
(ο, D) represents z , then (A, C) represents x + y so 
that (A, D) represents (x + y) + z. Also (B, D) re 
resents y + z so (A, D) represents X + (y + z). 
Hence 


(1) (x*yl*z-xe*(ys*z)X 


This, the associative law of addition, permits us to 
omit parentheses in successive sums such as 


X +y+Z+w 
without causing any ambiguity. It is easy to see that 
(2) xX +O" οὐ x" x 


for every vector x. If x is a vector and (A, B) is 
a representation of it, then (B, A) is a representa- 
tion of a vector, different from x unless x =" QO. 
This new vector we denote by - x. Clearly 


(3) (-x)*x-»x*(-x)-0. 
If x and y are two non-zero vectors, having rep- 
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resentations (A, B) and (A, C) respectively which do 
not lie along the same line, we complete the parallel- 


ogram ABDC. Since by a translation we bring A to C and 
B to D, (C, D) is equivalent to (A, B) and represents 
x. Similarly (A, C) and (B, D) both represent y. 
Hence by definition (A, D) represents both X + y and 
y + x, and we have established the commutative law 


(4) Xx+yee yx 


if x and y are non-zero and their representations are 
not parallel. 


If x or y is zero the equation is also true, by 
(2). There still remains the case of non-zero, para- 
llel vectors x, y to consider. This can be reduced 
to the case already considered by using an auxiliary 
vector z not parallel to x or y. Then the order of 
addition of x and z, of y and z, and of (X 4 z) 
and ( -z + y) is immaterial. So, using (1), (2) and 
(3), we find 


x +yexe X4(z-2)4 y 
a(x + z)+(-z +Y) 
a(y -zx)e(z + x) 
"y +(-z 4:1} κ 
= y + Z. 
So (L) holds in all cases. 
We now define the operation of multiplying a vector 
by a real number (for which the alternative name scalar 


is often used). Let X be a vector and c a real num- 
ber. If x "Qorifc *O, we define 


(5) οχ Xcs Q. 


Otherwise, let AB be a representation of x. On the 
line through A and B we find the point C such that the 
distance from A to © is |ο|-|κ| and which is on the 
same side of A as B is if c >0, on the opposite side if 
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ο < 0. Then cx and xc are both defined to be the 
vector represented by AC. It is easily seen that this 
does not depend on the representation chosen for x. 
The expression x/c shall mean (1/c)x. 


By methods familiar from elementary coordinate 
geometry we can show that 


(6) (la+ b)X = ax «4 bx, 
and 
(7) &(bx) = (ab)x. 


It is also clear from the construction that if x is 
& non-zero vector, and y is a vector parailel to X 
(that is, a vector whose representations are parallel 
to those of x), then there is a real number c such that 


y 9"cX. 


Suppose that X and y are non-zero vectors which 
are not parallel. Let AB represent x and BC repre- 
sent w; then AC represents X + y. Let AB' repre- 
sent c X and B'C! renresent c y; then AC' represents 
cx +cy. But the triangles ABC and AB'C’ are sim- 
ilar, so ΟἹ is on the line AC, and AC’ represents 
c(X + y). That is, 


(6) c(x + y)acx ΦΟΥ. 


The restriction that x and y are non-parallel is 
easily removed; if they are parallel, then by the pre- 
ceding paragraph we have, say, y = KX, so 


c(x + y) »c(x * kx) σ οί] + k)x 
=» (c + ck)X = cx +ckx 


m CX Cy. 
In short, the operations of addition of vectors and 
of multiplication of vectors by real numbers obey the 


same laws as the corresponding computations with real 
numbers. However, the multiplication of a vector by 
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another vector has not been assigned any meaning. 


We can now give a precise meaning to the word '"di- 
rection." If x is any non-zero vector, the vector 
x (1/[ x|) has length 1, by the construction above. 
This vector is called the "unit vector in the direc- 
tion of Χο! or more briefly the "direction" of x. 
The zero vector is the only one with length 0; every 
other vector is uniquely determined the length and 
its direction since X «(| x |) (x[1/ ix|]), the 
flrst factor being the length and the second the di- 
rection. 


J. Linear dependence of vectors. 


Let Ky, ..., Xj be any collection of vectors. We 
shall say that they are collinear, or parallel, if when 
they are given respective representations AB], ..., ABn 
all starting at the same point, all of the points 
A, B1, ..., By lie in one straight line. Evidently 
the choice of beginning point A is immaterial. The 
vectors X], «+e, Ky are coplanar if when they are 
given the respective representations ΑΒ}, ..., ABn, 
all the points A, B], ..., Bn lie in a plane. It is 
obvious that if at most one of the vectors Χ Ἱ ..., Ky 
is different from © the vectors are collinear; if at 
most two differ from O they are coplanar. 


The geometric concepts defined in the preceding par- 
&graph are closely related to the important concept of 
linear independence. A set x4, ..., X, of vectors is 
linearly dependent if there is a set or real numbers 
C1; «ου, Cy not all zero such that 
Otherwise they are linearly independent. 

Two immediate corollaries are: 

(2) Lemma. If some of the vectors Xl, ο.» Ay 
are linearly dependent, all of them are. Suppose, to 
be specific, that X4, ..., X4 are linearly dependent 
Sec. 3 {| 


Google 


where n « n. Then there are numbers Cj, ..., Cg not 
all zero such that 


Cy Xy P eco + ςῃΧπ” Ο. 
But then 
CA] 35... + Og X + OX wp 5 --: 4 Ox, * ο, 


SO Mj, ..., X, are linearly dependent. 


Suppose that X, is equal to a linear combination 
Cy My +... + 9 May * Cn Amd * *** * On Χῃ 
of the others. Then 
CIXI 4... +O ΙΧ] τί - UK, 
+ CmlXm1l 3... +O, XK, ^O, 


and the vectors X4, ..., Χῃ are linearly depend- 
ent. Conversely, suppose the vectors linearly depend- 
ent. Then there are numbers C4, ..., Cn not all zero 
such that (1) holds. Let cm be a non-vanishing co- 
efficient; then 


Km ( = cy/eq) X4 + ... + ( - Cn-1/€m) X m-l 
+ ( = Cml/m) Xml + eee + È - C/C En" 


We now prove the following theorem. 


(4) Theorem. One vector is linearly dependent if and 
only if it is Ο. Two vectors are linearly dependent 
if and only if they are collinear. Three vectors are 


early dependent. 
By definition, Q is linearly dependent, since 
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1 (0Ο) = OQ. Conversely, if c4 X4 = O and οἱ 0, 
then 


O = (1/c,)c, X, " Χι. 


If X} and X» are collinear, either they are both 
©, hence linearly dependent; or else one of them, say 
X4, is not O. Then, as we have shown earlier, there 
is s number a such that Χο = aX}, so by Lemma (3) tne 
vectors are linearly dependenv. Conversely, if they 
are linearly dependent, by Lemma (3) one of them is a 
multiple of the other, say X =" aX2. By construction 
of &X5, the vectors X1 and Χο are collinear. 


Let X4, Χρ, Xj be coplmar. If two of them are 
collinear (in particular if any one is Ὁ), those two 
are linearly dependent by the preceding Paragraph, so 
the three are linearly dependent by Lemma (2). If no 
two of them are collinear, construct representations 
ΑΒ}, ABo, AB3 of Xj, Χρ, X3 respectively. Through 
B4 draw a line parallel to ABj; it will intersect ABo 
in some point C, since AB, and AB2 are not parallel. 
Then AC represents a multiple a5 X^ of Χρ and CB4 rep- 
resents a multiple a) X4 of X), so X4" a, Xi + 85X»,; 
and by Lemma (3) the vectors are Lingarly dependent. 


Conversely, if X], Xo and X3 are linearly de- 
pendent, one of them is a linear combination of the 
others, say X3 = a] X] + a2X2 By construction, the 
right member of this equaton is coplanar with xi and 
Ko, 80 the three vectors are coplanar. 


Let X1; X», X3; κι be any four vectors. If any 
three are linearly dependent all four are, by Lem- 
aa (2). Otherwise, let AB}, ABo, AB3, AB}, be repne- 
sentations of X3, Χο, X5, my, respectively. Through 

draw a line parallel to A 3: This will meet the 

e ΑΒ1Β2 in a point C, since Xj, Xo, X3 are not 
coplanar. Let z be the vector represented by AC. 
Since Xj, Ko, Z are coplanar they are linearly de- 
pendent, and there are numbers cj, Co, c3 not all zero 
such that 
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(5) 1.154 C2X2 + C4Z a ©. 

It is not possible that c3 * 0; if it were, (5) would 
express a linear depmderce of κ] and X ^. Hence this 
equation can be solved for z; 

(6) | Z = až] +a, κ, 


The vector CBj represents a multiple of x}, say 83 Χ. 35 
and κ" Z +a. From this and (6) we have 


x), = a, *1 + a^ κ. + a5 E34 
By Lemma (3), the four vectors are linearly dependent. 


Theorem (h) yields the following corollary. 


(7) Coro . If χ is a linearly independent (i.e., 
non-zero) vector, and z is collinear with x., then 
Z can be represented in exactly one way as a multiple 
of χ.. 
= TE 


If Χι, X» are linearly independent (i.e., non= 
collinear ο... and Zz is coplanar with them, then 
Z can be represented in exactly one way as a linear 


combination of them. 


If X1, X5, X4 are linearly independent (i.e., non- 
coplanar) vectors » every vector z in three-dimensional 
space can be represented in exactly one way as a lin- 
ear combination of them. 


We prove the last statement; the proofs of the pre- 
ceding statements are obtained by omitting all refer- 
ences to X3 or to Xo and X3. The vectors denoted 
Z, Xj, X5, X4 are linearly dependent by Theorem (L). 
Hence there are numbers c, Ci, Co, C3 not all sero 
such that 


(8) CZ +X) + c2X2 * €4X5 " O. 

We cannot have c = O; otherwise (8) would express a 
linear dependency among X1, Ko, X 3» contrary to hy- 
pothesis. Transposing and dividing by c yields 
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z*(-cyce)Xi*(-cyc)Xo* (- 63/0) X3; 
s0 Σ can be represented in at least one way as a 
linear combination of Kj, Ko, and X4. If there were 
two different representations, say 


zs & X4 * 80 X» * 84 X4 
and 


z = b] X1 + bo Xo + b3X5, 
by subtraction we would obtain 


(a, -*3) X4 + (ao - bo) Ko+ (a3 - b3) X3 = O, 
which contradicts the hypothesis that Xj, Xo, and 
Z 3 are linearly independent. 


lh. Components of vectors. 


Let us choose some one point O of space and name it 
the "origin." Each point P determines a vector Xx, 
represented by OP, which we shall call its "position 
vector." Conversely, each vector X has exactly one 
representation beginning at 0; if Q is the end point 
of this representation, X is the position vector of 
the point Q. Thus the vectors are put in one-to-one 
correspondence with the points of three-dimensional 


space. 


If Κι, ko and k3 are three linearly independent 
unit vectors we may use them to define & coordinate 
system. Each vector X may be written in one and only 
one way in the form X = xx Κα + xk, + x4 ΚΠ. The 
numbers X], Xo, Xj are called the components of X 
(with respect to the coordinate system kj, ko, k3). 
Thus when a coordinate system has been selected each 
vector corresponds to a triple of numbers, and converse- 
ly. Each point P of space also has coordinates. These 
are defíned to be the components of the position vec- 
tor of P, which is represented by OP. 


If representations of k4, k, and k4 which begin 
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at O are extended the resulting directed lines are 
called the OXj- , OXo- and OX4-axes. When any vec— 
tor X is represented as a linear combination 


(1) x "xjkj + xoko + x3k3 
of the unit vectors kj, ko, k3, the three real num- 
bers xj, Χρ, X3 are called the components of X along 
the OXj- , OXo=- , OX4-axes respectively. 


In order to avoid repetition, we shall adopt the 
following notational convention. When the coordinate 
vectors kj, ko, k 3 have been chosen, the components 
of a vector denoted by a boldface letter will be des- 
ignated by attaching subscripts 1, 2, 3 to the corres— 
ponding roman letter. Thus the components of x are 
(xj, xo, x3); the components of £* are (118, &2*, 83*). 


For any three vectors x, y, Z, the equation 
z = X + y is equivalent to X + y - z = QO, which 
with the help of (1) becames 


| (xy + y1 - 22) ky + (xo + yo - 22) ko 
(2) 
+ (x3 + y3 - 21) k3 = ο. 
The vectors kj, ko, k3 being linearly independent 


by Theorem (3.4), this equation is true if and only if 
all three equations 


(3) 21 = X1 + Yr» 50 = Χρ + 2, 23 =" X3 + Y3 

are satisfied. Thus the single vector equation (1) is 
equivalent to the three equations (3) relating the 
components of the vectors. 


Likewise the equation. 


(4) y "cx 
is equivalent to 


yık ı + Yo κ. + ¥3 κ. » c(xy ki * xok > + x3k3), 
or 
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(3 - cx )k, + (72 Š οχρ) Κ 2 + (ση = cx3)k 3 = Q. 
By Theorem (3.4), this is true if and only if all three 
equations 


(5) Ji = ΕΣ, 72 = CX»; J3* on 
hold. Thus the single vector equation (L) is equiv- 


alent to the three equations (5) relating the compon- 
ents of the vectors. 


Suppose that P: (xj, xo, x3) and Q: (ys Y2; y3) 
are any two points of three-dimensional space. Then 
OP and OQ represent the position vectors X and y of 
P and Q respectively. The ordered pair PQ represents 
a vector z, and by definition we see that X + Z = Y, 
r z= ye X. Hence it follows that PQ represents 
y - X whose components are (yj - xj, Yo - Χρ, y3 - X3). 
In other words, the line segment or ordered pair with 
first point (xj, xo, x3) and last point (yi, yo, y3) 
represents the vector whose components are | 


(3i - X: Yo 7 X5» 34 - X4). 
5. Inner products and vector products. 


It is not possible to define a process of multi- 
plying vectors together in such a way as to preserve 
any close similarity to the ordinary multiplication 
of real numbers. However, two different expressions 
formed out of pairs of vectors occur frequently when 
one uses vectors in physics, and these two expressions 
have been given the names of the "inner product" and 
the "vector product" of the two vectors. 


The inner product of X and y is not a vector, but 
& real number; it is the product of tne length of X, 
the length of y and the cosine of the angle (X, y) 
between them. We shall denote it by X*y (it is often 
called the "dot product" of X and y). Thus 


(1) Xey = |x|. |yl-.cos (x, y). 
Let κι ; k, » κ 3 be three mutually perpendicular 
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unit vectors, and let X and y have the respective 
components (xj, xo, x4) and (yq Yoo ¥3)- If a point 
O is chosen as origin, and P Q are the points with 
coordinates (xj, xo, x3) and (yj, Yo, y3) respectively, 
by definition X is the position vector of P and y is 
the position vector of Q. Let z be the vector repre— 
sented by PQ; as we saw in the preceding section, 
z= y - X, am the components of Z are 


(σι TX» J57 Χο J3 - x4). 
The length of z is the distance from P to Q, so by 
the distance formula, 

2 2 2 2 
(2 |α|΄ = (x -.-xD^ + Go - x) + (y3 - καν)". 
In the triangle OPQ the angle opposite PQ is (X, y), 
and the sides OP, OQ, PQ have lengths |x|, ly|>|z]- 
respectively. So by the law of cosines, the distance 
formula and (1), 

ο 2l xllyleos (x, y) 
G) my? + ap? + α) 

+ y1? + γος + σος - 2Ke¥Yo 

Equating the expressions for |z f in (2) and (3) and 
simplifying yields 
κ Υ ty, + xy, αφ: 
The left side of this equation is by its definition 
independent of the choice of kj, k», and k}. Hence 
the right member is independent of this choice, in 
spite of the fact that each of the six numbers in the 


right member depends on the choice of the three unit 
vectors. à 


The vector X + y has components 


(xi + γη» Χρ * Yoo % * Τη). 
Hence by (L), 
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(x+ y)oz = (x, + yai + (x4* ys, 
+ (x3 + 3375 
(5) "OX + X4 + X45, 
+ yj34 + Yoh * 3455 
= X'Z + y*r. 
From (lj) it is evident that 
(6) y°X = Xoy, 


Since c y has components (cy, cy, cy3), from (L) we 
deduce 


X'(cy) = xycy; * xocyo + X3cy3 
=cK:¥. 


A useful corollary of (1) is 
(7) X:x |x|. 


To inner multiplication there corresponds no form 
of division. The equation K-y = O does not imply 
that either factor vanishes, but merely that either 
X or y is the zero vector or that cos (X, y) = Ον. 
that is, that X and y are orthogonal. If we regard 
0 as orthogonal to all vectors, the equation X*y = 0 
holds if and only if X is orthogonal to y. 


Any three non-coplanar vectors X, y, Z, con- 
sidered in that order, form a right-handed or a lefte 
handed set according to the following test. Let OP, 
Q, OR represent X, .y, z respectively. In the OQR- 
plane it is possible to rotate into the direction 
of OR by a turn of less than 1860”. An observer sta- 
timed at P will report this rotation as clockwise or 
counterclockwise. In the former case the set is left- 
handed, in the Latter it is right-handed. There is 
another way of describing such sets which accounts for 
the names. Keeping the thumb and index finger in the 
Plane of the palm and the middle finger bent toward 
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the palm, with one hand (but not both) it will be pos- 
sible to point the thumb in the direction of X, the 
index finger in the direction of y and the middle 
finger in the direction of z. The hand with which 
this can be done gives its name to the system. (This 
is easy if the vectors are mutually perpendicular, but 
can be a trifle uncomfortable for some sets!) 


It is easily seen that if X, y, z is a right- 
handed set, so are y, Z, X and E, X, y; while 
X, zZ, y and Z, y, X and y, X, z are left- 
handed. Henceforth we shall use only coordinate sys— 
tems OX% X% X% in which the unit vectors kj, ko, k 3 
form ar “handed set. 


The vector product, or cross product, xXy of the 
two vectors X and y is a vector, and is defined as 
follows. Let OP, OQ represent x, y respectively. 
Then the length of x Xy is the area of the parallel- 
ogram two of whose sides are OP and OQ, so that 


| x Xy | = |ορ|”|οᾳ|”οἱπ ΖΡΟΩ 


(8) 
= [x[*lylsin (x, y). 
This is evidently zero if and only if X and y are 


collinear. When it is not O, xAy has direction 
perpendicular to the plane OPQ, and X, y, xXy form 
a right-handed system. 


We shall now begin to prove the equati on 


Κι k k; 
x XY = ži X9 X, 
(9) δι J2 7; 


* y, χι) a * Guy? - κι) κ): 
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This is easy when the left member is O; for we have 
seen that this means that X and y are collinear, so 
that the triple (χι, Χο» X ) and (33, ya, y3) are pro- 
portional and the determinant is ©. When the left 
member is not ©, the proof of (9) can be made to rest 
upon the following well-known theorem of analytic 
geometry. 


Let P: (x, χο, )y Q: (γι; Yoo Y3), R: (21, 25, 23) 
be any thre’ paints in thrée-dinefisional space, the 
axis system being orthogonal and right-handed. Then 
the absolute value of the determinant 


$4 5 2η 


P JAM ------- eee ee 


Define 
z = (σσ 7Ο) ΚΙ + (π} -xyjk, 
+ (x y, τ xX)ky 
we wish to show that z= xXy . From the equation 
z°K *(xyj -xyyo)x + (x33 - xyy3)xo 
+ (xy,-xyjx,-0 
we see that z is perpendicular to X. In the same 


way we prove it perpendicular to y. Hence it is per- 
pendicular to the plane of x and y. 


(11) 


Let V be the volume of the parallelopiped with 
edges OP, OQ, OR, where OP, OQ, OR are representations 
of X, y, 2 respectively. Since 
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x, Χο X3 
Yi Yo Y3|* hey, - xy) * Ss, - xyj) 


Z) 7ο 39 + any, - xj) 
= z]? + s2 + 232 =[2|° > 0, 


(12) 


the above-mentioned theorem of geometry shows that the 
set X, y, Σ is right-handed, and 
(13) στις s 


But z is perpendicular to the plane OPQ, so the volume 
V is the product of the altitude | | by the area of the 
base, which is the area of the parallelogram whose sides 
are OP and OQ: 


(1h) Vslz| (area of parallelogram OP, OQ). 


By comparison of (13) and (1h) we see that | z| is the 
area of the parallelogram with sides OP, OQ. But now 
z answers in all respects the description which de- 


fines xXy, so z = XXy. This and (1) complete the 
proof of (9). 


. From (9) we immediately conclude that for any three 
vectors x, y and z and any real number a the equa- 
tions 


xXx - 0, 
XÁY "-YXx, 
xX(a y ) = (ax)X(y =alxXy), 


(x+ yXzxz "xXz *yxz 
are satisfied. 


(15) 


Expansion, as in (12), establishes the identities 


T MEL 
Q6 x'(yxx)*(xXvyYz-* |n n σι. 

2) 3» ᾱ- 
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Vector products involving more than two factors can 
be simplified by use of the important formula 


(17) EXC yXzZ) = (x*z)y - (κ y)z. 


This is established by two uses of (9) and a bit of α]- 
gebraic manipulation, as follows: 


κι ko κ. 
xXCyXz)* Xi x2 X4 
5033 73332 5131” 51539 7152 - 281 

kil% 7132 - x23231 - 333371 * 33123) 
* kx - HY3%2 - X17122 * Xjy 221) 
+ (93%, - 47133 - xoy953 * X332) 
kl y (x42) + X525 + X424) 

- (xy + xay? + x334)] 
+ Κρἰσοίχγει + x232 + x42) 

- Gy, * HY2 + %Y3)] 
tk, [y (xn + X985 + X424) 

- 53(3* + X¥2 + x333)] 
» (k7 + kx, * k y3) (x44 + X425 + X 44) 
-(k42 + Κορ’ 325) (x) * xoyo + x373) 
y(x*z) - zx(x*y). 


Before leaving the subject of vector multiplication 
it should be remarked that the choice of a "right-handed 
rule" is rather arbitrary. It is quite feasib]e to be- 
gin with unit vectors kj, k., k4 which form a left- 
handed system, and to use a lefthand rule for determin- 
ing the direction of a vector product xXy. Pre- 
cisely the same algebraic formulas would hold for this 
system, although the geometric interpretation is dif- 
ferent. 
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6. Continuity and differentiability of vector func- 
tions. 


Let P be an independent variable, ranging over a set 
[P] in any kind of space. If to each value of P there 
corresponds a vector x(P), determined by any law what- 
ever, then x(P) is a vector (or vector-valued) func- 
tion of P. For example, a velocity can be represented 
by a vector. Hence the velocity v of the air at each 
point P of the earth's atmosphere is a vector function 
of the point P. At each time t the position of a moving 
point is specified by its coordinate vector X measured 
from an arbitrarily selected origin 0. Hence x is a 
vector function x(t) of the time t. 


The definitions of limit and of continuity for vec- 
tor functions differ only in notation from the corres- 
ponding definitions for real-valued functions. Sup- 
pose that ( P] is a set of points in a space of one, 
two or three dimensi nd that x(P) is defined for 
all points P of the set [p] . Suppose that Pg is a point 
such that points of [P] (other than Pj itself) lie arbi- 
trarily close to P,. We then say that x(P) approaches 
a limit k as P tends to Po, or in symbols 


(1) lim x(P) = k, 
P+P, 

if 

(2) lim |x(P)- k| =0. 
P-+P, 


This last is a statement about real numbers. Since 
|x{P) - k| 15 the length of the (vector) difference 
between x(P) and k, and is also the distance between 
the points whose position vectors are x(P) and k re- 
spectively, we can interpret the last statement in 
either of two ways. To each positive number e there 
corresponds a positive number 5 such that for all points 
P (different from Ρο) which belong to[P] and have 
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distance less than ô from Po, the vector difference 
X(P) = k has length less than 6: or, alternatively, 
the point with position vector X(P) lies within dis- 
tance c of the point whose position vector is k. 


If we choose any rectangular coordinate system the 
vectors X(PJ and Kk are each expressed ty three com- 
ponents. It is rather easy to show that x(P) tends 
to k as P tends to P, if and only if all three equa- 
tions 


(3) lim x5 (P) - Κι (i = 1, 2, 3) 
P+P, 


are satisfied. Consider first the expression 
a? + b? * c? 


It is not increased by replacing any two of the letters 
a, b, c by zero; hence |a|, |b| and |c| cannot exceed 
the radical. On the other hand, the radical cannot ex- 
ceed |a| + |b| + |c|, as is clear if we compare the 
square of this sum with the square of the radical. 
Hence 


|x4(P) - k| 
S J (xy(P) - 14)? + (xP) - kp)? + (x,(P) - κ 


= |x(P) - kl 
$ [x(P) - «| + |π2{5) - Κο| + |x(P) - k} j. 


Now if x(P) tends to k each of the three numbers 
[x,(P) - Κι is caught between O and | X(P) - k|, 
which approaches 0. Hence each of the three approaches 
zero, and (3) is satisfied. Conversely, if (3) holds, 
each of the three functions |x,(P) =- k4| approaches 
0 as P tends to Pg. Hence so does their sum. But 
[x (P) -k| is caught between O -nd this sum, so it 
must approach zero. Therefore (1) is satisfied. 


(L) 


This result is still valid if the axes are oblique, 
but the proof is a little more complicated. 
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Equations (3) make it easy to prove that if 


(5) lim x(P) = k and lin y(P) = I, 
PPa +P, 
and u(P) is a real-valued function such that 


(6) lim u(P) = m, 
PoP, 


then the relations 


(7) lim u(P) x(P) = mk, 
P+P, 
(8) lim [x(P) + y(P) ]- k+l, 
P+P8 
(9) lim x(P)- y(P) » k:l, 
JUR 
(10) lim x(P) Xy(P) = kx) 
P5Pg 


are satisfied. For example, (10) holds if and only if 
all three equations 


ge [xo(P)y3(P) - x3(P)yo(P) ] = Κοὶη - Κο, 
X3 
a8 [x4 (P) (P) - x, (P)y4( P) ] z Κη = ka; 
το | 

lim [x,(P)yo(P) - x)(P)y,(P)] = kyl, - kj 

PP, 
are satisfied. But these are consequences of (3) and 
oo for Υ (8), which in turn are consequences 
of 

Suppose now that the set [P ] and the point P, are 
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as described in the second paragraph of this section, 
and that the point Ρο belongs to[ Pj. Then we say that 
X(P) is continuous at P, if the limit 


lim x(P) 
P+P o 


exists and is equal to Χ(Ρο). By the preceding proof, 
this is true if and only if each of the three real- 
valued functions x, (P), (i = 1, 2, 3) is continuous at 
P.. As usual, X(P) is'said to be continuous on [P ] 
if and only if it is continuous at each point Ρο of 
[P]. | | 
If x(t) is defined, say, for all t in the inter- 

val from tj to to, and to is in that interval, the 
derivative x'(t,) or d X/dt is defined to be the 
limit 

tin XC - (to) 

Ὁ ο t - tg 


provided that this limit exists. As we showed earlier 

in this section, the relation 

Q) aoge XO = Cbg) 

is equivalent to all three equations 

(12) x,(t) = lim X -πι(ίρ) (1-1, 2, 2). 
i''o ———— 

When the independent variable is interpreted as time, 


we shall usually write X for the derivative, instead 
of X'. 


If u(t) is a real-valued function and x(t) and 
y(t) are vector functions all defined on an interval 
and all having derivatives at a point t of the inter- 
val, the formulas 
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d 
qilt) x(t) J = u'(t) x(t) + u(t) x'(t), 


wo 


(13 


d 
(19) -εἰχίο) + y(t)] = κ. * y(t), 


d 
(15) Cx(t)-y(t)] = x'(t)-y(t) + x(t)ey'(t), 


wat 


d 
(16) αι (alt) Xy(t)] = x(t)Xy(t) + x(t)X y(t) 


all hold. They can be established as (7), (8), (9) and 
(10) were, by use of components, or they can be estab- 
lished directly. Consider, for example, equation (16). 
Since 


x(t)X y(t) - x(to) Xy(t9) 
t - ἃς 
x(t) X [ y(t) - y(t,) ] 
ΕΝ ας 
, [x (t) - x(t,)]X y (to) 
t-t, j 


f 
on letting t tend to to and recalling (8) and (10) 
we obtain (16), apart from the triviality that we 
have tg in place of t. 


From (15) and (5.7) it follows at once that 


(11) (Ix OP) = [ x (9) x(t) 1’ = 2x(9)* xf (6). 


The analogue for the cross product is a triviality 
because of (5.15). In (16) we must be careful to pre- 
serve the order of the factors, since cross-multipli- 
cation is not commutative (see 5.15). 


Google 


T. Rigid motions. 


Hitherto we have been discussing purely geometric 
quantities, involving points and line segments in 
three-dimensional space. Now we wish to discuss mo- 
tions, thereby introducing a physical quantity, time. 
The concept of time is not a simple one. In relative 
ity theory, time coordinates and position coordinates 
are inextricably bound together. But for experiments 
involving only terrestrial objects with velocities much 
less than that of light, it is entirely satisfactory to . 
use the earth's rotation to define time. Lett, be a 
plane through the earth's axis and passing permanently 
through some identifiable point of the earth's surface 
(for example, the cross-hairs of the meridian circle 
at Greenwich Observatory). Let f be a plane passing 
through the earth's axis and some distant star. The 
angle between and Mo changes; a sidereal second is 
the time required for it to change 1/86,100 revolution. 
Due to the motion of the earth in its orbit, the solar 
day (between successive meridian-crossings of the sun) 
is longer than a sidereal day (between successive me- 
ridian-crossings of a fixed star) by roughly four min- 
utes, on the average; enough to amount to one per 
year. So a mean solar second is roughly 366.2h/365.2h 
sidereal seconds; more precisely, it is 1.00273790 
Sidereal seconds. 


As soon as we introduce different times into our 
discussion we encounter the need of what may be con- 
sidered hair-splitting. Given a vector x at a time 
tg and a vector y of the same length at a different 
time tj, how can we tell if these are the same or,dif- 
ferent? If Ὁρ were equal to tj the question would have 
an answer which is already given in Section l. But 
suppose that A and B are two ends of a diameter of the 
earth, and that at time tọ the line AB produced passes 
through a star S. Then at time to we have 


(1) 18/| AB | = 48/ | AS]. 
But at another time tj the points A, B, S will no. longer 
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be collinear, so the two members of (1) will be un- 
equal. The question is, which (if either) is unchanged? 
To one who is religiously convinced that the earth 
stands still the answer seems evident; the left mem- 
ber is unchanged. And all of us tacitly treat the left 
member as unchanging when we say "the sun rises." If 
S 1s a distant star, as astronomer would usually be 
willing to proceed as though the right member of (1) 
is unchanged; this assumption ís tacitly made when- 
ever an astronomer determihes time by the meridian 
passage of a star. But an astronomer trying to deter- 
mine the parallax of S will.assume neither one un- 
changed. 


Once, not so many decades ago, we might have tried 
to get out of this difficulty by regarding a vector as 
unchanging if at all times it joined the same two points 
of the "ether." The Michelson-Morley experiment frus- 
trates any such attempt. Instead, we abandon all 
efforts to give an absolute meaning to constancy of 
a vector, or immobility of a point, and find that we 
get along quite satisfactorily with a weaker substi- 
tute. Suppose that at each instant we choose three 
concurrent lines OX), OX», OX}. Since tne angle be- 
tween OX, and OX5 is a real number, no troubles arise 
if we require that this angle have the same value for 
all times t; and likewise for the angle between OX, 
and OX 3 and the angle between OX5 and OX 3» For pres- 
ent purposes the manner ín which the lines are chosen 
is unimportant; but in specific applications they will 
always be chosen as some recognizable lines related to 
a material object, for example, the earth. We can use 
these lines as the axes of a coordinate system, and we 
can introduce coordinate vectors Κι, Κρ, k} as before, 
for each separate instant of time. Now we čan say that 
a point is fixed with respect to the OXjXoX4-system if 
each of its three coordinates retains a constant value 
at all times; and we can say that a vector x is a con- 
Stant vector with respect to the OXiXoX4-system if 
each of its three components retains a constant value 
for all times. 
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In physics, a "particle" is ordinarily understood 
to mean a material object whose dimensions are too 
small to be of significance in the particular problem 
under discussion and whose spatial. orientation is of no 
significance. Such a particle can then be regarded 
as merely sn identifiable point of space, whose po- 
sition with respect to a chosen coordinate system 
OX X-X, is given at any time t by three coordinates 
xt, xo(t), x3(t). The velocity v at time te of 
the particle, with respect to the OXjIoX4,-system, is 
defined as follows. Let FQ, be the position of the 
particle at time t, and let Ρο be the point which is 
fixed with respect to the OXjIo2X3-system and which 
coincides at time t, with P. Then we define 


Ῥ P. 
(2) v = limn 2t, 
provided that the limit exists. 


Since the point Po has constant coordinates 
xi(*9), Χρ(ῦρ), x4(*,), 
ee 
the vector PoP, has components 
x(t) - x(t)» x(t) - χο(ζρ), x4(t) - x(t)» 
and equation (2) is equivalent to the three equations 
V4 = lim x(t) - x4(t,) 
(3) tto t - to 
= &(tg, (1 = 2,2, 3). 
This permits us to write 
(4) v.» k(t), 


wherein we must keep in mind that neither side of. the 
equation has any meaning except with reference to some 
specific coordinate system, and if x (t), xo(t), x4(t) 
are the camponents of x(t) in a coordinate system with 
coordinate vectors kj, k>, k3 then for this sys- 
tem we have 
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(5)  k(t) = t), + ἀρίύ) ko + &y(t) κ. 
Thus in finding the velocity X of a particle with re- 


spect to a coordinate system we treat the coordinate 
vectors of the system as constants. | 


The velocity v of a particle should be carefully 
distinguished from its speed, which by definition is 
the absolute value | v| of its velocity. Thus, proper- 
ly speaking, an airplane cannot have a velocity of 
300 miles per hour (with respect, say, to the ground); 
it can have a speed of 300 miles per hour, and it will 
have that speed if its velocity is, say, 300 miles per 
hour due west and horizontal. 

If O X4 X, X 3 is another coordinate system, a point 
Pg fixed with respect to the new system may have a 
velocity w, with respect to the original system, which 
need not be ©. Moreover, this velocity w may vary 
with the point Pg and with the time t. It will be 
called the velocity, at time t and place Po, of the 
O Xi X2 X4 -system with respect to the OXjXoX3-system. 
In order to avoid repeated re-statements of a hypoth- 
esis, we shall always assume, when changing from one 
coordinate system to another, that the velocity of the 
new system with respeci vo tne old one exists; we rule 
out non-differentiable motions. 


A particle P which has a velocity v with respect 
to the sears οσο will ordinarily have a different 
velocity v* with respect to the O Xi Xo X3 -system. 
These velocities are related as follows: 


If at time to a particle P has velocity v* with 
respect to the O X1 X, X4 -system, and at the time 
to and pt the place occupied by P at time to the 
0 X X, X} -system has velocity w with respect to 
the OX Xofs-systen, then at tíme t, the particle P 
has a velocity v with respect to the OXjXoX3-system, 
which satisfies the equation 


(6) v= vw. 
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Let Ρο be the point, in the 0°X)"X9"X3"-system, 
whose coordinates are constantly equal to 


(κο (tg, x 2 (tos X 3 (t9); 
and let Ῥο be the μι. fixed in the OXjXoX3-system, 
whose coordinates are constantly equal to 


(x yt RE x X o: X xit, ))* 
At time t the pointe P, Fo, Po LP E υμών, Clearly 
— y y 
PoP = ῬοΡο᾽ + Po P. 


If we divide by t - t9 and let t tend to to, the three 
terms tend by definition to v, v* and w respectively, 
establishing (6). 


A set of particles, finite or infinite in number, 
will be called a body. A bedy is rigid if each pair 
of its particles keeps the same distance apart at all 
tims. Thus if X(t) and y(t) are the position vec- 
tors of two particles of the body in any coordinate 
System we have 


(7) |x(t) - y(t)| = const., 
or, what amounts to the same thing, 
(8) | (x(t) = y(t))' (x(t) - y(t)) = const. 


If x(t), y(t), z(t) are the position vectors of any 
three points of a rigid body, from the identity 


y 2 
= ((x - E) -(y - x)ypf(x- αχ) -(y ΠΠ 
-jx - z|? - 2( X - z): (y =- z) + ly -2%, 
together with (7), we deduce 
(X - z)*(y - 2) 
(9) ZEE - z|?^* |y - z|^ -|x -γ|2] 
= const. Ἢ 
By differentiation this yields the useful identity 
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(10) (k= 2)(yo2) - - (x -z)(y - à), 


valid at all times for every three particles of a 
rigid body, provided of course that X, y and Z are 
well defined. In particular, if ye X this yields 


(11) (X - i): (Xx - z)-0. 


In a later theorem of this section we shall wish 
to choose four points of a rigid body with position vece 
and X} - X are mutually perpendicular unit vectors. 
Clearly this. may be impossible, for example, when the 
body is contained in a sphere of diameter less than 1, 
or when the body contains less than four points. Howe 
ever, these cases offer no real difficulty. For we 
can show that an &xis system can be attached to a rigid 
body; that is, it is possible to define a coordinate 
system in such a way that 


(a) Every point of the body has constant coordi- 
nates in the system, “and 


(b) Every two points with constant coordinates in 
the system keep & constant distance apart. 


Thus by (b) all the points with constant coordinates 
can be thought of as the particles of a rigid body 
extending throughout space, and by (a) this extended 
rigid body contains the one we started with. 


In order to avoid some mathematical complexities 
we shall disregard the case in which all the particles 
of the body lie on a line, and we shall prove: 


(12) Lema. Let B be a rigid body containing at least 
three non-collinear particles. en there exists 4 


coordinate system having properties (a) and (b) of the 
preceding paragraph. 


Let Po, P4 and Po be three non-collinear points of 
the body, let X be the vector represented by P,P) and 
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y the vector represented by PoPo. Then the three vec- 
tors kı = X/|x|, ko -xXy/ xXy| and k3 = kyXko 
are mutually orthogonal unit vectors. We select Po as 
the origin O of a coordinate system for the points of 
space, the coordinates of any point P being the com- 
ponente in the directions kj, Κο, Κ of the position 
vector of P. It is clear that this coordinate system 
satisfies the requirement (b). It remains to prove 
that (a) also holds. | 


Let z be the position vector of a point of the 
body. We may write 


(13) z22,°k,+ Zoek, + 23°k3 


From this equation and the fact that k., k, and κ. 
are mutually orthogonal it follows that z} = z* k 

χο” πίω and χι” Z°k3- It now mst be shown 
that these three are constant. We first notice that 
z°k,* z°x/|X| is constant, by reason of (9). 
Further, the angle between x and y is constant, for 
it may be obtained from X *y, |x| and tyl. Hence 
|x X y | is constant. We now use (5.17) to write 


TA k," x XXxXy)/l xl | xXyl 


= [(x*y)x-(Cx-:x)y]/|Ix|Ix Xyl. 


From this expression, since z*X, ΣΥ, X*y, |X| 
and |x X y | are constant, we see that z*k4 is con- 
stant by again using (9). Finally, since | x] is con- 
stant, χα» κο is determined except for sign. Hence 
|z «Κο! is constant. Since z and kọ are continu- 
ous functions of time, z* ΚΟ must then be constant. 
The lemma is thereby proved. 


With respect to a given coordinate system, the mo- 
tion of a rigid body at an instant to is a translation 
if at that instant all particles of the body have the 
same velocity, so that the equation 


(15) k(t.) = y(t.) 
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holds for the position vectors x, y of every pair of 
particles of the body. The motion at time to is a 
rotation about a point Pg if Po, being rigidly attached 
to the body, has velocity Q at time t. 


Fram these definitions it is easy to prove the fol- 
lowing theorem. 


an arbitrarily selected point attached to the body. 


Let OX 4X X 3 be the chosen reference system, with 
coordinate vectors kj, ko, k3, and let x(t) be 
the position vector of an arbitrarily selected point 
Po rigidly attached to the body. Let O'"Xj"X5"X4 * be 
a new coordinate system with origin at Pg, but with 
the same coordinate vectors k4, ko, k4 as the rigi- 
nal system. If a point P is fixed with respect to 
the new system, having constant position vector y, its 
position vector with respect to the original system is 
Kot) + y, so its velocity with respect to the 
original system is K,(t). This is the same for all 
points P, so at every time the motion of the new sys- 
tem with respect to the original system is a trans- 
lation. The motion of the body with respect to the 
new system is a rotation, since the point Po of the body 
remains fixed at the origin in the new system. 


The next theorem is of great importance in study- 
ing. the motions of rigid bodies. 


(17) Theorem. Let B be a rigid body and OXiX5K4 a co- 
ordinate system. Then at each time t, there is a vecto 
( (called the angular velocity of the body B with re- 
spect to the coordinate system ΌχηΧρχη) such that the 
position vectors x(t), |o of any ivo particles of 
B satisfy the equation 


(18) (to) - Kolto) = © Χ[ x(to) - Kolto) ]. 
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The following proof is a modification of one sug- 
gested by A. P. Morse. Let X(t) be the position 
vector of an arbitrary point Ρο of the body, and let us 
choose three points P|, Ρο, P4 rigidly attached to the 
body and so located that the three vectors 


— mp 
P P., PP), POP. 


each have length 1 and form a right-handea orthogonal 
system. We denote the positlon-vectors of Pj, Po, P 3 
by Kj, X», X3 respectively, and for notational con- 
venience we define 


(19) γι" Xi - Xo; yo" Xo - Xo» y3 = X3- EKo* 
Then by the definition of vector product we find 


(20) yi* YoXY, Y2" Y3XY» Ys -ΥΙΧνο. 


Since the y4 are linearly independent, any vector 
z whatever can be expressed as a linear combination 
of the Vi» in the form z = riYi * ro Yo + Γη Υψ 1. But 
the y, are orthogonal and have length 1; so by taking 
dot products we find τι = Z° y;, i = 1,2, 3. In 
other words, we have shom 


(21) If yi, yo, y 4 are three mutually perpendicular 
unit vectors, then an arbitrary vector z satisfies the 
equation 
(22) z = (z+ yy, * (x - yyy, (ας vpy. 
We shall first show that there can be at most one vec- 
tor @ with which (18) is satisfied, and we shall find 
an expression for this one possible vector. By (20), 
(5.36), (18) and (19), 

Qo * yi" oly Xy ) 
(23) " (o Xy ο) γα 

T Yo° Y 3° 

In a like manner, 


(2b) o- yo" ην o'ya" Yi Y, 
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Substituting in (22), with z replaced by @, yields 


(25) ὦ = (Υρ’ Y) Yy + (Y y! Ya) Yo + (Y i; Y2 Y3. 
This is the only possible vector with which (18) can 
be true. It remains, however, to show that (18) does 
hold with this particular (9. 


We first make a preliminary calculation; namely we 
compute @X yj. Referring to the form (25) for (9, 
we have from (3o) | 
(5) OXY, = - (93° Y1)Y3 + (¥1° -— 

On the other hand, from (10), Y1' ¥3 = - Y3' Y 3, and 
V1°Y 1 = 0. Thus we may write ( (26) in th A». 
®X¥1* (¥i-yi)vi + (¥1° yo) Y2 


(27) + (¥1° Y3) ¥3- 


As has been shown above in (22), the right-hand side 
of this equation is simply: γι. Of course, the same 
argunent can be applied to yo and y3, so that it is 
clear that 


(28) o Xvi" Wy {οτ151, 2, 3. 


Now let x(t) be the position vector of an arbi- 
trarily chosen point rigidly attached to the body. 
There are numbers 8j, 85, a3 such that 


(29) y(t) = x(t) - K,(t) 
= a) Y1(t) + a2 yo(t) + a3 y3(t). 


ΒΥ Lemma (12) the numbers 84 are constants. Hence, 
at all times, 


(30) y = 8191 + 02 92 + 9271. 
Substituting from (28) the values of yj we have 
y "u0Xy; * αρ OXY) ο) ὦ Xy, 
(31) = QX(aiYi + a2 Yo + a3Y3) 
= oXy. 
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When the original variables X and X, are substitu- 
ted back by means of (29) this becomes the desired 
relation and the theorem is proved. 


It is to be noted thet the argument is perfectly 
valid for left-handed coordinate systems, if the 
left-handed vector product is used. In either case, 
we may regard (25) as a formal definition of @. As 
long as only right-handed coordinate systems are used 
ὦ may be treated as a vector which obeys the same 
rules for change under change of coordinate system as 
do the velocity or position vectors. In the only case 
(Chapter II) where it is necessary to consider both 
right- and left-handed systems we shall return to the 
definition (25). 


It is evident that if ὦ = Q the motion at time 
to is a translation with respect to the coordinate 
system, for then by (20) we have X(t,) = k,(t,) for 
every two points of the body B. If the motion of the 
body is a rotation, by definition it is possible to 
select a point Pg whose velocity at time t, is QO. 
Then, unless Ὁ = O (in which case all particles of 
B have velocity © at time t), the points with posi- 
tion vectors x= x,(t,) + δῶ, - «s < œ, form 
a line passing through Pg. By (20), all points on 
this line have velocity © at time tọ, for 


= Of 0X [so] 

= ο, 
by (5.15). This line of stationary points is called 
the instantaneous axis of rotation. We thus see that 
if a rigid body rotates, it has a whole line of sta- 
tionary points, its instantaneous axis, and moreover 


its angular velocity vector @ has the direction of 
this axis of rotation. 


Theorem (17) makes it easy to prove that the phys- 
ical operation of superposing rotations about the same 
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point corresponds to the mathematical operation of 
adding the corresponding angular velocity vectors. 


Let P be a point of a rigid body which at time tg 
has velocity O with respect to each of two systems 
orn and O*X)*Xo*X3*. Then at place P and time ty 
the O*%)*Xo"X3*-system has velocity © with respect to 
the üOXjXoX3-system. The motion of the body with respect 
to the 0°X)"Xo"X3*-system is a rotation about P; let 
(0j denote its angular velocity. Likewise the motion of 
the 0*X)*Xo*X3*-system with respect to the OXjXoX;- 
system is a rotation about P; let @* be its angular 
velocity. Consider any point Q of the body. There 
is a point Οἵ fixed with respect to the 0*X)*Xo*X3*— 
system which at time tọ coincides with Q, and there 
is a point Qo fixed with respect to the OXj1XoIs-sys- 
i d at time t9 coincides with Q. Using the orem 
17 


velocity of Q with respect to 0*X)*Xo*X3*-system 
— 
= 3 9% - Q4 X PQ, 
dt 
velocity of Q* with respect to OX 5X4 -system 


€: — hec 
= Lape = oF X Por, 
at 
Therefore by (6), recalling that Q* and Q coincided at 
velocity of Q with respect to OXjXoX4-system 
— 
= 01 XPS κο Χ PQ 
x (94 + ω”) PQ, . 
and the motion of the body with respect to the 0X)XoX3- 
system ig a rotation about P with angular velocity 
0,* Q0. 


It is clear from (17) that tne angular velocity 
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vector ὢ is determined by the body B and the coordi- 
nate system, and does not depend on the choice of any 
particular point of the body B. In the next section 
we shall introduce the concept of "inertial frames," 
which are a certain class of coordinate systems each 
having a motion of uniform translation with respect 
to each of the others. It is easy to show that a 
body B will have the same angular velocity with re- 
spect to all such systems. For let O"Xj"X"Xx4"be a 
system which has at time t a motion of translation 
with respect to the OX)Xok3-system. Let x^. X be 
the position vectors of a point P with respect to 
these tems. Then at time tọ the differences X - X 
and X" = X are independent of P. So in (18), neither 
the left member nor the coefficient of @ is changed 
when we change from one coordinate system to the other, 
and therefore the same Ὁ) serves in both systems. 


8. Mass, ntum, and force. 


In order to introduce the concept of mass it is 
convenient to describe an imaginary experiment. Sup- 
pose that a small car is placed on a frictionless table, 
which rests on the earth, and that a string tied to 
this car goes over the edge of the table and is tied 
to a material object. These conditions cannot actually 
be realized, but can be approximated by mounting the 
car on wheels with good ball bearings and leading 
the string over a pulley with similar bearings. If 
the car is held stationary and then released, it will 
begin to move; and if properly held, its motion will 
be a translation in the direction of the string. At 
time t each particle of the car will have the same 
velocity v(t), and therefore the same acceleration 


a(t) » v(t). 
Assign an arbitrary positive number m, to the car- 


and-string-and-weight system. This will be called the 
"Lass" of the system. 


Sec. 8 31 


Google 


Now let A), Αρ, ... be any collection of material 
objects. If object An is placed on the car and the 
car released properly, the.car and object will move 
in translation, and will have an acceleration a, at 
the instant of release. Like the acceleration ag of 
the empty car at release, this will be in the direction 
of the string. Let the object Ay, be labeled with the 
number m, which satisfies the equation, 


molao |= (mo + m) lan |. 
The number α. will be called the "mass" of the object 
Απ. Then experiment will reveal (within experimental 
error) the following facts. The numbers m, are all 
positive. If two objects A,, Αρ are placed simulta- 


neously on the car and the car is released the accele 


eration αι ρ at release will satisfy the equation 


(mg + m * πρ)ίᾶῃ ϱ|- mo |8ο; 

and likewise if more than two objects are placed on 
the car simultaneously. If the car-and-string-and- 
weight system is replaced by another such system and 
the experiment is repeated, a mass mg" can be assigned 
to the new system in such a way that each object Αη 
is assigned the same mass mp by the new experiment as 
it was by the old one. | 


Since the number mg can be chosen arbitrarily, the 
mass of any one selected object (say Aj) can be made 
equal to any chosen number, Thus the masses of all 
other objects are determined. Most of what is refer- 
red to as the civilized world has agreed that a certain 
lump of platinum (called the standard kilogram) safe- 
guarded at Sévres, in France, is the selected object. 
Tf this lump of platinum is assigned mass 1000, then 
all masses are expressed ín grams. If it 1s assigned 
mass 2.2016,all masses are expressed in pounds. If 
it is assigned mass 2.20h6/32.2, all masses are ex- 
pressed in slugs. A gram is by definition one thou- 
sandth of the mass of this lump. Incidentally, a 
gram is very nearly the same as the mass of one cubic 
centimeter of distilled water at lj? Centigrade. 
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Fundamental in the Newtonian mechanics are certain 
coordinate systems called “inertial frames." A phil- 
osophical discussion of inertial frames would lead us 
too far afield. Fortunately such a discussion is un- 
necessary for the purposes of this book. It will be 
quite adequate for the mechanics of terrestrial objects 
to consider that one example of an inertial frame is the 
system whose origin is at the center of mass* of the 
solar system and whose three coordinate axes are non- 
coplanar and pass through three distant stars. Other 
systems are inertial frames if and only if their 
motion with respect to the system just described is a 
translation with constant velocity. A system rigidly 
attached to the earth is not an inertial frame. How- 
ever, in many (but not all) problems of mechanics it 
may be regarded as an inertial frame without introe 
ducing serious errors. 


If a particle of mass m has velocity v with re- 
spect to an inertial frame, the vector mv is called 
the momentum of the particle with respect to that iner- 
tial frame. The rate of change of the momentun mv is 
given the name of the force acting on the particle. 
Since m is constant, the rate of change of mv is m V. 
orma, where @ = V is the acceleration of the par- 
ticle. This definition of force may seem to be an eva- 
sion, but actually it is motivated by experiences com- 
mon to all mankind and others. Everyone has a rather 
vague concept of force derived from the feeling of mus- 
cular tension, and everyone knows that it requires more 
muscular effort to throw a large stone than to throw 
a small stone with the same speed. The definition of 
force as rate of change of momentum gives mathematical 
precision to this vague concept. 


From the definition it is clear that a force is 
represented by a vector. However, it is also clear 
that the action of a force cannot be predicted without 


"The term "center of mass" will be defined in Section 9. 
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knowing one more fact, namely, the point at which the 
force acts. This is quite apparent if we think of a 
non-rigid body made of several disconnected particles. 
A force acting on this body will affect the motion of 
only the single particle on which it acts. In fact, 
even babies learn quite early that a door opens more 
readily if a push is exerted against the door-knob side 
than if the same push is exerted against the hinge side. 


Once the units of mass, length and time have been 
chosen the unit of magnitude of force (usually abbre- 
viated to "unit of force") is specified by the equa- 
tion f =ma. If the units of length, mass and time 
are the centimeter, gram and second respectively (this 
is called the c.z.s., or centimeter-gram-second, sys- 
tem) the unit of force is the dyne, which is the force 
which will give a mass of one gram an acceleration of 
one centimeter per second per second. If the units 
of length, mass and time are the foot, the pound and 
the second respectively (the "f.p.s." system), the unit 
of force is the poundal, which is the force required to 
give a mass of one pound an acceleration of one foot 
per second per second. If the units of length, mass 
and time are the foot, the slug and the second, the 
unit of force is the pound force. This is the "engi- 
neering system" of units. ‘The pound force is the gravi- 
tational force acting on a pound mass at a point of the 
earth's surface where the gravitational acceleration is 
32.2 feet per second per second. Most of the work in 
exterior ballistics at present being done in the United 
States is in terms of the f.p.s. system. 


The usefulness of the notion of force in mechanics 
stems largely from the fact that it is frequently 
possible, as a result of some experiments, to predict 
the forces that will act on a particle under certain 
known circumstances. For example, any particle re- 
leased in a vacuum chamber at a fixed place on the 
surface of the earth will have an acceleration g, the 
same for all particles. (The direction of g is 
named "vertically downwards"; its magnitude is usually 
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called the "gravitational acceleration," or "g," for 
the locality). Thus we can predict that a particle 
of mass m placed in that vacuum chamber will be acted 
on by a force mg. The magnitude of this force is 
called the weight of the particle. 


Again, imagine a spring of very small mass with one 
end attached to a point on the surface of a level, 
frictionless table. If the spring is stretched until 
the free end is at a point P of the table, any particle 
which we choose to attach to the end of the spring will, 
on release, have a certain rate of change of momentum, 
independent of the particle. We can then conclude that 
the spring exerts the same farce on all particles which 
may be attached to it at P. 


Suppose there are several springs (say n of them) 
attached to the table, and that if the i-th spring is 
stretched until its free end is at P it exerts a force 
6.. (For the moment we have no interest in the ef- 
fects on the table produced by the spring). A particle 
of mass m will then move with acceleration 


αι = f;/m 
if attached to the end of the i-th spring at P. Exe 
periment will show that if all the springs are attached 
simultaneously to the particle at P it will move with 


acceleration 8i + @5 +... + Gn., The force acting 

on it is then by definition 
f= nla] +... + Gn) 

"πα... "πα 

s f,+...+ f,. 

In other words, the effect of the simultaneous 

action of forces f], ..., f, on a particle is the 

same as the effect of the single force fj + ... * fne. 

The mathematical operation of vectorial addition of 

forces corresponds to the pnysical operation of letting 

the several forces act simultaneously on a particle. 
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Returning to our frictionless table, let two par- 
ticles A, and Αρ, with respective masses mj and mo, 
be joined by a spring stretched beyond its normal 
length, and not touching any particle other than ΑΙ 
and Ao. It will be found that A), and Αρ exhibit ac- 
celerations, which we may denote by @, and a, re- 
spectively, such that 


mi a1 2 œ mo a^ 
That is, the force acting on ^ because of the inter- 
connection of the particles is the negative of the 
force acting on Ao because of the ΔΛ 
Even more than this is true; the accelerations ρα 


a, will have directions lying along a line jo 
the two particles. 


Sumring up, we have stated the following fundamental 
relations. 


(1) If a force f acts on a particle of mass m, 
the acceleration a of "the particle with respect to 
an inertial frame satisfies the equation "na. 

(2) If £ part rticles Aj and A> are interconnected in 


any way, and Tj» is the force a acting on A, and ἔοι 
the force acting on AD "because ause of the interconnection, 


then ἔοι 12. Moreover, vectors {12 and fo} 
are collinear with the vector AjA5. 


These are the statements in vector symbolism of 
Newton's three laws of motion: 


I. Every body continues in its state of rest, or of 
"x aem ina straight. line, ex j except insofar as 


it is compelled b by an impressed f force to change that 
state. 


II. The rate of change of momentum is proportional 


the line in which the force acts. 
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III. To every action corresponds an equal and 
opposite reaction. 


These laws have proved themselves adequate for the 
mechanics of terrestrial objects with velocities much 
less than that of light, and have been corroborated 
by a multitude of experiments under such conditions. 
In particular, they form the basis of exterior bal- 
listics. 


9. Center of mass. 


Let A1, Αρ, ..., A, be a collection of particles 
with respective masses mj, m5, ..., Βη, and let their 
respective position vectors in an inertial frame be 
P! Xa e», Kye Suppose that exterior forces 

eos act on Aj, Ay, ... respectively. In 

hos to the exte "forces there will be forces 

due to interrelations between the particles. Let 

o be the force acting on A; because of its inter- 

ation with A Then the total force acting on 

hà is P. + fi, D ooo + f; „s 89 its rate of change 
of momentum is | : 


) m ka= Εἴη»... fiil 
* $1,141 * see +5 n 

Now we add these n equations member by member. Each 

pair of distinct subscripts i, j occurs twice, in op- 

posite orders; for example, f 4 1 occurs in the equa- 

tion for πη M4, while f} 3 occurs in the equation for 


m Xj. Because of (8.2), when one adds the equations 
E terms eliminate each other. and all that remains 


(2) Ema Κι" E OF. 

This equation assumes an especially useful form if we 
define the center of mass X of the collection of par- 
ticles as follows: 
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(3) X = (E m,x4)/(Z my). 
Then 

E m.xi- (Z mj, 
whence 

Em k, = (E πι) ἕ, 

Dak, = (2 πι) X 
Substitution in (2) yields © 


(L) (Σ m)X-r F, 


In words, the motion of the center of mass is the same 
as it would be if the total mass of the particles were 
concentrated at the center of mass and all the forces 
acted at that point. 


As an important special case, if no external forces 
act on the system the acceleration of the center of 
mass will be O, and the center of mass will move with 
constant speed along a straight line; its momentum will 
be unchanged, no matter what internal forces act in 
the system. This is the principle of conservation of 


momentum. 


For example, the relative motions of the members 
of the solar system are highly complicated. But apart 
from the very small gravitational attraction of the 
other stars, there is no external force acting on 
the system. So apart from this very minute correction, 
the center of mass of the solar system moves, in any 
inertial frame, with constant speed along a straight 
line. For another example, consider the interplane- 
tary rocket so dear to some writers of fiction. Imagine 
it moving with motors cut off; its velocity will be 
constant. If the motor is started some gases will be 
ejected to the rear with high velocity. But the center 
of mass of the rocket and the ejected gases will con- 
tinue to have the same velocity. Because the ejected 
gases are separating from the rocket, the center of 
mass moves to the rear of the rocket; that is, the 


li Ch. I 


Google 


rocket goes ahead of the center of mass. 
10. Work and energy. 


Suppose that a particle moves with constant velo- 
city X(t) from a point with position vector X(t4) to a 
point with position vector x(t), and at each point is 
acted on by a constant force f. Then by definition 
the work done by the force on the particle is 


(1) We f:[x(x) - x(t)]. 
This can clearly be written also in the forms 
(2) W -[f.x][* - t1), 
and 
t 
(3) | 6. idt. 
ty a 


Suppose next that the particle moves along a path 
2 = x.(t), where t} St Stand at each time t is 
ated on by a force «ἴω, where x(t), X(t) and (+) 
are all continuous. We wish to define the work done 
by the force on the particles in such a way as to sate 
isfy the following two self-suggesting conditions. 
(1) If ty St3 St) Stg St, the work done between 
times t3 and ts is the sum of the wrk done between 
t4 and t) and the work done between tj and tg. (2) The 
work done between t4 anc tj, lies between the least and 
the greatest values (inclusive) of f(t): k(t)[t), - t4] 
fort4 St $t. If the interval tj, τ] is cut into 
subintervals by points tj < to < ... < t4 = τ, and 
M and M, are respectively the least and greatest 
vales of f(t): k(t) for ty S t S t4,1, these condi- 
tions require that W must lie between 


nel n-l 
Σ miti - ti] and Σ aMag([t4,4 - t4] 
i=] i=] 


inclusive. It is well known that there is exactly 
one number W which satisfies this requirement for 
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all methods of subdividing the interval [t], τ] and 
that is 


(b) is [ t (5)* k(t) at. 
Jt 


Accordingly this will be taken as the definition of 
the total work done by the force f(t) on the pu- 
ticle as it traverses the path x = x(t), 40 St 


According to the law of motion (8.2) the internal 
force acting on each particle of a rigid body due to 
the presence of another particle always lies in the 
direction of the line joining the particles. From 
this it follows that the total work done by the in- 
ternal forces in a rigid body undergoing any motion 
is always zero. For let Xj(t) and x5(t) be the 
position vectors of two particles of a Μη body. 
Let fi > and $5, be the forces acting on the first 
and sacon partistes respectively, due co the other of 
the two. Then by (8.2) we have f, But 
since f., has the direction of the ne Joining the 
particles, there is a number k such that 


fio - κί Ro - X1). 
Hence 

f21 * - k(x) - αι). 
By (7.11), ` 

α..ί X4 = x,) τ koe (xy = Χο)» 

On multiplying by k, this becones 

{105 i, s = f 51° Å. 
Now, on integrating between any limits, we find that 
the sum of the work done on the first particle by 
#45 and the work done on the second particle by {24 


is zero. Applying this to all possible pairs of par— 
ticles shows that the total work done is zero. 


The- kinetic energy, with respect to an inertial 
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frame, of a particle with mass m and velocity x, is 
by definition 


(5) T - in| &|^ - mi.i. 
The kinetic energy of a body, rigid or not, is tbe sum 
of the kinetic energies of all its particles. 


If a particle moves in an inertial frame and is 
acted on by a force, the increase in its kinetic energy 
between any two times t4 and t» is equal to the work 
done on the particle by the force. Let f(t) be the 
force acting at time t, and let X(t) be the position 
vector at time t. If m is the mass of the particle, 
then 


mk(t) = f(t). 
Hence 
mk-*X- ϱ (0). X(t). 
But 


d 2 d. . T 
acl X | SETZE 2X-* X, 
so the preceding equation can be written 
ἁ Ν 2 
3 in| 17] 
Integration from t4 to to yields 


2 2 í 
in| t (02) |? - al (ty) = [5 f* kat, 
establishing our statement. 
Since we have already seen that the total work done 
on a rigid body by its internal forces is zero, by 


applying the preceding paragraph to each particle of 
a rigid body and summing we find that 


(6) The increase in kinetic energy, between time tj 
and time to, of a rigid boc body moving ‘in an inertial 
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frame is equal to the total work done on the body by 
the external forces acting on it. 

This leads us into an apparent paradox. Suppose 
that an airplane, resting on its wheels on a runway, 
fires a one-pound projectile forward. The powder 
charge gives the shell a muzzle velocity" of 2000 feet 
per second, hence a kinetic energy of 


4(2000)* = 2,000,000 foot-poundals. 
Later the same airplane is in flight at 00 feet per 


second, and a similar projectile is fired with a 
similar charge. It is plausible, and in fact correct, 


. that the muzzsle velocity is again 2000 feet per sec- 


ond. Hence the speed of the projectile is 2400 feet 
per second with respect to the earth, and its kinetic 
energy is 4(2)00)* = 2,880,000 foot-poundals. The 
same charge has given more kinetic energy to the pro- 
jectile in the second instance than it did in the 
first. 


Again, consider a jet-propelled airplane cruising 
at 300 feet per second. The pilot feeds more fuel; 
this burns at the rate of five pounds per second, and 
is ejected at the rate of LOOO feet per second through 
the nozzles. Thus in each second the change of mo- 
mentum of the burned fuel has magnitude (5)(l000) foot- 
pounds per second, and the rate of change of momentum 
is 20,000 foot-pounds per second per second, or 20,000 
poundals. The work done on the airplane ir one second, 
at a speed of 300 feet per second, is then 6,000,000 
foot-poundals. But suppose that with this propulsion 
the airplane speeds up to 500 feet per second. Then 
the same rate of feeding of fuel will cause work to 
be done on the airplane at the rate of 10,000,000 
foot-poundals per second. 


*We have been using the word velocity to denote the 
vector X and the word speed to denote | X|. In 
speaking of muzzle velocity as a scalar we bow to 


ballistic tradition. 
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The paradox disappears when we observe that in each 
case we have started with a certain system and then 
ignored a part of the system we started with. In the 
first example we forgot about the airplane. Let M be 
its mass. The same force that gave the projectile a 
speed v forward, when the plane was on the ground, 
gave the plane a speed V in the opposite direction. 
Since the total momentum was Ο to begin with, by the 
principle of the conservation of momentum the final 
momentum lv - MV was also O., Also v + V = 2000, by 
hypothesis. Hence 


v + (1/M)v = 2000, 


v = 2000 M/(M + 1), 
and 
V = 2000/(M + 1). 


The total increase in kinetic energy is not 2,000,000 
foot-poundals, but is 


$1-[20004/(u + 1)]? + à-u-[2000/(4 + 1)]? 
= 2,000,000 M/(M + 1) foot-poundals. 
When the airplane speed was LOO feet per second, the 
momentum of airplane and shell before firing equaled 
LOO (M + 1) foot-pounds per second. By conservation 
of momentum, the velocities vj and Vi of shell and plane 


after firing satisfy lvj + MV = lOO (M + 1), and 
also vq = Vi = 2000. Hence 


v4 = 00 + 2000M/(M + 1), 


and 6 
V4 = 400 - 2000/(M + 1). 


The kinetic energy before firing was 
(Mm + 1) 400% = 80,000 (M + 1) foot-poundals. 
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The kinetic energy after firing was 
$ [h00 + 20004/(M + 1)12 + 3u[lo0 - 2000/(m + 1)12 
= 80,000 (M + 1) + 2,000,000 M/(M + 1) 


foot-poundals, so this time, too, the increase in kinet- 
ic energy was 2,000,000 M/(M + 1) foot-poundals. 


In the example of the jet-propelled airplane, when 
the airplane had speed 300 feet per second, each five 
pounds of fuel had kinetic energy (5/2)(300)* = 225,000 
foot-poundals ,Uefore burning and had kinetic energy 
(5/2) 300-1000)? = 34,225,000 foot-poundals after burn- 
ing, an increase of 31,000,000 foot-poundals. So in 
each second the total work done on airplane and ejected 
gases was 6,000,000 + 31,000,000 = 0,000,000 foot=- 
poundals. At speed 500 feet per second, 'each five 
pounds of fuel had kinetic energy (5/2)(500) = 625,000 
foot-poundals bgfore burning and had kinetic energy 
(5/2)(500-l000)* = 30,625,000 after burning, an in- 
crease of 30,000,000. So in each second the total work 
done was 10,000,000 + 30,000,000 = * 40, 000,000 foot- 
poundals. 


Besides resolving the paradox, the preceding para- 
graph illustrates two peculiarities of jet-propelled 
airplanes. While the numbers do not apply to any 
specifie airplane, they are not absurd in magnitude, 
and indicate that most of the energy of the fuel is 
wasted in the ejected gases. Second, the higher the 
speed the more of the fuel energy goes into the air- 
plane, and the less into the ejected gases, so that 
Jet-propelled airplanes are most efficient at high 
speeds. 


The two examples just considered can be used to 
show the usefulness of a decomposition of the kinetic 
energy which we now describe. Let a body be composed 
of particles Pi, Po, ..., which have respective masses 
E], Ho, ο.» and respective position vectors Kj, 
κο ο.. With respect to an inertial frame. The cen- 
ter of mass will have position vector X, where 
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(7) (z m)X = z my Ky 


We define the Kinetic energy of translation of the 
body to be the kinetic energy which the body would 
have if each particle had the velocity X which is 
actually possessed by the center of mss and we define 


to be the kinetic energy with respect to a frame which 
moves without rotation in such a way as to keep its 
origin at the center of mass. 


(8) κ. Ε. of translation = 4 Σ n, 1Χ|5. 
K. E. of motion about center of mass 

i - bom) αι - ΧΙ”. 

It is now easy to establish the following theoren. 

(10) Theorem. The kinetic energy of a body with re- 


—_P eee 0 ee 


about the center of mass. 
For the kinetic energy is 
T= irm žek 
αἱ) ^ $Im[(ii- X) +$) °» [C&4- Y) * X] 
»3Zmlik4- ΑΙ + rm(k,- X). X 
* ixm | KI". 


But by differentiating both members of the identity 
(7) we find 


Σπι(ἑι - Χ) = ο. 


Substituting this in (11) and recalling (8) and (9) 
establishes the theorem. ; 


To apply this to the exanples, we first observe that 
in each instance the velocity of the center of mass is 
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unchanged by the internal forces, as stated in (9.h) 
and the following sentences. Hence the kinetic energy 
of translation is unchanged in both instances. The 
motion about the center of mass undergoes the same 
change due to firing the gun at airplane speed lOO feet 
per second as it does when the gun is fired with the 
airplane at rest. This represents the entire change 
in kinetic energy which therefore is unaffected by 
the velocity of the airplane. Likewise the motion of 
jet-propelled airplane and ejected gas about the center 
of mass is the same at 300 feet per second as it is at 
500 feet per second, so again the total increase in ki- 
netic energy is the same at both speeds. 


ll. Kinetic energy of rotation of a rigid body. 


The kinetic energy of translation of a body is quite 
a simple thing; as (10.8) shows, it is the same as a 
single particle of mass Xm, would have if it had the 
motion of the center of mass of the body. Even for 
rigid bodies the kinetic energy of motion about the 
center of mass (which in this case is a rotation about 
the center of mass, as (7.16) shows) is more compli- 
cated. 


The kinetic energy of rotation about the center of 
mass is kinetic energy with respect to a non-rotating 
frame in which the center of mass is at rest. There 
is some profit in first considering a somewhat more 
general case, in which a rigid body rotates about 
some point, not necessarily its center of mass. Take 
the origin at this point, and let the particles of 
the body have masses πη, mo, ... and position vectors 
X1; Xa; «ο. respectively. Let ὢ be the angular 
velodit vector. By (7.18), 


(1) Ey = OX κι. 
Hence the kinetic energy satisfies the equation 
(2) a= Zm( Q X 84)*COX κι). 


By (5.16) and (5.17) this transforms into 
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2T = Emo x4 Χίω Χ x10] 
£Zm4 Q4 0 ( x4» X4) - x,(@° x,)] 
= Em[(o, τωρ τω 39 (x? + x 12° = x5 3°) 
E 1 ὦ »χιρ’ ὦ 43)° 
Emo 7° 2 + x43-) + o o (x41? + ποῦ) 
Te "(x * X12 Ὁ - 20 10 9X5 1% x 
- 204,0 4X) 1X,3 - 20 20 31, 3X4 3 Je 
If we define 
Ln = Σ πι (x2. ο J 
1ο = alg + Hy T 
(h) D = Em (x42? + xi3®, 
110” Zmxixio, 
121" EZmx42x45, 
l3 Xmnxix; 
this can be written in the form 
OB 1oj* + 1,05? + 1,05? 
) 


(3) 


A superficial glance at equation (5) would lead 
one to regard the situation as more complicated than 
it really is. To begin with, it looks as though the 
"moments of inertia," 11, Io, and I4, and the "products 
of inertia" Iho, 13, and would have to be calcu- 
lated for every possible point about which the body 
might revolve. Theorem (10.10) shows that this is 
superfluous; if we know the moments and products of 
inertia for an axis system with origin at the center 
of mass we can find the kinetic energy of rotation 
about the center of mass, and then by Theorem (10.10) 
all else we need to know to find thé kinetic energy 
is the total mass and the motion of the center of 
mass. Moreover, even if we wish to find the moments 

and products of inertia for some coordinate system 
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with origin not at the center of mass, we can easily 
compute them if we know the moments and products of in- 
ertia for a.coordinate system with origin at the center 
of mass and axes parallel to the given axes. Suppose 
that a body has center of mass at X. If the coordinate 
system is translated so that its origin moves to the 
center of mass, a point with position vector X in 
the old system will have position vector y= x - X 
in the new system. In the old system let the moments 
and products of inertia 11, etc., be defined by (h); 
in te new system the moments and products of inertia 
will have values I], etc., defined by (L) with the 
x's in the right member replaced by y's. Then 


Iı Tii + (Σι) (X2? Ῥ χη), 


112" I> + (Zm LX, 
with analogous equations for 12 I3 " 113 and L53 » for 


(6) 


I = Em (x45? + x?) 
= Σπι[ίσιρ» n)? * (3 + BP] 
* Emilya + 3132) + are mYi2 + 213 ΣΙ} 


But since the origin of the = system is at the center 
οἱ mass we have L m,y Ji O, and the first 
of equations (6) is Dido shed. tne second is proved 
similarly. 


Thus if we know the moments and products of inertia 
of a rigid body with respect to one set of orthogonal 
axes, we can compute the kinetic energy of the body 
under any rotation about any point. It should be 
stressed here that it is permissible to consider the 
axes as fixed in the body. In the foregoing discussion, 
ὡ was the angular velocity with respect to an iner- 
tial frame, but no statement whatever was made about 
the motion of the coordinate system. All that was 
asked was that the origin should be at the point about 
which the body is rotating at the instant at which 
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the kinetic energy was to be found. The components 
zl » Xin of the position vectors x, at that in- 

ant ΧΉΝ the discussion, but their derivatives 
did not. | 


Evidently it would be quite convenient if we could 
get rid of the products of inertia in some manner. 
It is an important theorem that this is always possible. 
Let us say that a line L through the center of mass is 
& principal axis of inertia 1f, for some rectangular 
coordinate system with origin at the center of mass 
and Xy} -axis along L, the two products of inertia 112 
and 11} are zero. We can then prove 


(7) Theorem. Every rigid body possesses three mtually 
perpendicular principal axes of inertia. 


Without reference to any particular coordinate sys- 
tem, the kinetic energy T of rotation about the center 
of mass is a continuous function of the angular velocity 
Ὁ , as shom by (2). Consequently, among all unit vec- 
tors () there is one which gives T its greatest value, 
M. Choose this vector as coordinate vector X], and let 
κ and X3 be any unit vectors which with Xj form a 
right-handed orthogonal system. By hypothesis, for 
every unit vector (0 we have T Š M, equality holding if 
ὦ = x}. So by (5) the inequality 


boi? «19 9° + Ij @3° = 21320 1 ωρ 
(8) -211χω η - 2123 ὦ 25] 

-Uw ως + ω 5°) «ορ 
holds for all unit vectors @, equality holding for 
Q = X4. But then (8) holds for all vectors Ὁ sf or 
it holds for the unit vector (9/| ῶ |, and |ὡ I is 
a common factor to all terms. Thus the left member 
of (8) teaches its maximum value O when Ὁ = X1, that 
is when O4 1,05 = 0, Q3 = 0. At this point its 
three partial derivatives must vanish, since this is 
a necessary condition for a maximum. Hence we find 
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(9) - Io * 0, 
- I13 = 0, 


the last two of which show that Xj is a principal 
axis of inertia. 


We have thus shown that every rigid body has at 
least one principal axis of inertia. The proof of 
Theorem (7) will be complete as soon as we prove 


(10) Theorem. If L is a principal axis of inertia 
of a rigid body, there | are two other "principal axes axes 
of inertia perpendicular to L and and to each other. 


Since L is a principal axis of inertia, we can 
choose.a right-handed system of three orthogonal axes 
X1, Xo, X4 with X4 along L and such that two prod- 
ucts of inertia vanish: 


ΣΆΧΙΧι2 “0, ΣΧ 1% 3 = Q0 
For any angle 9 the three vectors 
A.» 
(11) Yo " Ko cos d= X4 sin ὃ, 
Y3 = κο sin d+ X4 cos ὃ, 


also form a right-handed system of orthogonal unit 
vectors, as is easily verified. With respect to these 
new axes the products of inertia are: 


Lmx, y." ( £m,x,1x,2)cos ὁ - ( En, x, 3x, ))5in 8-0, 

(19) ΣΊΧι17 11" (Σαιχι]Χχιο)θίη 0 + (Σπιχι1χι1)6ο6  - 0, 
ΣΠΗΣΙ 413" Σπιίχῃροο5 ὃ - Fe μὲ ))(xqoein ð+ x43cos 9) 
= Σπι(χιρ΄ - 20 2)sin δ cos 9 - Im4x,2x, 3( cos? ð - sin? δ) 
| { Dm (x 40" - x 439ein 28+ 2Lnix40X43c08 20}. 
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By proper choice of ὃ the last of these can evidently 
be made to vanish, and the theorem is proved. 


Incidentally, we have shown that if Xj lies along 
: principal axis of inertia, so that by definition 
and I4 3 vanish for some choice of X» and X3, 
i2. they μι for every choice of X» and x3. For 
the most general change of coordinates from the orig- 
inal axes to new orthogonal axes Xj, Yo, Y3 is given 
by (11), and first two equations of 82) show that 
two new products of inertia also vanish. 


The usefulness of the principal axes of inertia 
makes it worth while to seek methods of identifying 
them easily in special circumstances. Let us say that 
a body has symmetry with respect to a plane I] if to 
each particle P of the body corresponds another par- 
ticle Q of the body having the same mass and so situ- 
ated that the plane Il is the perpendicular bisector 
of the line segment joining P and Q. The body has 
"O-degree symmetry" about a line L if O< O < 360° 
and a rotation of © degrees about L brings each pare 
ticle of the body to a place previously occupied by 
another particle of the same mass. 


If a body has a plane of symmetry, its center of 
mass lies in that plane. For let II be a plane of 
symmetry. Choose a coordinate system with origin in 
Il and X4-vector perpendicular to I|. Then if P is 
a particle of the body, with mass m and coordinates 

X4; X^, x4), there is a particle Q of the body with 
i m Proc Χο» X3). In the sun 
ΣΠ ΧΙ] which defines (a E 6 the contributions of 
these particles cancel each other. This is true for 
all particles, so Xj = 0, and the center of mass lies 
in the plane x, = O which is II. Likewise, if a body 
has O-degree symmetry about a line L, its center of 
mass lies on L. For let the body be rotated by © de= 
grees about L. The center of mass moves rigidly with 
the body, so rotates 9 degrees about L. On the other 
hand, every place formerly occupied by a particle of 
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Ἀν. 


the body is again occupied by a particle of the same 
mass, so the center of mass remains where it was. The 
only points that can be rotated O degrees about L and 
still be where they were are the points on L itself, 
so the center of mass must be on L. 


Bodies with either of these types of symmetry have 
at least one easily recognized principal axis of in- 
ertia, as the following theorems show. 


(13) Theorem. If a body has a plane of symmetry Il, 
the line through the center of mass and perpendicular 
to II is a principal axis of inertia. 


Choose a coordinate system with origin at the center 


of mass and coordinate vector X4 perpendicular to ll. 


Then if P is a particle of the body with coordinates 
(αι, Χρ, x3), there is a particle of the body with the 
same mass and with coordinates ( - xj, Χρ, x4). Hence 
the contributions of P and Q to the products of inertia 
[10 = Emgua1xio and 1,3 = Σ m&X41xj 4 cancel each other. 
this being true for all points P of -the body, 112 and 
Ij} both vanish, and the x ~axis is the principal axis 
of inertia. | 


(1h) Theorem. If a body has O0-degree symmetry about 


& line L, the line L is a principal axis of inertia. 
Moreover if 9 is not 180° every line through the cen- 


zz i+ τν «ἀπ BENENE eye eee ----ωω ου 


Choose a right-handed orthogonal coordinate system 
with origin at the center of mass and coordinate vec- 
tor X, in the direction of L; among all lines perpen- 
dicular to L we choose one about which the moment of 
inertia is a minimum, and let xo have the direction 
of this line. If the body is rotated through an angle 
a about L, the particle whose coordinates had been 
(αι, Χο, χη) moves to the place (x, , χο, x4), where 
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π “Ἀν, | 
(15) x9 = x9 COS q - x3 sin q 
x3) = Χρ sin Q + X4 cos a. 
The new moment of inertia about X» is 
I2' = n μ * (x43 )?] 
(16) i m4Xi] 2. 
+ ΣπιΧιρ 2 sin? a + mx cos 
+ 2 Σ mixiox13 cos asin α 
while the new product of inertia 112 is 
Ij?! = Enjxj'xi2 | 
(17) = E mjx41X42 cos ᾱ- Σ m,X4jx45sin a, 
-11 cos ae 113 sin a, 
and similarly ἕ 


(18) 1131) = Tio sin a + I13 COs ad 


By the choice of Χρ, Io! has a minimum when a = 0. 
So the derivative of 1ο) with respect to a vanishes 
when %= 0; that is, 


(19) 1 miX; oX4 4 -0. 

If we choose a = ὃ, because of symmetry each particle 
has taken the place of another particle of the same 
mass, so 1οἳ, 713! and 112’ have the same value for 
a= $4 as for a= Thus a (17), (18), (16) and (19), 


(20) I4 æ COS 2) * 113 sin $= O, 
- 112 sin 9 + Ii4(1 - cos 9) = 0; 


(21) ( mx442) sin?9* ( Zm4x,22) sin2é. 


The determinant of coefficients of 112 and 113 in (20) 
is (1 - cos 9 )?+ sin?5 = 2(1 - cos ὁ), which is not 
O because O < ð< 3609. Hence the only solution of 
(20) is 112" 111 * O, and so L is a principal axis of 
inertia. 
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Suppose next that @ is not 180°. Then μὴ ð $ O, 
and we can divide both members of (21) by si Sub- 
stituting the result in (16) yields 


I2 = Σαι[κιιζ + χιρζ], 


for all values of a. Thus 10ο! is independent of α, 
and the moment of inertia is the sam about all lines 
through the origin and perpendicular to L. But then 
each one of these lines minimizes the moment of inertia, 
and X» could have been chosen along any one of then, 
and ad) would still be valid; that is, 121 would be 0. 
Since 119 is already known to be O, this proves that 
every line through the center of mass and perpendicular 
to L is a principal axis of inertia. 


Most of the projectiles studied in exterior ballis- 
tics have O-degree symmetry for some © between 0° 
and 1809 (exclusive). Artillery shell have O-degree 
symmetry for all δ. All aircraft babs in service at 
the time of writing this manuscript have 90° -symmetry. 
By Theorem (1h), for all these projectiles the axis 
of svmmetry is a principal axis of inertia, and so is 
every line which is perpendicular to the axis of sym- 
metry and passes through the center of mass. Moreover, ~ 
the projectile has the same moment of inertia about 
all of those lines. 


12. Angular momentum, 


From experiments in elementary physics we know that 
if a body is hinged at a point O and a force f is 
applied at a point P, the effect of the force 1n turning 
the body is proportional to the length of OP and to 
the component of f perpendicular to OP. If © is the 
angle between OP and f, the effect of the force is 
proportional to 


|OP| ος θ. 


But this is the magnitude of OP X f. This suggests 
that the vector product OP X f may be a quantity worth 
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. More generally, if v is a vector associated 
with a point P (as, for example, a force is associated 
with its point of application, or the velocity of a par- 
ticle is associated with the position of the particle), 
and O is any point, the moment of v about O is defined 
to be the quantity 


(1) Moment of v about 0'= OP X v. 


Thus, for example, if a force f is applied at a 
point with position vector x, its moment about the 
point with position vector xg is (x - Xo) Xf. 
If a particle has position vector (t), its velocity 
k has moment (X = κο)Χχ X about xo. If m is the 
mass of the particle, its momentum is mX; so the 
moment about Xo of the momentum is m(x - xo)X k. 
An alternative name for the moment of the momentum of 
a particle about a point Χο is the angular momentum 
of the particle about Χρ. The angular momentum about 
a point O, of a body (rigid or not) is by definition 
the sum of the angular momenta of its several particles. 


The following lemma is quite easy to prove. 


(2) Lemma. Let x (t) be the position vector of a 
be the position vector of a point Q fixed in the frame. 
If the particle is acted on by a force f, its rate 
of change of angular momentum about Q is equal to the 
moment of f about Q. 


The rate of change otf anzular' momentum is 
d mx-zxXEk -nmxXXk +a x= κο)Χ αὶ 
9) - (x - κ.) X (mi) 
s(z - κ.) X1, 
by (5.15), (6.16) and (8.1). This establishes the 
lemma. 


By addition it follows that the rate of change of 
the angular momentum about Q of any body is equal to 
the sum of the moments about Q of all the forces, 
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external and internal, acting on the particles of the 
body. We now show that the sum of the moments about 
Q of the internal forces is always O. Let Xj, X, be 
the position vectors of two particles Pj, f, of the 
body. Let f 1209 the force acting on Pj, because of 
the presence ot Po, and let {21 be the force act- 
ing on Po because of the presence of P). By (8.2), 
$21 = - f12, and {12 and {01 are multiples of the 
vector P4 P5 » So that 

€ 
αν) {01 = k Τζο» | 
where k is a real number. The moment of fo about Q 
is 


—P al | 
qj Χέρι = (QP, + &EOX f 
—À — — 

= OP, X fag + Po X(P P2) 

= ah Xf or 

= = QP X fia» 
and is therefore the negative of the moment of f 
about Q. Thus the sum of the moments of the two ine 
ternal forces is ©. By adding over all pairs of 


points of the body we find that the sum of the moments 
of all internal farces is O. 


(5) 


From the first and last sentence of the preceding 
paragraph we see that 


(6) Theorem. The rate of change of the angular mo- 
mentum of a body about a point Q, fixed in an inertial 
frame, is equal to the sum of the moments about Q of 


all the external forces acting on the body. 


For example, let us make the plausible assumption 
that the forces acting on the bodies of the solar sys- 
tem due to the attraction of bodies not in that sys- 
tem are too small ever to be discernible. Then we 
may regard the solar system as a non-rigid body acted 
upon by no external forces. By Theorem (6) the angu- 
lar momentum of the solar system remains constant, and 
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consequently a plane passed through the center of mass 
of the solar system and perpendicular to the angular 
momentum vector remains invariant in direction rela- 
tive to an inertial frame. This plane is known as the 
“invariable plane" of the solar system. 


For a second example, consider a system consisting 
of two particles P,, P, with the respective masses m, 
m» and acted upon "by e external forces. Concerning 
the internal forces and f 2] we make no assump- 
tions beyond the stands hypothesis (8.2). By the 
paragraph following (9.h), with respect to any inertial 
frame the center of mass of the system moves with cone 
stant velocity along a straight line. Therefore a sys- 
tem with origin at the center of mass and axes parallel 
to those of the original inertial frame is again an 
inertial frame, and we have shown that there exists an 
inertial frame in which the center of mass remains fixed 
at the origin. 


Let κι»; κο be the position vectors of P4, Po in 
this particular inertial frame. Since the center of 
mass is at Ο we have mj 3; + mo x5 = O, whence, 

Bs se (κο - 21)mo/(m + πο), 
= (a2 - x3)m/(m + πρ), 
From this 2 (8.2) we see bis Kis Xo» {12 and 


62 are all multiples of x AS . Therefore the 
moment about the origin Oo "T x, X f2" ©, 


and likewise the moment of f 122 ©. By Lemma (2) 
each particle individually retains constant angular 
momentum about Ο, so that 
d [ 5 d 
πο x, XX ]* ο, — [πο x, X ž 7] -Ο. 
FA Bm #1 A21 a. 2 2^^2 
Hence there is a constant vector 6 such that 


X4 Xx,” €, 


whence 
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ευ xX, - (x, Xx)’ χι * 0. 
Since χο" - (m/m) Kj, it is also true that 
6: Ko -- (πη/πρ)ε- X4 = 0. 
Hence both P4 and Ρο remain in the plane ¢* X = 0. 


(We are assuming that at some instant P1 has motion 
not in the line Β]Ρ2, so that e $4 O.) 


Between times t and t * dt the particle Pj moves 
from Xj(t) to Xj(t + dt), and, except for an error of 
higher order than dt, the latter is Xj(t) + Xji(t)dt. 
The area of the parallelogram with vertices at the ori- 
gin at X(t) and at x(t) + X(t)dt is 


| x (t) X x(t)at|. 


But in the time interval from t to t * dt the line 
segment from O to P4 (the "radius vector") sweeps over 
a sector which, except for an error of higher order 
than dt, is a triangle with vertices at 0, at Xj(t) 
and at x(t) + Xi(t)dt. This triangle consists of 
one-half of the parallelogram just mentioned. Hence 


Area swept out between t and t * dt 


= }| x (t)XX(t)at | 
= 4| ε | dt. 


— 
So the rate at which the "radius vector"OP, sweeps out 
area in the plane is the constant |¢|/2. Likewise the 
"radius vector" OPo also sweeps over area at a con- 
stant rate. 


According to the definition, the angular momentum 
of ‘a body can be found by adding the angular momenta 
of its several particles. However, for rigid bodies 
an easier method can be used; the angular momentum can 
be computed from the components of angular velocity 
and the moments and products of inertia defined in 
(11.4). Let B be a rigid body rotating about a point, 
which for notational convenience we take to be the 
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origin. Let Xj, X5, ... be the position vectors 
of the particles Pj, Po, «ο. of the body, and let 

; «e+ be their masses. If @ is the angular 
Scd y of the body, its angular momentum h is given 


vid h = Pn, X4 Χά.. 
By (7.8) and (5.17), this implies 
h = Zm XxX; X (0X X |) 
= Σπι (χι Χι) o - (0 * Xj) x, 1. 


Τ᾽ we rou an arbitrary set of coordinate vectors 

k, forming a right-handed orthogonal sys- 
ur ου ort (8) is equivalent. to the three "scalar" 
equations 


igs [E (x43 + x3] 01 
(07 [Emox1]o2 -[£Z22131] 03; 
h2 =- [Znxix12] 01 
[ Συ{χῃ΄» x33 Jo2 - [σπα 312 Joy 
h3* - [I0;x 5] 01 
[Σαρηρκιη]ω 2* [Eni * x55] o5. 
By (11.h), this can be written 
η "παι -Ilza -1150 z 
(10) ho = -112@1 + 122 -123 93 
h3 = =- 11301-1293 02+ 139). 


Since the motion of the center of mass satisfies 
the very simple equation (9.4), it may reasonably be 
expected that it will often be important to compute 
the angular momentum about the center of mass. But 
in this case we recall that the coordinate vectors 


(8) 


P im. 
NO 
~ 
+ 
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k., can be so chosen that the products of inertia all 
vanish, which simplifies (10). The result is 


(11) Theorem. Let a rigid body B have angular velo- 
city Q its center of mass. Let coordinate vec- 
tors ΚΙ, Κρ, k}, be chosen so as to lie along prin- 
cipal axes of inertia. If ©), $5», @ 3 denote the 
components of @, so that 


Q = oki το 2ko + ELST 
the angular momentum is 
Q2) h = ok. + e, + oL k}. 
13. Centrifugal and Coriolis forces. 


Often it is convenient to refer positions of par- 
ticles to a coordinate system which is not an inertial 
fram, but has constant angular velocity with respect 
to an inertial frame. The usual reason for choosing 
such a system is of course our customary preference 
for referring terrestrial events to coordinates fixed 
in the earth, rather than using coordinate systems 
specified in terms of distant stars. However, if we 
use such a system we can no longer expect that mo- 
mentum relative to the system will obey the laws we 
have listed. 


Let O be a point about which the second, or "move 
ing," system rotates. For notational convenience we 
Shall use O as the origin of both the inertial OXjIoX;- 
system and the rotating OY;YoY3-system. Let @ de- 
note the constant angular velocity of the new system 
with respect to the old. If kj, Κρ, k3 are the 
coordinate vectors of the new system, the coordinate 
vector X(t) of any point can be written in the form 


(1)  x(t)* xy(05; + x (t) Κρ + x (t) k 5. 


The velocity of the point with respect to the new 
system is obtained by differentiating (1) under the 
assumption that the k; are constant. This velocity 
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will be denoted by the symbol 
(2) Xx (e) (t) - x, (t) ki + £i(t)ko5* X3(t) k 3. 


Likewise the acceleration with respect to the new 
system is 


OT” l 

(3) wh (t) Σο κι Σο) κο. Σο) κ. 
On the other hand, the acceleration of the point with 
respect to the inertial system is, by (2) and (7.16), 


x (t)= X(t) Κι + R(t) Κο + %,(t) κ. 
(L) + 24 (CK, + & κκ} + 2k (t) Κη 
+ x(t) ky + χο( Ὁ) ko * x3(t) k;. 

By (7.28), 


(5) κ. * O) X κι» (1 zl, 2, 3) 
whence, @ being constant, 


(6) = @X(OX kj) 
πω. κ) 0 - (à - Q)k, (171,2, 2). 
Substituting (2), (3), (5) and (6) in (h) yields 


g(t) = x) .20 XaxU (0 
+ (© X) @-(@- @)X. 


(7) 


If X(t) is the position vector of a particle P 
Ta mass m, and the particle is acted on by a force 

, then αἵ(υ) = f. Sotvn miltiplying both members 
s (7) by m and transposing we find 


ae =f+m[(@> @)x(t) - (ω ° X(t))g ] 
-22 ὡ Xx (49. 


The first term added to f in this equation has a sim- 
ple interpretation. Temporarily, let us denote by 
U the unit vector in the direction of @, so that 
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Q = oju. Then 


28[(0:09)x- (0 * x)@] 
(9) 
sn(of(x-(u-xu]. 


It is easy to see that the vectors xı = (u° x)U and 
Χο” x -(u*-x)u constitute a decomposition of x 
into vectors respectively parallel and perpendicular 
to u; for clearly X4 + Xo * X, and X, is parallel 
to u because it is a multiple of u, and X» is or- 
thogonal to u because 


υ. χο". u' x- (u* x)u:vu =0. 
Hence the quantity in square brackets in the right 
member of (5) is the component of X perpendicular 
te v, or what is the same thing, perpendicular to 
Q. The length of this component, which we shall 


denote by r, is the distance from the particle P to 
the axis of rotation. So the term 


π[(ω ’ @) x(t) - (ὢ  χκ(υ))ω] 


in (8) represents a vector of magnitude m| œ |r in 
the direction of that perpendicular to the axis of ro- 
tation which passes through P. This is the familiar 
"centrifugal force." 


The last term in (8) is less familiar. It is known 
&s the Coriolis force. The introduction of this and 
the "centrifugal force" may be thought of as the price 
which we must pay for the luxury of basing our meas- 
urements of position on a rotating coordinate system 
instead of transforming to an inertial frame. To ex- 
emplify this, imagine a level merry-go-round rotating 
counterclockwise with an angular speed Q about its 
center 0. A circular track runs around this merry- 
go-round; its center is at 0, amd its radius will be 
denoted by r. A car runs counterclockwise about this 
track with speed v relative to the track, We wish to 
find the inward force exerted by the track on the 
whbels of the car; and we shall calculate this from 


Δ H 
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three different points of view. Let us choose the 
is vertically upward. At the instant t = O at 

ich the farce is to be computed, the car C is on a 
point P of the rails, and also is at a point Q of the 
inertial frame whose origin is at 0. The x3-axis will 
pass through O vertically upward. An observer using 
the inertial frame as a basis for his computations 
will choose an xj-axís passing at all times through 
Q; an observer in the car will choose an xj-axis pass- 
ing at all times through C; and an observer who pre- 
fers to refer positions to the merry-go-round will 
choose an xj-axis passing at all times through P. 


The first observer will calculate the force as 
follows. The line OC makes at time t an angle (v/r)t 
with OP, which in turn makes an angle Qt with OQ; so 
the car has coordinates 


(r cos (Q + v/r)t, r sin (Q + v/r) /t, 0.) 
at time t. Its acceleration vector is 
(-r(Q * v/r)? cos (Q + v/r jt, 
-r(Q +v/r)* sin (Q + v/r )t, 0) 
and if the car's mass is m, the force acting on the 
car at time t = O is ( -mr ( Q + v/r)? , 0, O): 


The second observer will calculate the force as 
follows. The line OC has angular speed Q + v/r about 
the x3-axis. In the reference system in which OC is 
the x,-axis the car C has constant position vector 
x ο {r, O, O). Also @ >= (0, O, Q + v/r). So 
(8) reduces to 


mO- f«n[((Q.*v/r?x- 0] - 2m 0 XO, 
whence 
f = (-m(Q + ν/τ)ὲσ, 0, 0). 


The third observer will have to make use of the 
Coriolis force as well as. the centrifugal force. His 
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system has angular velocity @ = (0, 0, Q ), and in 
it C has position vector 


x = (r cos (v/r)t, r sin (v/r)t, 0). 
Hence (8) takes the form at time t = 0 
m-v-/r, 0, 0) = £ +m[Q?(r, 0, 0) - ο] 
- 2m OX (O, v, 0) 
= f + (nQ?r, 0, 0) + (2mQv, O, 0), 
whence τ 
f = ( -nr - 2nQv - mv?/r, 0, 0) 
= ( -m(Q + v/r)@r, 0, 0). 


So all three .observers arrive at the same value for 
f, as clearly they must. But the observer in the 
car, who used a rotating reference system in which 
the car is fixed, mst compute the centrifugal force; 
and the observer on the merry-go-round, who uses a 
rotating coordinate system in which the car is moving, 
mist compute both centrifugal force and Coriolis force. 


lh. Dimensional analysis. 


Most of the quantities of physics are measured by 
making direct measurements of certain lengths, times 
and masses, and then forming a certain function of the 
numbers obtained by the direct measurements. For in- 
stance, a velocity is found by directly measuring a 
length and the time required for a body to traverse 
that length, and then dividing the number expressing 
the length by the number expressing the time. This 
can be expressed symbolically by stating that a velo- 
city has the "dimensions" [L]/[T], or [LY TJ, meaning 
that a velocity is found by dividing the number ex- 
pressing a certain length by the number expressing a 
certain time. An angle, determined by constructing a 
circle with center at its vertex and dividing the 
length of subtended arc the radius, would have di- 
mensions (L]/[L], or iat i 
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Henceforth we shall consider only physical quantities 
expressible in terms of measurements of length, time 
and mass. For other possible fundamental measurements 
we refer the reader to P. W. Bridgman's Dimensional 
Analysis (New Haven, Conn.: Yale University Press, 
1931) to which the following exposition is greatly in- 
debted. (The present section and the next, however, 
contain as much dimensional analysis as we shall need 
in this book. ) 


A first, rather simple, use of dimension theory 
occurs in connection with change of units. Suppose 
that we have chosen certain units of length, time and 
mass, and that a physical quantity is determined by 
the following procedure. 


a. Measure the lengths of a certain set of lines; 
let J}, ..., fg be the numbers expressing these lengths 
in terms of the chosen unit of length. 


b. Measure a certain set of time intervals; let 
» «..5 ty be the numbers expressing these time 
intervals in terms of the chosen unit of time. 


c. Measure a certain set of masses; let πη, ..., In 
be the numbers expressing these masses in terms of 
the chosen unit of mass. 


d.” Form the power-product 
8] a, Ὁ) bn ο Cp 
(1) h soo Ln ti eee Un m eco my 9 


where the à;, are preassigned constant expo- 
nents, not i celiarhis integral and not necessarily 
positive. 


Now let us change to a new system of units in 
which the new length unit is 1/λ times the old length 
unit, the new time unit is 1/τ times the old time 
unit, and the new mass unit is 1/ times the old 
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mass unit, t, u, A being positive numbers. The first 
measured length was 1} of the old units, hence χ1 A 
of the new, and so on; the power-product correspond— 
ing to (1) in terms of the new numbers is 


[030 scc P Ed a Oe 
(mu) ve Amy)? } 


+ 9909 + + 999 + Cc + eee + 
eV am Dl ΩΝ ορ 
a ο -Ὁ 
1 a 5 bn 5 
(Rh fot tiom s mp 5), 
Thus the effect of the change of units is to mul— 
tiply the quantity (1) by 


ay + we. + t... + 61 +... + C 
(3) Xd am Dl δα μι Ῥ 


According to the notational convention in the first 
paragraph of this section, the quantity (1) would have 
the dimensions 


(2) 


(4) L]! wee EL Cr 7: ER [170 M 3 SLM JP. 


But by (3), we would arrive at the same factor for 
change of units if we ascribed it the dimensions 


a] t... + tees ζῃ Cy t woe «0 
OI ^ [s]. Ti P 


The condensed form (5) is less informative than the 
expanded form (hl), for the latter sets forth something 
of the history of the operations (a), (b), (c) involved 
in its computation. But it is equally serviceable for 
finding the effect of change of units, and in fact for 
all the needs of the present book; and so it will be 
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used henceforth. For example, the symbol [ y (1] for 
the dimensions of angle, which tells us that an angle 
is found by dividing a length length, will be 
abandoned in favor of the symbol LL J, which tells us 
a little more obviously that the number expressing the 
measure of an angle does not change when the unit of 
length is changed. If we wish, we may also write the 
dimensions of an angle as [1] T]T M]9, or we may say 
that angle has dimensions zero, or is dimensionless. 


Since by adopting the symbolism (5) we abandon the 
operational viewpoint in favor of convenience in chang- 
ing units, we shall be consistent and re-phrase the 
definition of dimension too. A physical quantity will 
be said to have dimensions [L] TE if, when the 
old units of length, time and mass are replaced by 
new units respectively 1/A, 1/τ and 1/µ times as great. 
the number exppessing the physical quantity is mul- 
tiplied by X* τ᾽ 4^. This leads to some obvious theo- 
rems. 


(6) Theorem. If a physical quantity Q is the sum of 
a finite number or of a convergent infinite "Obr A 
TJ LMS, 


then Q also has those dimensions. For under the change 


of ps ee just specified each summand is multiplied by 
λ8 μ΄, so their sum is. also multiplied by this 
factor. 


(7) Theorem. If P and Q are ph sical uantd ties 
‘having ve dimensions [L] Y M)" and 
te te P ἐν Fs then ἃ 


» then the product PQ has the dimensions 


rr" a 


the quotient P/Q has the dimensions 


[LJA 7)? Γι, 


and the power PE has the dimensions 


[ο] 7)" u]** , 
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For under the change of units previously specified, 
P is multiplied by A? τὸ u? and Q by AX  μὸ, so PQ 
is multiplied by 19 Χ PY 6*7 and P/Q is multiplied 
by A8-X τΌ-Υ μο-ᾶ The discussion of PX is equally 
obvious. | 


(8) Theorem. If P is the limit of a sequence of 
physical quantities, 


P= lim P, 


n>a 


and each P has dimensions [L]* [T] [u]°, then P also 
has those same dimensions. For under the change of 
units previously specified each Pn is multiplied by 
the same factor A® τὸ uC, hence the limit Ris also 
multiplied by this factor. | 


It is profitable to consider certain examples now 
before proceeding further with the theory. The area 
of a rectangle is found by multiplying the numerical 
measures of its base and its altitude, hence by Theo- 
rem (7) has dimensions ri . (We thus condense the 
fuller form [LIT oue . The area of a region con- 
sisting of a finite number of rectangles also has di- 
mensions [L], by Theorem (6). The area of an arbi- 
trary region of the plane can be found as the limit of 
the areas of a sequence of regions approximating it 
from within, each of these regions being a finjte sum. 
of rectangles. So this too has dimensions [L]*. The 
area of a polyhedron is the sum of the areas of its 
plane faces, so has dimensions [L]. The area of a 
general curved surface is the limit of the areas of 
a sequence of approximating polyhedra, so has dimen- 
sions [L]‘°. 


By a similar argument we find that volumes have 
dimension [L}’. 


If the position vector of a particle changes from 
X at time t to X *A X at time t + at, the ratio 
of |A X|/^ t has dimensions (L][T]-l. By Theorem (8), 
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so has its limit as 4 t > 0, which is the speed of the 
particle at time t. The same is true » by a similar 
, argument, for each of the components Xj, 15, x3 of the 
velocity. If we wish, we may say that the velocity 
X has dimensions [L][T]"^, since each component has 
these dimensions. In fact, we could perfectly well 
have extended the definition before. Theorem (6) to 
include vector-valued functions η we would have 
obtained the same dimensions for X. Since mo 
is mass times velocity, its dimensions are DOZPM 


If a. icle has velocity X at time t and velocity 
X + AX at tim t » δ t, each ratio A t4/A t has di- 
mensions [L][T]^^, by Theorem (7). So has the limit 34 
as ôt > 0, by Theorem (8). Thus each compon nent of tne 
acceleration # has dimensions [L [T]^^. We may say 
that € has these dimensions. 


Since force is mass times acceleration, its dimen- 
sions are [L][T]- -ᾱν]. 


The mean density of a material object is the ratio 
of its mass to its volume, hence by Theorem (7) has 
dimensions [L]- T4]. The density at a point is tne Ἢ 
limit of the mean density in a cube centered at the 
point as the edge of the cube approaches zero, so 
by Theorem (8) it has dimensions [L]-"[M]. 


In the definition of work, each dot product {δ X4 
has dimensions [L] T]-Au] » by Theorem (7). By The- 
orem (6) the scalar rota .has these dimensions, and 
so has the sum (= f ). By Theorem (8) so has 
the limit, which is LI to be the work. 


Since the kinetic en T is mv 272, by Theorem (7) 
its dimensions are [L]4 1] 74 M], which are the same 
as those of work. We could have foreseen this from 
Theorem (10.6). 


The rate of flow of a fluid is found by measuring 
the volume À v which passés a cross-section between 
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time t and time t + At, dividing Av by At and let— 
ting Ot — 0. Hence it has dimensions [L}[T]~. 


Suppose that a plane surface.of area A slides in 
its own plane with velocity v, the plane being para- 
llel to a flat bounding surface of a vessel filled 
with a fluid; the other distance to this surface will 
be called d, and the other boundaries will be supposed 
far enough away to produce no perceptible effect. The 
force f exerted by the fluid on the moving surface is 
known to be proportional to the area A and the velo- 
city v, and inversely proportional to the distance d; 
f = pAv/d. The coefficient of proportionality u de- 
pends on the fluid, and is called the coefficient of 
viscosity. Since μ = fd/Av, it has dimension 


(Cu) Cr] mu) (C1) LLJ] Er) 3) = C5) 2]-X κ]. 


Every physical quantity with which we shall deal is 
intimately associated with a real-valued function of 
several real variables, 


F(X,» «.»)} Im» Ὦ ο. Un) mp 95 my). 
For instance, a velocity is associated with F = JÀ3/t4, 
distance and a certain time (the time taken by a body 
in moving that distance). In the simplest case, a 
length 7 is measured (along the path of a body) and 
a time t is measured (the time the body takes to move 
through the distance). Then 1 is substituted for X4 
and t for t4 in F; the corresponding value of F is the 
mean velocity of the body during the time of the ex- 
periment. This simplest case is in fact all that will 
ever actually occur. But in our mathematical model 
of the universe we idealize the situation by imagin- 
ing that the mean velocity can be measured over each 
of an infinite sequence of intervals containing a 
point P and with lengths approaching zero. The limit 
of the mean velocities — that is, the limit of the val- 
ues of F — is the instantaneous velocity at P. As an- 
other example, area is associated with F = 11]. The 
area of a rectangle is found by measuring its two 


76 Ch. I 


Google 


dimensions: and substituting in F. The area of a figure 
consisting of finitely many rectangles is obtained by 
adding the several values of F, that is, by adding 
their several areas. The area of a general plane fig- 
ure is found as the limit of areas of figures consist- 
ing each of a finite number of rectangles; hence it is 
the limit of a sequence of numbers, each of which is 
& sum of finitely many values of F. We shall make the 
following assumption. 


(9) To each physical quantity P hereafter mentioned 
there corresponds to a real-valued function 


Ε(11, ρου Yn? Ὦ coos thy My 5 πρ), 


continuous and having continuous first partial deri- 
vatives for all positive values of 2), ..., mp; and the 
value of the physical quantity P corresponding to a 
physical system is found by one of these three methods: 


(i) A specified set of m lengths, n times and p 
masses are measured, and their values substituted as 
arguments in the function 


ΕίΣ, coos Ig) tls coos tns πη; ..., πο). 

(11) Finitely many sets of measurements of m 
lengths, n times and p masses are made, each as spec- 
ified in (i); each set separately is used as arguments 
in F, and the several values of F thus obtained are 
added. 


(iii) The operations described in (i) and (ii) are 
performed on each of an infinite sequence of physical 
systems (which may all be copies of one system). The 
corresponding values of F form a sequence of numbers; 
the limit of this sequence is found. 


Clearly we could extend this list if we wished. 
For example we could envisage an infinite sequence of 
infinite sequences of systems, apply (9iii) to each 
system, and take the limit of the resulting sequence 
of limits. But we do not need this. In fact, in 
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proving the two principal theorems of dimension theory 
((10) and (15.8)) we need refer only to (91). Only 
(91) and (944) can actually be carried out by an ex— 
perimenter; (9iii) is an idealization from the world 
of experiment to the idealized mathematical model 
which is the basis of classical mechanics. 


If the function F is a product of powers of the Zi, 
t4 and m4 (for which we use the notation (1)), then 
as already shown, the physical quantity P will have 
dimensions | 


8] + woe t + see + Ο} t woe tC 
"E “np pgi ^u]? P, 
provided that the evaluation is effected as in (9i). 
But then by (6) and (8), P will still have these 
dimensions if evaluated by (911) or (9iii). Here we 
have used detailed knowledge of the structure of the 
function F to show that the ph sical uantity P has 
dimensions of the type [LE [71 [M]Tf. Our next 
theorem will show that whenever the quantity P is of 
a kind that we might vaguely call "pure" (we shall be 
less vague in a moment) the same conclusion may be 
drawn, even if we know nothing of the structure of 
the function F. As an example of a physical quan- 
tity which is not "pure," but is a "hybrid," we take 
the quantity (area + perimeter) of a geometric figure. 
This is formed according to (9), and yet is clearly 
an inconvenient sort of quantity to deal with. The 
vague distinction between "pure" and "hybrid" quan- 
tities can be made quite precise by means of a crite- 
rion which refers only to the values of P, and not 
at all to the analytic nature of the function F. 
This criterion is called abgolute significance of 
. ratio. Consider, for example, a particle moving with 
respect to a reference system. The number expressing 
its speed depends on the units chosen; if its speed 
is 60 miles per hour, it is 88 feet per second. But 
if one body has twice the speed of another when one 
unit system is used, it has twice the speed of the 
other when any other system is used. The ratio of 
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speeds 2:1 has "absolute significance" in that it is 
unchanged when units change. The hybrid "area + peri- 
meter" lacks this property; two squares of side 1 foot 
and 2 feet have measures 5 and 12 when the unit of 
length is the foot, 192 and 672 when the unit of length 
is the inch, and the ratios 5:12 and 192:672 are differ- 
ent. 


The physical quantities having absolute signifi- 
cance of ratio also possess a highly important and 
useful property; the dimensions must be expressible 
as powers, as the next theorem shows. 


(10) Theorem. If P is a physical quantity formed 
according to the rules (9) and possessing absolute 


significance of ratio, there ar constants a, b, c 
such that P has dimensions LTH uj’. 


If P has absolute significance of ratio for all 
entities measured by (9), in particular it has absolute 
significance of ratio for those entities which can be 
measured by (9i) alone. For all positive values of 
J4; t4 and m, we can define a new function 


f(Z;, t, m, €», E On Bo, rer Bias Y2» ae | Tp») 
= F(Z,» «..} | ΔΝ LU e 5 in» η, T m); 


where 


(11) 


l*h,t-tj4,m»*5m, 
OM = XI, By = 0/6, Ty = m/m. 


Suppose now that measurements of the physical quan- 
tity P are carried out according to (91) on two en- 
tities, the first leading to numbers 11, ..., mp and - 


the second to numbers J], ..., πρ. There is a number 
k such that | 


(12) 


F(Z, t, m, tos ο... Any Bo, s...) BY Yo: ee Yp) 
(13) m uf (7, τ, m, 0; cory as 


ὃν ens δν Yo? e YQ 
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(We assume we are working in the region f. $ 0.) If 
we change to new units of length, time and mass which 
are respectively 1/A, 1/τ, 1/µ times the old units, 
the numerical measures χι, ti, m4 are replaced by 
λχι, Db um respectively. By (12), Y, t, and m 
are replaced by » tt, pm. respectively, while the 
Qs, B,, y, are unchanged. But by hypothesis, the ratio 
k must nót change. Hence | 

ΣΑΣ, τύ, um, Gis sees Gas Ρο» πον Pn Y, ΠΝ UN, 


(1h) = CAZ, tt, um, d, ese, ἂν; 
ο eee HÀ 


Let us denote the partials of the function f in (12) 
with respect to first, second and third arguments by 
fy, f,, f, respectively. Since (lh) holds for all 
A" t and p, we can differentiate with respect to A and 
then set A= t= u= 1, obtaining 


(15) ify =k? fy, 
where for brevity fy means fy(X, t, m, ..., Yp) and 
means the corresponding derivatives for the Barred 


arguments. But if we solve (13) for k and substitute 
in (15) we obtain 


(16) I fy/f = f/f, 


In a similar way, by differentiation in (1l) with re- 
pect to «t and μ we find 


(17) tf, /f = VT, 
(18) nf ,/f = nf,/f. 
In other words, for all entities for which the phys- 
ical quantity P can be measured by (9i), the expres- 


ston χ f,/f has one and the same value, which we may 
denote by a; and analogously for tf,/f and mf,/f. 
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Thus there are three constants a, b, c such that for 
all entities for which the physical quantíty P can be 
formed by (91), the equations 


Ity/f "8, 
(19) tf,/f = b, 

af /f "ο 
hold. 


The quantum theory warns us that we had better not 
assume that the entities for which P can be formed con- 
stitute a continuous array. But in (19) we made no such 
assumption; these eQuations hold whenever P has mean- 
ing. If there are entities for which P has no mean- 
ing, there is no harm in making the mathematical as- 
sumption that (19) holds for them, too; this will never 
lead to contradiction, since the physical situation 
will never occur anyhow. So we may assume that (19) 
holds for all positive values of f, t, m,a 2» etc. 


Now we define 
φίΣχ, t, m, αρ» coon Y ) 


(20) = log f(X, t, m, αρ) eco 5 Yp/* 
Then (19) implies 
(21) ὀχ -α/λ, $, = b/t, 6, = c/m. 


let χο, to, mo, Q5, s.s.s Yp be any positive numbers. 
To be specific, we shall choose 10.5 to = m = l. -For 
any other positive numbers 1, t, m (the ἄρ, etc., being 
unchanged) ihe points 


(1, L; 1, ans 9999 Yp? 
and 

(Z, t, m, αρ; e Yp) 
can be joined by a smooth curve in (m * n * p)-dimen- 
sional space along which the first three coordinates 
Ι, t, m stay positive and αρ, etc., remain constant. 
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Then by integrating along the curve 
«1, t, m, ἄρ» sees Τρ) - (1, 1, 1, ἄρ» sees Tp? 
l ΜΝ t, m) 


"e 1) 0 e+ 4 dt * ἀπ) 


(X, t, m) 
-f {a ἀχ/χ + Ὁ dt/t + c dn/a] 
(1, 1, 1) | 


= a log X + b log t + c log m, 
whence 
φίχ, t, m, o> eoey Yp? 
= log (χ᾽ t? m) = K1, 1, 1, X55 e 5 Υρ)» 
So by (20) 
{(1, t, m, EL ec* 3 Any P,» KEF) Pn» Yo? νους Tp) 
Ῥ ο 
= Ke, 99949 τρ t m 9 


where $ is a function 


(22) 


| ~$(1, 1, 1, αρ, ... Τρ) 
Pans 9959} Tp? " e 9 


of the ratios $5; swej T alone. 


Suppose now that we change to new units of length, 
time and mass which are respectively 1/A, 1/τ and 1/p 
times as great as the old ones. Then, as previously 
remarked, J, t and m are replaced by XZ, Ti, pm re- 
spectively, while a, etc., are unchanged. Hence in 
(22) the factor ᾧ is unchanged, and f is multiplied 
by A tV 40, This proves that the quantity P, whose 
numerical measure is f, has dimensions (LN rit u]c. 
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As yet, this applies only to entities for which P can 
be formed by (91) alone. But it remains true for those 
whose formation requires (9ii, iii) also, as we see 
at once with the help of Theorems (6) and (8). 


Nothing has been said about the nature of the func- 
tion 4. Nothing can be said, apart from obvious re- 
marks about continuity, without further hypotheses. 
Specifically, it does not have to be a power-product. 
For example, if we are dealing with triangles their 
areas may be calculated by the formula 


A =. ti * 1» * L0, T 12 τ 24) 
G, -Z+ X905 + 1, - 2p | 

= KA κ ap + ανα - a) 
| (1-4, + 05)(a, + a, - 1) 3%, 


where J = X1, αρ = 12/11, αἱ = 11/11» and %1; 12, %3 
are the three sides of the triangle. Here ψ is the 
expression given in the form of a square root, and is 
not a power-product. Generally, the form (22) for f 
is enough to insure absolute significance of ratio, 
without further hypotheses. 


It is entirely possible to write valid equations 
in which not all terms are of the same dimensions. 
For instance, an ellipse E and a rectangle R may have 
the same perimeter and also the same area, in which 
case the equation 


perimeter of E + area of E = perimeter of R + area of R 


is valid for all systems of units. However, any such 
equation can be made to yield several dimensionally 
homogeneous equations; in the example just considered, 


perimeter of E * perimeter of R 
and 
area of E * area of R. 
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For let all terms of the equation be transposed to 
the left and all terms of like dimensions grouped to— 
gether. We then have an equation of the form 


Py + 999 + Ph = 0. 
Under the usual change of units this becomes 


8 ο Cn 
Ma, i yall Pa ” O; 


where [ι 1} [1] pu] are the dimensions of P4. 
If we divide through by the lowest powers of A, τ 
and u occurring in this equation we obtain a polynomial 
whose value is identically zero. Hence, by a well- 
known theorem, all the coefficients 5, ec», Py must 
be zero, and we obtain the separate dimensionally 
homogeneous equations 


δι" 0, 949999 Pn *.0. 


This result is often useful in furnishing a quick 
check on computations. For example, if in the course 
of a computation we find that we have written 


dx/dt = v, + gt?, 
we know that we have made a mistake: ο. ο d 


dx/dt and v, have dimensions [L ]/[ T], while gt 
dimensions [L]. 


15. The Buckingham []-theoren. 


It frequently happens that a physical quantity of 
known dimensions can be shown tó have a numerical value 
which is a certain function of the numerical values 
of certain other physical quantities. The usefulness 
of this will be shown in Theorem (8), but first we 
will look at an example. 


Suppose that a pendulum, consisting of a particle 
of mass m attached to the end of a weightless string 
of length 7, is displaced, held at rest and dropped. 
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We shall accept as known, to save trouble, that its 
motion is in a plane, and we shall locate the particle 
by measuring its distance s along the arc it traverses, 
s = O being the lowest point and s being positive on 
one side and negative on the other. Let sj be the lo- 
cation of release. Since the tension in the string 
does no work, being perpendicular to the motion, (see 
(10.4)), the gain in kinetic energy (má$^/2) = U must 
equal the loss in potential energy 


(n32/2) = mgX(cos β/χ - cos 5/1), 


or 


(1) ὁ «5 / 2g] [cos (5/2) - cos (sg/2)]. 


This equation possesses a solution s = Kt, g, X, 60), 
and it is not difficult to show that it must be pe- 
riodic. Taking time t = O at release, the period T 
is the least positive solution of the equation 


(2) so = O(T, G, Z, sj) 
hence depends on g, 7 and s,: 
(3) T œ F(g, χ, 8ο). 


The equation (1) has two distinct kinds of invari- 
ance. Since s/J and 50/1 are dimensionless, by The- 
orems (14.7) and (1).8 both members of (1) have the 
same dimensions [L][T] ^. Hence if a given set of 
physical quantities $, s, 8ο, Ž, g have numerical va- 
lues in one system of units which satisfy (1), under 
a change of units the same physical quantities will 
have new numerical values which. still satisfy (1). Here 
we have kept the actual physical entities unchanged, 
but the numbers expressing their measures have changed 
because of the change of units. On the other hand, 
(1) is a relation between the numbers expressing the 
speed $, the lengths s, 5ο and 1, and the acceleration 
Eg. If, for example, two pendulums of different lengths 
are swinging in different places, and for the first 
pendulum we have 85 = 7/3, X = 3, 8 = O, g = 12 in some 
system of units, we shall have ὁ = 6 in that system 
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of units; and if for the setond pendulum we have 
so 71/3, f= 3, 8 = O, g = 12 in some system of units 
different from the first, we will again have $ = 6, 
this time in terms of the new unit system. As a con- 
sequence, the solution (2) of (1) is also a function 
of the numerical measures of t, g, 1 and sg, and the 
numerical measure T of the period is a function of the 
numerical measures g, 1, sg of gravitational acceler- 
ation, length and initial displacement, the functional 
relation (3) being independent of the unit system 
chosen. 


The content of Theorem (8) can be better understood 
if we first díscuss power-products of dimensional 


quantities. Suppose that v4, ..., Vp are physical 
quantities, and that Va has dimensions 


[1] Xr Tuy. 


Then if Κι, ..., Kp are real numbers, by Theorem (14.7) 
the power-product 


has dimensions 
Κ.δ... ο" 
ye PP ey 


In particular this power-product will be dimensionless 
if the three equations 


aikq * οσο + ank, 5 0, 
(hi) Doky + eee t bok, = 0, 
C4K3 + ...*c.k = O 


PP 
are satisfied. 
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Equations (l) always have the trivial solution 
Κ =... " = 0, They may also have other (non- 
trivial) solutions. If they have a non-trivial solu- 
tion they have infinitely many, for if ΚΙ, ..., kp is 
a solution of (L) so is hk], ..., hk, for every real 
number h. However, here again the concept of linear 
independence (explained in Section 3) is useful; its 
extension from three-dimensional space to p-dimensional 
space being entirely straightforward. The number of 
linearly independent solutions of (l) is known by vir- 
tue of a well-known theorem of algebra." If we select 
from the array 


81 5 8^5; 9999 ap 
(5) bi» bas sees bp 
δη; Cos 99499 ^p 


the minor of highest order whose determinant is dif- 
ferent from zero, the order r of this determinant is 
called the rank of the matrix of coefficients. Then 
it is well known that it is possible to find p - r lin- 
early independent solutions of (l), but that no larger 
set of linearly independent solutions can be found. 
For example, suppose that γι, Vo, V3 have the dimensions 


[ιτ] τν F, [1119 09, ana [L-A] 
respectively. (As we saw in Section lh, these are the 
dimensions of work, flow and coefficient of viscosity 
respectively.) Then 

a = 25 8) = 3; 84 2 = 1 
b = - 2; bo = - 1, pa med 
ο” 1, ορ" 0, 61” 1. 
*See, for example, M. Bocher, Introduction to Higher 
ebra (New York: Thé Macmillan Company, 1938), p.50. 
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The matrix of coefficients has non-vanishing minors 
of order 2, for example the lower-left minor 


-2 -1 


1 0 


but the (one and only) minor of order three has value 
O, so the rank is 2. Hence equations (L) have a lin- 
early independent solution,-for example 


ky *-1, kọ * 1, k} * 1, 


but no more. By Theorem (3.4) and Corollary (3.7) 
every solution of (L) is a a ultiple of this one. In 
.terms of power-products, V2V4 is a dimensionless 
power-product, and every ‘Dinendidnless power-product 
is a power of this one. 


A set of p - r linearly independent solutions of 
(L) is called a maximal set; every solution of (L) 
is a linear combination of these. If 


Κι ο 9999 k 1? 


(6) T 


klipr’? °°? *p,p-r 
constitute such a maximal set of linearly independent 
solutions of (Lh), each of the power-products 
ku kp,1 


a 3 
I, "i ZA a 


(7) 99 49 9 Φ Φ 9Φ 9 Φ 9 9 9 Φ 9 99 999 9999 
k 
1,p-r p,P-r 


has dimensions zero, and every zero-dimensional power- 
ri of the v, can be represented as a power-product 


y ..4} r* Such a set of power-products will 
ν᾽ 8 maximal independent set of power-products 

= dimension zero. 
88 Ch. I 


Google 


We can now state the Buckingham [J—theoren. 


(8) Theorem. Let P be a physical quantity having ab- 
solute significance of ratio, whose numerical measure 
is & continuously differentiable function of the nu- 


Vp covey which also possess absolute significance of 
ratio. en 


(i) there exists a power-product 


(9) I o. & cae y P0 
of Vj? sees Yp which has the same dimensions as P; 
(ii) given any set of power-products 
(10) απ, = pn ad „Pi (120,1, ..., p-r) 
in which II, has the dimensions of P and 
IL, ΠΡ Lr 


form a maximal independent set of dimensionless power- 
products of the vy, there is a function G of the di- 
mensionless power-products IL; "m alone such 
that 


(11) P = ILG( IL, 9999 qr): 
By hypothesis, there is a continuously differenti- 
able function f such that 
1 P - 99098 9 
(12) γίνη, , Yp? 


Let r be the rank of the array (15.5), where as be- 
fore we understand that vi has dimensions 


b 
(13) (1347) T. 
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Then, as we have already seen, there is a set of p-r 
power-products forming a maximal independent set of 
power-products of dimension zero; and every such set 
will contain exactly p - r power-products. We let 
Ib, sees I be any such set, using the notation (7) 
or (10). 


Since I., ..., I τ form an independent set, the 
equations ΕΞ 


ki 191 + οσο + K] „p-rĉp-r = 0, 


(1h) ——"—— — € PUER 


kp,1^1 di kp,p-r^p-r "M 
have no solution except "o. "Cy P0. That is, 
these equations have O linearly independent solutions. 
So by the theorem of algebra already used, the rank 
of the matrix 


ki 17 9999 Κα per 
(15) 9549549509 9999999999 


pyle tt Kpsper 


must be the same as the number p - r of unknowns c,. 
That is, the array must contain a non-vanishing minor 
of order p - r. There is no loss of generality in sup- 
posing that this minor consists of the last p - r rows 
of the array (15), since the order of these rows can 
be changed by merely interchanging subscripts on the 
ML Then by writing the last r columns of the array 


ο ο 1 
ο 1 ο 
1 O ο 
(16) ο ο ο 
ο ο ο 


to the right of array (15) (remember that r, the rank 
of (5), mst be either 0, 1, 2 or 3) we obtain a square 
array 
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ky 1) 5949} ΚΙ,» 
(17) 99ο υ06 9694999999 


Kpl? M Kp, p | 
with determinant different from zero. - 


If we define 


k 
(18) πο se κ; (1*1, ..., p) 


we have a set of power-products including the set (7) 
and r others. Evidently the values of these Il, are 
determíned by the values of the v4. The converse is 
also true. Every power-product 


ni n 


(19) MI eee Vp 


(in particular, each v,) is representable as a power- 
product 


Ῥ 


hi h 
Ρ 
(20) I. 95909 ll, 9 


For this requires only that the hy be so chosen that 
the product 


iuh $T ki ρΏρ D k5,1 + ο.» 5 Ky pop 


μόν * Vp 


be identically the same as (19), and this is always 
possible, since the equations 
kii * οσο + ky php = ni; 


99 9 9 9 9 9 9 Φ 9 98 69 9999 99 eee gy 
have solutions, the determinant of (17) being different 
from zero. Hence the v4 determine and are determined 
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by the values of the I}, and P, which, by (12) is a 
function of the νι, is also a function H of the Πα: 


(21) Ps Η(Π1, $433 πρ): 
By (13) and (18), II, has dimensions 


a. p Y 
(22) [L] Er] t ', 
where 


*4 7 os ails 185) 

Pi - ky 4d) + eee + Κο ip? 

τι Ky 191 tese + Ky ge, (1-9 1. 2605: DJs 
Since P has absolute significance of ratio, by Theo- 
rem (1h.10) it too has certain dimensions, say 


(2h) [1]*C TP Cul. 


Now let us make the usual change of units, replac- 
ing the units of length, time and mass by new units re- 
spectively lA, l/* and 1f4 times as great. The power- 
product 4, is multiplied by the factor 


(23) 


B. Y 

i.i Qi 

by (22) while P is multiplied by X* τὸ u°. So by (21) 
ay By Y 1 | a BP Y 

HX T p Moes A Pe Py PO) 


(25) Ea 


= A T μ Η( II 9 9959 II )e 
1 P 
If we differentiate both members of this equation 
with respect to Ἆ and then set A "^ t =p = 1, we ob- 


tain the first of the following equations, wherein for 
compactness we have written H, for 8H/8 I4: 
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H,( Il; οσο I5)& To... t Bp I3; ev, πραρ 
- aS, ..., Πρ), 

H(I, e.o) I8 * eee +H, «993 l5, 
= ΡΗ(Π1, eeey I), 

ΒΗ(Π1, eov ποι t eee t Ho TELLE It 
s cH ( Il, 9999 Πο). 


(26) 


The second and third of these equations are obtained 
similarly by differentiating with respect to T and 
M respectively. 


The H, H4 are in general variables, depending on the 
Π.. But if we choose and fix some one set of values 
of the Il, for which H is not zero, say Il, = Il,*, 
the quantities 


ei = H, CHI", ..., D,*)/8 CIS", ..., DIL") 
are constants, and by (26) the equations 
ei P, t... + LA = b, 
C17) t see * “ol p x Cc 
are satisfied. From this and (22) it follows at once 
that the pawer-product 


l 55 
(21) πο" πι... B, 


has the same dimensions [L]@(T]>[mJ° as P itself. 
But by substitution from (18) in (27) we see that Il à 
is a power-product of the v,, and conclusion (i) is 
established. 
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To prove (ii) we first make the restrictive assump- 
tion that P is dimensionless. Then the right members 
of equations (26) are zero, and by substitution from 
(23) we find 


(ky 181 + +.. + Ky, ΡΠρ)81 
+ «ου + (kK .- ο, * k H z Q 
( p,l 1 Psp p/*p : 

(28 (ky Hy t woe t Κι pp)’ 
) t ss. * (kp,1H1 + eco t Kp, pip) Pp x 0, 


(ey Hy t soe È Κι ρἱρ)5ι 
+ eee + Ck, 181 + eoo + KD pH Je, = Ο. 


Thus the quantities enclosed in parenthesis are so- 
lutions Κι, ..., of equations (lh). But since 

"p i -r constitute a maximal independent set. 
of zero-dimensional power-products, the particular 
solutions exhibited in (28) must be linear combina- 
tions of the maximal set (6). That is, there are num- 
bers c], ..., Cy» (in general depending on the II, ) 
such that 


Ky 181 t eee + ki pp - 6111 + οσο + Cor per? 
90000608 E E ccocososcocococoooooooooosoooooooooooo 9 


* ... tk H = ck 
1 PsP Ρ 1 p,1 


By transposition this yields 


+ woe to K . 
p-r p,p-r 
(Hy - 61)Κ1 1 t 5.» t pr - Cp-rJK],p-r 


* Hp -r«1Kl,p-r«1 + ess + Βρε ρ” 0; 
(29) 9 0υ060Φφ0ΟΟΦΟΦΟΟΦΘΟΟΘΟΟΟΦΟΟΟΘΘΟΟΘΟΘΟΦΦΟΘΟΟυΟΟυΟΟΟοΟ 9599} 


(Hy - c1)kp,1 * esc t (Hp. - Cp-r)Ep,p-r 


i Hp-re1p,p-r+1 τ Hpkp;p Ts 
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But the determinant of the array (17) is not zero, so 
(29) implies 


Hy - σι = 0, ecc Hp-r - Cp-r = 0, 
(30) 
Hp-r«1l = 0, 9999 Hp = 0. 


It is the last line of these equations that is impor- 
tant. It tells us that the jen derívatives of H 


with respect to όνος » vanish idgntically. 
Hence H is i In Y enden: δὲ f these Il}, and is a 


function G of the other arguments, Πλ, ..., 


ER E 
alone; and so (21) takes the form ii 


Ps G( I, οσο» Hr): 


This completes the proof of the theorem for the special 
case in P is dimensionless, Το being simply 1. 


If P is not dimensionless, by (4) we know that there 
is a power-product of the v4 with the same dimen- 
sions as P. If we define H* to be H/I, (21) can be 
written 


(31) Ρ/Πο "μπι, οσο» Π p)” 

The left, member is dimensionless, so a a preceding 
proof H is posue (n II partly, y ws , and is 
therefore a function e oc ) of 15 first 
p - r power-products. Se itution "s ra and multi- 
plication by II, completes the proof. 


= Let us apply this to the period of the pendulum (3). 
Here p = 3, the quantities γι being g, X, and s. Hence 


a) = l, 8^ - l; a3 = 1, 
(32) b = - 2, bo = 0, b, = 0, 


€" 0, ορ" O, €4 7 0. 
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This has rank r = 2, since a second-order minor (upper 
left) has value 2 4 0, but the one and only third-order 
minor (the whole array) has value O. Hence p -r= 1l, 
and a single independent power-product of dimension O is 
a maximal set. We choose Il = 80/1 as such a power- 
product. For II, we must choose a power-product εϑχὈα ο 
of dimensions [T]. Since this product has dimensions 


e [1]s***e[ γ]-24 (yp, 


we must have - 2a = 1 and a * b * c * O, and therefore 
MM. We choose a = - 4, Ὁ - $, c = O, so that 
Πο" g. Then Theorem (8) tells us that there 
is a dimensionless function of so/Y such that 


T = 4 Y/g G(so/D). 


Had we chosen to solve equations (1) in full detail, we 
would have found that G is an elliptic function. 


Theorem (8) gave us the privilege of using any dimen- 
sionless pomot produet for Π1. We could have taken 
-H to be sọ 1’, But it is natural for us to-exercise 
this privilege in such a way that the dimensionless 
power-products are convenient and familiar combinations, 
insofar as this can be done. Since 80/χ is the ampli- 
tude of the oscillation, it is natural that we select 
this for Il}. Likewise for Il, we could have chosen 
the product of / Y/g and any power of 89/4. In general, 
in.Theorem (8) if we have any one [J o of correct dimen- 
sions we could replace it by its product. with any 
power-product of [1, ..., M p-r; this in fact is all 
the freedom we have. The choice of Πο, apart from 
having the correct dimensions, is dictated purely by 
convenience. Usually it is convenient to choose 
in such a way that G does not vary much in value when 
y sid p change, provided of course that this is 
possible. The choice Πο = // Y/g answers this descrip- 
tion for the next paragraph will show that it makes G 
nearly constant when 5ο/χ is small. 
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Suppose now that we recall that Galileo discovered 
that the period of a pendulum making small oscillations 
is (almost) independent οἵ the amplitude. Then in (3) 
the function F does not depend on so, and we can write 


T = F(g, X). 


For Πο we seek a combination gê J? of dimensions [T]. 
The only such combination is a = =- $, b = 4, so that 
Πρ = / Ys. The matrix (5) consists of the first two 
columns of (32), and still has rank 2. But now p = 2, 
since there are two arguments g and 1 of F. Hence the 
number p - r of independent power-products of dimension 
zero is O, and in Theorem (8) there are no power-pro- 
ducts Il}. That is, G is a dimensionless function of 
no variables — in other words, a dimensionless con- 
stant c. By Theorem (8), 


T=c / Yl/g. 
If in (1) we replace cos (s/Z) by 1 - 9 2/272 and 
analogously for 80/Χ, we would obtain an approximate 
form, adequate ror small amplitudes. The detailed 
solution of this equation would yield T = 2πῳγ7ς, 
agreeing with the result of the dimensional analysis 
and adding the information c = 2u. 


Now we shall make a deliberate mistake, to show 
a possible careless misuse of tne II-theorem. Suppose 
that a particle is travelling in a. circle of radius 
r about the sun. By Newton's law of gravitation, the 
force on the particle is directly proportional to the 
mass m of the particle and the mass M of the sun, and 
inversely proportional to the square of the distance 
r. The acceleration, being force divided by m, is 
proportional to Mr ^. From knowledge of the acceler- 
ation we could compute the motion, hence the period 
T. Therefore we attempt to write 


(33) T = F(M, r). 

Now we try to form the power-product [Io =. Map? of di- 
mensions [T]. But this is impossible; neither M nor 
r involves time. Looking back, we observe that (33) 
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cannot satisfy the hypothesis of Theorem (8) that the 
numerical measure of T is a function of the numerical 
measures of M and r, for under change of time-unit the 
left member changes and the right member does not. 
Going back still further, the statement that the force 
is directly proportional to m and M and inversely pro- 
portional to τέ can be written 


f = kmi/r. 


This implies_k = fr^ /mM, and so k has dimensions 
[ι.]5[ ]7?[x]- . The detailed solution of the equa- 
tions would necessarily contain this "dimensional con- 
Stant" k, as well as M and r. Hence (33) should have 
been written as 


(3h) T = F(M, r, k). 


Now we find that the power-product Ilo, of dimensions 
[7], must have the form 


II, κ-1/2 3/2 M -1/2, 


and no dimensionless power-product exists. Hence in 
Theorem (8) the function G must be a dimensionless 
constant c, and T is given by | 


T*c V r3/d. 


In any particular system of units the constant k and 
the sun's mass M have fixed numerical values, and we 
find that the period of a particle travelling in a cir- 
cular orbit ís proportional to the 3/2 power of the 
radius. 


This example illustrates Bridgman's statement that 
dimensional analysis is an analysis of an analysis. 
We can only apply it when we know enough about a phys- 
ical situation to be able to say what quantities would 
be involved in a complete analysis. These quantities, 
both variables and constants, are the ones which must 
appear in the dimensional analysis. 
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Let us now consider another example, of importance 
in ballistics. If a body B is translated at constant 
velocity through a uniform fluid which is "at rest at 
infinity" (i.e., has velocity approaching zero as the 
distance from B increases), there will be a force act- 
ing on the body. Let D denote the component of the 
force (the drag) opposite in direction to the veloc- 
ity. The structure of the body can be specified by 
giving a certain number of its linear dimensions 
Ja, ..., 2. For instance, in the case of a cylinder 
these could be diameter and length; in the case of a 
shell they could be diameter, length of head, radius 
of ogive, distance from head to front edge of rotating 
band, etc. If we know enough hydrodynamics we can 
write the equations of the flow of the fluid about the 
body. These equations are partial differential equa- 
tions involving the density ρ of the fluid, its vis- 
cosity w,the speed v of the body, and the elasticity 
of the fluid. At a given density, the elasticity de- 
termines and is determined by the speed of sound in 
the fluid, so we can replace elasticity in the list 
by speed of sound vg. The fluid will adhere to the 
surface of the body, so its velocity relative to the 
body is zero at the boundary. Thus the boundary con- 
ditions involve the numbers 7), ..., Jy which specify 
the outlines of the body. Moreover, as is standard 
in physical discussions, the equations are relations 
between the numerical measures of | 


P,P, v, Va» ty > .΄.ᾱ. | 


So even though we might not be able to solve the equa- 
tions, even approximately, we know that the solution 
gives the numerical measures of the components of ve- 
locity of the fluid at each point outside B, express- 
ing them as functions of the numerical measures of p, 
M, etc. Proceeding a step further, from this flow 
we can compute the drag D, which again is a function 
of the numerical measures of p, p, etc.: 


(35) Ὁ - F(o; μ» Vs Ves L5). 
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ε 
The power-product ρ a 6 τί ve? n za " nas di- 
mensions 
-Ja-B'tp6t et... *€ -BA -d atB 
(36) [1] YU ony [x] 


In order that this have the dimension [1L 7] M] of 
the force, D, we must have 


- JA = B+ey+b+e, + es. t En” 1; 
(37)  «-β-τ-δ --2, 
a t B = ]. 


For arbitrarily chosen @ this leads to 
ep toe tên =l +a, 
(38) β "l-as 
Y +5 slt 


We choose ô = O, and also shall single out one of the 
dimensions χ] as especially important; for instance, 
in shell and. bombs the diameter plays this role. We 
may suppose 7) is this selected dimension, and we 
shall set & =... * & "0. Then 


(39) II ο = "d T n ^ 
To find the dimensionless power-products we amend (37) 
by. replacing the right members by O. The matrix of 
coefficients is 

= 3, - 14 1, l, 1, ecc l; 
(0) 0, - L; l, rum 1, O, 9999 Ο, 
which has rank 3 (the determinant of the first three 
colums has the value - 1). The number of arguments of 
F is h + n, so we need + n - 3 = n + 1 independent 
dimensionless power-products to form a maximal set. 
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Evidently χο/χ1, ..., χη/χι afford us n - 1 such. An- 
other is viv » and still another is ϱΥχ]/µ. These 
last two are ' Yomiliar combinations in hydrodynamics, 
and are named the "Mach number" and the "Reynolds num- 
ber" respectively. 


Suppose first that we decide to choose a = 0. By 
(39), D has the form 


(1) 55 μν]ηΏ(τ/ν,, pv, 1n, cory A/h). 
If instead we choose a = l we obtain 


(L2) D= pv^L ?k (v/v, ρν]η/, Xo/A; XEF L/L); 


where we have called the dimensionless function Kp 
instead of G because this notation is customary in 
ballistics. There is nothing in the theory which makes 
one of these superior to the other. However, it is 
desirable to choose the one in which the dimension- 
less function is most nearly constant. No single 
choice covers all possibilities. If the Reynolds num- 
ber is very small, for instance in the settling of 
sediment through water, (ll) is to be preferred, for 
then G is very nearly constant. However, in the aero- 
dynamics of airplanes and in ballistics (l2) is more 
desirable. For most projectiles of military interest 
Ky will vary only a few per cent between, say, Mach 
numbers .2 and .8, and from Mach numbers .2 to the 
greatest investigated the values of Kp will not change 
in ratio much greater than | or 5 to 1. 


The parameters 10/1}, ..., In/X determine the shape 
of the body, but not its size. They may be called 
the shape-parameters. Herein lies the answer to the 
possible objection that the roughness of the surface 
might influence the drag. Roughness, for example 
depth and spacing of lathe-marks, is actually shape, 
and there is room among the arguments 7/2), ... for 
numbers specifying these roughnesses in^ the ratio to 
the master-dimension L. 
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16. The Stieltjes integral. 


Before beginning the study of the Stieltjes inte- 
gral, we wish to warn the reader that this section and 
the next six can be omitted without destroying the con- 
tinuity of the presentation in .later chapters. A knowl- 
edge of the properties of the Stieltjes integral is 
very useful in the study of probability theory, touched 
on in the next sections. Also, in the discussion of 
weighting factors in Chapter VIII, a process is used 
which is essentially the definition of a Stieltjes 
integral. The authors feel that the reader will un- 
derstand the processes involved with greater clarity 
if he has a comprehension of the meaning and proper- 
ties of the Stieltjes integral. Nevertheless, it is 
possible to avoid naming them in Chapter VIII, and it 
is also possible to omit the rest of this chapter, 
and the parts of the later chapters which make use 
of it, without irremediable loss. 


In order to have a concrete example to guide us, 
we shall consider (non-rigorously) a mass-distribution 
lying entirely interior to some interval a - x = b of 
the positive x-axis.  Pictorially, we can think of 
this part of the axis as replaced by a wire, possibly 
of variable density and possibly loaded with several 
point-masses. We wish to find the moment of inertia 
of this mass-distribution about the origin. Let g(x) 
be the mass of that part of the distribution lying 
between the origin and the point with abscissa x (not 
inclusive). Then for any two points xj »0 and xo > X] 
the mass lying between these points, and including 
χι but not x5, will be g(xo) - g(x1); for g(x») is 
the mass of the part to the left of χο, and from it 
we have subtracted the mass g(x1) of the part to the 
left of x1. The moment of inertia of this part of 
the mass cannot be less than χι” times its mass, and 
cannot exceed xo^ times its mass. Hence if the in- 
terval from x, to x, is short, and Eis any point 
between x, and x5, the quantity &“[g(x9) - g(x1) ] 
cannot differ greatly from the moment of inertia of 
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this part of the distribution. If we choose points 
X] 6 Xp €... < Xn with x = a and x4 = b, and in each 
interval we choose an intermediate point (the chosen 
point between x, 1 and x, being named ξι), it is plaus- 
ible that when the intervals are | small the sum 


n 
(1) P ξι (gx) - είαι-1)] 


cannot differ much from the moment of inertia of the 
distribution. Hence we may expect that if the number 
of subintervals is increased without bound, in such 
a way that the length of the longest subinterval tends 
to zero, the sum (1) will approach a limit, and this 
limit will be the moment of inertia of the distri- 
bution. This sort of discussion will be found in many 
elementary texts on physics, and is usually followed 
by another step, in which the difference g(x4) - g(x4.3) 
is replaced by g'(x,* x, - x, 1], where x,* is some 
value between Χι }η and χι. After this replacement 
the sum (1) takes the form familiar in elementary cal- 
culus, and its limit is an integral of the familiar, 
type. However, this reduction is impossible when 
g(x) lacks a derivative, as for example it does when- 
ever the distribution contains point-masses. So in- 
stead of trying to devise some substitute for the re- 
duction, we shall study limits of sums such as (1) in 
their own right. 


Suppose then that g(x) is a function defined on 
some interval a κ x $ b and monotonically increasing on 
that interval, so that g(xo) = g(xj) whenever xo» xj. 
Suppose that f(x) is defined and finite on the in- 
terval a= x= b. As in our example, we subdivide 
the interval from a to b into subintervals by means 
of points 


(2) a * X, < X < X4 €... < X, * Ὁ, 
and between each pair of consecutive division-points 
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x4. , and x, we choose a point bi. We form the sum 
n 
(3) Σ τ(ξι) [είαι) - &x4 1) 1; 


analogous to (1). If it happens that the sum (3) αρ- 
proaches a limit as the number of subintervals is in- 
creased in such a way that the length of the longest 
subinterval tends to zero, irrespective of the manner 
in which the & are chosen within the subintervals, 
we say that f(x) is Stieltjes-integrable with respect 
to g(x) from a to b, and we denote the limit by the 
symbol 


b 
(L) | f(x) dg(x). 
a 


Thus the moment of inertia in our example would be the 
Stieltjes integral 


b 
| x? dg(x), 


a 
assuming that it exists. 


In any good textbook on advanced calculus there 
will be found a proof that if f(x) is continuous on 
the interval from a to b, the integral. 


b 
(5) | f(x) dx 


exiets. This proof can be amended to show that if 
f(x) is continuous the integral (L) exists; all -— 
is needed is to replace the differences 

the differences g(x; ) - gx .1) in the proof. "git is 
also true that if f(x) is bounded and has a finite 
number of discontinuities the integral (l) exists, 
provided that no discontinuity of f(x) occürs at the 
same place as a discontinuity of g(x). 
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Just as in the case of the integral (5), it is easy 
to prove from the definition a number of theorems, 
some of which we now state. 


(6) Theorem. If f(x) and f)(x) are both integrable 
with respect to g(x) from a to b, then so ig their 
sum, and 


b 
| [ f, (x) * f(x) ] dg(x) 


b b 
- | f(x) dg(x) + | fo(x) dg(x). 
a a 


(7) Theorem. If f(x) is integrable with respect to 
g(x) from a to b, and k is a constant, then kf(x) is 
also integrable with respect to g(x) from a to b and 


b b 
| kf(x) dg(x) = k | f(x) dg(x). 
a 


a to b. Also, if c is between a and b, 
b c b 
| f(x) dg(x) = | f(x) dg(x) + | f(x) dg(x). 
a a ο 
(9) Theorem. If f(x) is integrable with respect to 


g(x) from a to b, and | f(x) | 5 M for all x in the in- 
terval, then 


" | 
| f(x) dg(x) S M[g(*) - ε(α)]. 
a 
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To prove this we need only observe that the absolute 
value of the sum (3) is not decreased if we replace 
f(&4) by M in each term; and if this is done, the sum 
(3) changes into m[g(b) - g(a)]. 


b 
(10) | 1 dg(x) = g(b) - g(a). 
a 


This is obvious if we substitute f(x) = 1 in (3). 


The next theorem has no analogue in the theory of 
the usual integral (5). 


(11) Theorem. If gj(x) and go(x) are both monotonical- 
ly increasing functións on the interval from a to b, and 
Aes is their sum, then every function f(x) which ig 
integrable from a to Ὁ with respect to both g)(x) and 
g(x) is also integrable with respect to p(x), 


Ω, 


Ὁ Ὁ b 
| f(x) dg(x) = | f(x) dgi(x) + | f(x) dgo(x). 
a a 


For any choice of the points x; and & we have 


n 
Σ "ερ Lela) - a9) ] 
| n 
x > ε(ξᾳ) [ £1(x4) - gy (x4 1) ] 


n 
* 2 f(E) [εοίαι) - go(x, 32]. 


If we let the number of subintervals increase without 
limit, the length of the longest subinterval approach- 
ing zero, the two sums in the right member approach 
the two integrals in the right member of (11). Hence 
the left member approaches the same limit, which es- 
tablishes (11). 
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If it happens that g(x) has a derivative at each 
point of the interval from a to b, the Stieltjes in- 
tegral (hl) can be transformed into an integral of the 
type (5). For let (2) be any method of subdividing the 
interval from a to b. Since g(x) is differentiable, it 
is continuous, and by the theorem of mean value we know 
that between each pair of consecutive division-points 
Χ4 1 and x4 there is a point & such that 


g(x, ) = g(x, 1) = g'(5) [ x, ΧΙ Ji 
If we substitute this in (3), the sum takes the form 


n 
(12) Σ ΚΕ eS ly -agal 


As the number of subintervals increases, the length 
of the longest approaching zero, the sum (3) approaches 
the limit (L), while if we write the same sum in the 
form (12) we see that its limit is the integral of 
f(x) g'(x) from a to b. Hence 


b b 
(13) | f(x) dg(x) = | f(x) g'(x) dx. 
a 


a 


However, we must keep in mind that this formula holds 
only subject to strong restrictions on the function 
g(x); for example, if g has a single discontinuity, (13) 
cannot possibly be true for all functions f(x). 


Suppose next that f(x) and g(x) are both defined 
for all x, and that g(x) is monotonically increasing. 
Then we define 


b 
(1L) | f(x) dg(x) “oo | f(x) dg(x), 


a 
provided that the limit exists; we define 
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b Ὁ Ó 
(15) M f(x) dg(x) = lim f(x) dg(x), 


&*-9 Ja 


provided that the limit exists; and we define 
[^ lim [Ὁ 
(16) f(x) dg(x) = a+- οἱ f(x) dg(x), 
- OO b —> e a 


provided that the limit exists as a tends to - Ὁ and 
b to © independently of each other. 


In order to exhibit the versatility of the Stieltjes 
integral, we now look at some examples. First, the 
integral (5) is obviously a special case of the Stielt- 
jes integral, with g(x) = x. Next, let πι, ..., Wk 
be a set of positive numbers. Define g(x) to be the 
sum of those wj whose subscripts do not exceed x; for 
example, g(0) = O and g(3.2) = πη + wo + πη. This 
function. g(x) has jumps at x = 1, 2, ..., K, and is 
constant between jumps, above x = k and below x = 1. 
The jump at x = j is equal to w,. Let f(x) be any 
function continuous at all the Jump-points of g(x), 
and let (2) be a subdivision of the interval from 
O to j into subintervals of length less than l. If 
an interval xi, 1 < x = x, contains a jump-point x = j 
in its interior or at its right end, then 


gx) - Είπῃ 1) = wy 
and if we choose & = Ü as we may, the correspond- 
ing term in the sum (3) is wif(j). If the interval 
from x4.1 to x, contains no jump-point in its interior 
or at its right end, then g(x) = g(x1.1), and the 
corresponding term in the sum (3) vanishes however we 
choose &,. So the sum (3) has the value 
w f(1) + coe * wyf(k). 
This is true for all sufficiently fine subdivisions. 
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so the limit of the sum is also this same fixed num- 
ber, and thus we have shown that 


k κ - 
(17) | f(x) dg(x) = Σ, πα). 
Jo jel 


In particular, if each w4 is 1, the Stieltjes integral 
is the finite sum f(1)'* ... + f(k). If the sum of 
the w, is 1, the right member of (17) is the weighted 
mean de the f(j). If each w, is 1/k, the right member 
of (17) is the arithmetic mean of the numbers f(j). 


Given an infinite sequence of non-negative numbers 
ws, we can define g(x) as in the preceding paragraph. 
EJuation (17) will still hold. But now we can let the 
upper limit increase without bound, and thus find that 


c9 8 
(18) | f(x) dg(x) = Σ wf), 

ο j= 
provided that this limit exists. In particular, if all 
the w, are equal to 1 the right member of (18) is the 
infinite series EL f(j). We also observe that the 
series rnf(j) is absolutely convergent if and only if 
| f(x) | is Stieltjes-integrable with respect to this 
particular g(x) from O to œ, 


Suppose next that w(x) is non-negative and (for the 
sake of simplicity) continuous for a Sx S b, and that 


b 

(19) | w(x) dx = 1. 
a 

Then if the integral 
b 

(20) | f(x) w(x) dx 
a 


exists it is called the integral mean of f(x) with 
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weight w(x). This, too, can be written as a Stieltjes 
integral. We define 


x 
(21) W(x) = | w(x) dx (a Sx Sb). . 
& | 


Since w(x) is non-negative, this is monotonically in- 
creasing. Also W'(x) = w(x). So by (13), 


b b 
(22) | f(x) w(x) dx = | f(x) dW(x). 
a a 


If the Stieltjes integral had no other virtue, its 
ability to cover finite sums, infinite series, weighted 
means, integral means and ordinary (Riemann) integrals 
in a single formula would make it worth knowing. 


The definition of the Stieltjes integral can be ex- 
tended without difficulty to functions which are the 
difference of two monotonically increasing functions. 
Suppose that g(x) can be represented.in the form 
(23) g(x) = p(x) - n(x), 
where p(x) and n(x) are monotonically increasing func- 
tions (that is, if x' < x" then p(x’) S p(x") and 


n(x!) S n(x")). If f(x) is defined on the interval 
from a to b, the sum (3) takes the form 


n 
22 G4) [elx ) = g(x; η) ] 


n 
(2h) 2 £(£4) [pG4) = ρίαι 1)] 
15 


n 
- Σ (δι) [n(xj) - πίχι η) ]. 
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Now if f(x) is integrable both with respect to p(x) 
and with respect to n(x) on the interval from a to b, 
the two sums on the right approach the two integrals 
with respect to p(x) and to n(x) respectively. So 
the left member must also approach a limit, which we 
call the Stieltjes integral of f(x) with respect to 
g(x), and we denote it by the symbol (4). Thus 


b 
f(x) dp(x) - | f(x) dn(x). 


a 


b | b 
(25) | f(x) dg(x) = | 
8 


Although we do not need the utmost generality, the 
reader who is familiar with the concept of functions 
of bounded variation will recognize that it is exactly 
this class of functions which can be represented in 
the form (23). Somewhat pictorially, the functions 
of bounded variation can be thus described. Let x 
vary from a to b. The point g(x) moves up and dow, 
perhaps with jumps (the amount of the jump is counted 
in as distance travelled). Tha total vertical distance 
travelled by g(x) is the total variation of the func- 
tion; if it is finite, we say that g(x) is of bounded 
variation. For simplicity, we shall restrict our 
attention to a simpler (though still extensive) class 
of functions, namely those which have the property 
that the interval from a to b can be subdivided into 
a finite number of subintervals on each of which g(x) 
is either monotonically increasing or monotonically 
decreasing. Suppose that we can find a finite number 
of points 


(26 ) a=X,< h<...< Σι" Ὁ 


such that from each Hl to the next point X, the func- 
tion g(x) is monotonic. Take any x between a and b, 
and let Xy be the last one of the points X4 to the 
left of x. Then 


g(x) - g(a) 
(27) = [e(X,) - ε(χο)} + ... + [e(xy) - εἰχκ 1)} 
-[g(x) - e(X,) J. 
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In the right member select all the non-negative terms 
and denote their sum by P(x); select all the negative 
terms and denote their sum by - N(x). It is not dif- 
ficult to see that as x increases, neither P(x) nor 
" N(x) can decrease; and by the definition 


(28) g(x) - g(a) = P(x) - N(x). 


This is not quite the same as (23), but we easily ob- 
tain (23) by defining 


(29) p(x) = P(x) + g(a)/2, n(x) = N(x) - g(a)/2. 


Furthermore, the sum of P(x) and N(x) (which by (29) 
is equal to the sum of p(x) and n(x)) is the same as 
the sum of the absolute values of all the terms in 
the right member of (27), since it is the sum of all 
the non-negative terms and the negatives of all the 
negative terms. Hence p(x) + n(x) is the same as the 
total vertical distance travelled by g(x) as x varies 
from a to x. In particular, p(b) + n(b) is the total 
vertical distance travelled by g(x) as x travels from 
atob. This is the total variation of g(x). 


By making use of (25), we can easily show that 
statements (6), (7), (8) and (11) hold for the more 
general form of the Stieltjes integral. However, (9) 
does not hold. It can be replaced by 


(30) Theorem. If f(x) is integrable with respect to 
g(x) from a to b, and | f(x) | Sl for asx b, then 


b 
| f(x) dg(x) SM [total variation of g(x) J. 
a 


We can apply (9) to the integrals with respect to 
p(x) and n(x) separately, since these are monotoni- 
cally increasing functions. Then, by (25), 


b b fb 
| f(x) dg(x) S | f(x) dp(x)] + | f(x) dn(x ) 
a a a 
S u[p(*b) - ρ(α)] *M[n(b) - n(a) ]. 
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But p(b) + n(b) is the total variation of g(x) from 
a to b, while by their definitions P(a) and N(a) both 
vanish, so that by (29), p(a) + n(a) = 0. Hence the 
preceding inequality implies (30). 


If g(x) is continuous at each of the points Χι, we 
can show by means of an example that the estimate in 
(30) cannot be improved. On each interval from X4.3 
to X, the function g(x) is either increasing or de- 
creasing. In the former case we define the function 
f(x) to be + M from X, 1 to X4; in the latter case we 
define it to be - M. In either case the absolute value 
of f(x) is always M. Let the integral in the left 
member of (30) be represented as the sum of the in- 
tegrals from Χο to X], from Xj to Xo, and so on. Then 
if g(x) is increasing from X,.] to X4 we have 


[. f(x) dg(x) = (^ 1 dg(x) 
Xi) a 


= M[gQ4) - εχι1) ] = ule) - ε(χι.α)|, 
while if g(x) is decreasing on this interval we have 


» f(x) de(x) = ( -w| ^ 1 dg(x) 
Χ 1 3-1 


*(-M)[gXx) - 93320] = Μ|α(Χι) - &121)]* 
Thus, m adding these integrals, we find 
m 


a 
f(x) ) = Mlg(XA) = g(X4-1)]- 
κα. ga Mle Xs g(X4-1)| 


But except for the factor M, the right member repre- 
gents the total vertical distance travelled by g(x) 
as x goes from a to b, so the right member is M times 
the total variation of g(x). Thus equality holds in 
(30), showing that (30) cannot be sharpened by replac- 
ing the right member by any smaller number. 
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The definition of the Stieltjes integral can be ex- 
tended to functions of any finite number of variables. 
We shall content ourselves with extending it to two 
dimensions; extensions to higher dimensions involve no 
essentially different ideas, but make the notation 
more complicated. Furthermore, for the sake of sim- 
plicity we shall consider only the integrals of con- 
tinuous functions. Finally, we restrict our attention 
to functions g(x, y) which satisfy the condition 


(31) είχα», yo) - gx, yo) - &xo, y1) + είχι, y1) 2 ο 


whenever xj < xo and yj < yo. Such functions we shall 
call "positively monotonic." Condition (31) may seem 
unnatural, but we shall find that it is useful and 
relates closely to monotonic functions of one vari- 
able. To simplify the notation, if J is the interval 
defined by tne inequalities 


(32) X1 X € Xo, Y14Y £Yo 
we define 


AgJ = g(xo, yo) - βίχι, yo) 
(33) 
- gxo, y1) + gx, ΥΙ). 


Suppose then that g(x, y) is positively monotonic 
on an interval J defined by the inequalities 


(3h) a « X « A, b Cy & B, 
and that f(x, y) is continuous on this same interval. 


We subdivide the one-dimensional intervals from a to 
A and from 5 to B by points 


a*Xo9 0 X]. < Xp å, 
(35) 

b = Yo < yll... < Yn " B. 
From these we form mn intervals 
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dhk; Mel £ X € 3» Yk-1 LY ( Yk 
(h -], 9999 m; k = 1. 94999 η). 


(36) 


In each interval J}, we select a point (ξῃκ» ἡ μι)» and 
we form the sum 


m n 
(37) à, 22 flEnks hk) Agdnke 
hel kel 


It can be shown, much as in the case of the usual 
double integrals, that this sum necessarily approaches 
a limit as the length of the longest side of the in- 
tervals JQy tends to zero. The limit is the Stieltjes 
double integral 


(38) JIa £(x, y) dg(x, y). 


From the definition we immediately deduce that (6) 
and (7) apply to the double integral also. Instead 
of (9) we have 


(39) Theoren. If f(x, y) is continuous on J, and the 
interval J is subdivided into two intervals Jj and Jo 
either by inserting a point. of division on the x-axis 


between a and A or by inserting a point of division 
on the y-axis between b and B, then | 


{41 £x, y) ἀείχ, y) 


= 1η f y) dex, Y) + fiy, f(x, y) dex, y). 
Instead of (9) we have 


t Iheorem. If f(x, y) is continuous on J, and 
f(x) € M on J, then | 


| JI, f(x, y) ἀρίκ, y)] < MA gi 
Sec. 16 115 


Google 


In general, for the double Stieltjes integral the 
process of iterated integration, first with respect 
to one variable and then with respect to the other, 
is completely without meaning. However, there is one 
important case in which such iterated integration is 
possible. This is the special case in which the func- 
tion g(x, y) can be factored’ into the product of two 
monotonically increasing functions, one depending on x 
alone and the other depending on y alone; say 


(11) g(x, y) = gy (x) go(y). 


In this case, for each fixed x in the interval from a 
to A, f(x, y) is a continuous function of y alone; 
hence the integral 


B 
(L2) l. f(x, y) dgoly) 


has a meaning. Moreover, if € is a positive number, 
because of the continuity of f(x, y) there is a pos- 
itive number ὃ such that |f(x', y) - f(x", y) | remains 
less than € whenever x' and x" differ by less than 
6. If we compute the integral (L2) first with x = x! 
and then with x = x", by (9) the two integrals differ 
by at most €igo(B) - go(b)J, so the integral (h2) is 
a continuous function of x. This in turn implies that 
the integral (L2), regarded as a function of x, can 
be integrated with respect to g)(x) from a to A. So 
the left member of the equation 


A B 
(43) | | l. f(x, y) ses) Para 
a 


“1 f(x, y) dg(x, y) 


has a meaning. The proof that the equation (L3) is 
in fact correct is only trivially different from the 
proof for the special case gi(x) = x, go(y) = y to be 
found in any calculus text. 
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17. Probability measures. 


The purpose of the next six sections is-to collect 
some of the elements of the theory of probability, 
listing some theorems and definitions which will be 
convenient for use in later chapters. Since these 
sections are not very easy reading, the reader should 
know that the only places in which we make use of prob- 
ability theory are Sections 7 and 10 of Chapter VI, in 
which probability theory is used to estimate errors in 
numerical computations, and Sections 4 and 5 of Chapter 
XIII, in which the best coefficients for calculating 
drag from firing-range data are investigated. Both 
these topics can be omitted without destroying the con- 
tinuity of the subject matter, so the reader may omit 
the rest of this chapter if he prefers. 


It is not to be expected that these few sections 
will contain a complete, concise and readable account 
of everything of importance in probability theory. 
For a detailed presentation, including proofs of theo- 
rems that we shall merely state without proof, we refer 
the reader to J. V. Uspensky's Introduction to Matha- 
watical Probability (New York: McGraw-Hill Book Compa- 
ny, Inc., 1937), to S. S. Wilks' Mathematical Statis- 
tics (Princeton, N. J.: Princeton University Press, 
1943), or toH. Cramér's Mathematical Methods of Sta- 
tistics (Princeton, N.J.: Princeton University Press, 
195). The account in this section has been influenced 
by conversations of the authors with Professors A. P. 
Morse and H. E. Federer; but all details are according 
to the authors' tastes and judgment of suitability 
for the present needs, and Professors Morse and Federer 
may justly disavow paternity if they wish. 


Like all branches of applied mathematics, probability 
theory consists of two essential parts. There is an 
aggregate of mathematical theorems, having the typical 
mathematical form "if P is true, then Q is true"; and 
there is a dictionary by which the mathematical terms 
are translated into the language of material objects. 
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This dictionary contains an expression "equally likely" 
which has often been difficult to translate. We shall 
not attempt any general discussion, but shall look at 
a few examples instead. Consider first, a die, which 
is a cube cut from homogeneous material, the faces 
being marked l to 5. If this die is thrown suffi- 
ently often (the precaution being taken that the person 
rolling the die is required to make it bounce off a 
wall) it will be found that nearly a sixth of the 
numbers turned up are ones, nearly a sixth are twos, 
and so on. We then say that the six numbers are 
"equally likely" to appear, and we assign each one 
the probability 1/6, which is a way of summarizing 
the statement that in a long sequence of tosses we may 
expect that each of the numbers will appear about a 
sixth of the time. 


Consider next, a point moving about a horizontal 
circular track of circumference C, being retarded by 
air friction ana friction of the track. We assume 
that the initial velocity of the moving particle is 
imparted by a human thumb, incapable of reproducing 
the imparted velocity from trial to trial with any 
degree of accuracy. We assume also that the-coeffi- 
cient of friction of the track is the same at all 
points. This is an idealization of tne honest roul- 
ette wheel. We may ressonably anticipate that if we 
mark off two arcs of the track with equal lengths, in 
a large number of trials the particle will stop in one 
arc about as often as in the other; that is, the ra- 
tio. of the number of times the point stops in arc 1 
to the number of times it stops in arc 2 will approach 
unity as a limit when the number of trials increases 
without bound. More generally, if two arcs have the 
respective lengths Lj and Lo, we may expect that the 
ratio of the number of times the point stops in arc 
l to the number of times it stops in arc 2 will ap- 
proach Lj/Lo as the number of trials increases with- 
out bound. In particular, if the second arc is the 
whole circumference, its length is Lo = C, and the 
number of times the moving point stops in it is the 
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same as the number of trials. So the ratio of the 
number of times the point stops in the arc of length 
Lj to the total number of trials may be expected to 
approach the limit L,/C as the number of trials in- 
creases without bound. In symbols, if A, is the arc 
and L4 its length, we assign the.arc 4 the "probabil- 
ity measure" p(A1) = L4/C. 


The reader may have been struck by the number of 
times we have used vague expressions such as "we may 
reasonably expect that ...." It would be beyond the 
scope of this study to try to investigate more deeply. 
This is the point at which we encounter the slightly 
hazy connection between the mathematical side of the 
dictionary and the world of concrete events.  Never- 
theless, the reader will almost surely find that the 
assignment of "probability measure" in the preceding 
exanples is the only reasonable one. For instance, 
nothing in nature precludes the possibility that in 
twenty successive trials on the roulette wheel the 
moving point will each time stop in a short arc of the 
circumference, colored green and marked with a O. 
Nevertheless, if this actually occurred the players 
would very probably be astonished, and would doubt 
that the hypotheses concerning uniform coefficient of 
friction, etc., were satisfied. It is in this some- 
what vague sense that we understand the limiting pro- 
cesses of the preceding parazraphs.  Cnce we have 
passed this point, we have a precise numerical measure 
of probability to which precise mathematical processes 
can be applied. 


Next consider the example of throwing two homogene- 
ous dice (still bouncing them off the wall). We sup- 
pose these dice distinguished in some visible way, 
for example by color, so that we can speak of "the 
first die" and "ihe secona die" without confusion. 
Each throw of the pair provides a pair of numbers (a, Ὁ) 
each of which is one of the digits from 1 to 5. In 
a large number of trials, about one sixth will have 
a * l, about one sixth will have a * 2, and so on. 
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But the dice are not mechanically interrelated, so 
that if we select from all the throws the particular 
ones (roughly a sixth of all) such that a = 1, for 
about a sixth of these (a thirty-sixth of the total) 
b will be 1, for about another sixth b will be ?, and 
so on. There are, in all, thirty-six pairs (a, b) of 
the kind described; and the ratio of the number of 
times any particular one of these pairs turns up to 
the total nunber of trials should approach 1/36 as a 
limit when the number of trfals is increased without 
bound. The two dice have been assumed independent in 
a physical sense, the motion of one producing no 
forces or torques which affect the motion of the other. 
The result is that the numbers a and b are independ- 
ent in a probability sense, that is, a given value 
of b is just as likely to appear when a * l as when 
a = 2 or any other particular one of the digits 1 to 6. 


Finally, let us consider a system of n circular 
tracks each of length C, with a point moving about 
each circumference. In order to make it easier to 
record results, we suppose that a point on each cir- 
cumference is chosen as the starting ooint and label- 
led O, each other point being labelled with the num- 
ber expressing the arc length measured from O to that 
point in a counterclockwise direction. Thus each 
point bears a label not less than O but less than C; 
the point which this process would label C is the same 
as the starting point, already labelled O, so C itself 
is not the label of any point. If all n points are 
started off, and the first one stops at the place x, 
the second at the place x5, etc., we can record the 
result of the trial by means of the n-tuple 


(x1, ΧΟ» 559 Xn); 
wherein each x; is in the interval O s X «C. To 
phrase it more geometrically, each trial corresponds 
to a point of the "cube" 0 > x3 «C (i #1, ..., n) 


in n-dimensional space. Let Aj] be an arc of length 
Lj on the first circle, Ap an arc of length Lọ on the 
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second circle, and so on. We shall assume that the 
various circles (roulette wheels ) are independent in 
the physical sense, so that the motion of the point 
on the first circle gives rise to no forces ‘that could 
affect the motion of the point on the second circle. 
In a large number N of trials we may anticipate that 
the number of times the point on the first wheel stops 
in arc Aj is nearly (Lj/C)N, or with the notation al- . 
ready introduced, p(Ai)N. More precisely, the ratio 
of the number of times the point stops in Aj to the 
total number N of trials should approach p(A1) as a 
limit when N increases without bound. Let us now seg- 
regate those trials in which the point on the first 
circle stops in the arc A, (as just remarked, there 
are approximately ΝρίΑ 1) of these) and investigate the 
number of these segregated trials in which it is true 
that the point on the second circle stops in arc A». 
Since the motion of the point on the first wheel does 
not affect that on the second, we may anticipate that 
the number of these is approximately ΡίΑρ) times the 
number of trials being investigated, which is itself 
approximately Np(A,). Hence the number of trials in 
which the point rolling on the first circle stops in 
arc Aj and that rolling on the second circle stops in 
arc Αρ should be nearly Np(Ai)p(A2). Continuing the 
reasoning, the number of times that the point on the 
i-th circle stops in arc A, for each of the n circles 
(4 = 1; ..., n) should be approximately 


Np(Ai)p(A2). ..p(Ay). 


In order to rephrase this result in terms of ihe 
geometrical representation already mentioned, let us 
first observe that if an arc Aj does not contain the 
starting point x = O of the i-th circle, and if we de- 
note by the label of the beginning point of A4 when 
traversed in a counterclockwise direction and by bł 
its end point, then the arc A; consists of all the 
points with labels x between a; and b, inclusive. If 
the arc A; contains the origin, and we denote by a, its 
beginning point and by by its end point when we traverse 
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the arc in a counterclockwise direction, then as the 
moving poirt traverses the arc in a counterclockwise 
direction its label x starts at 81, increases up to C 
when the point reaches the starting poirt of tte cir- 
cle, at which point it drops abruptly to O and then 
starts increasing again until it rises to the value bi. 
Thus if A; does not contain the starting point x = O 
it consists of all points with labels x such that 
84 E by; while if A4 contains the origin; it consists 
of all points with labels x such that a aj S x< C and 
also all points with labels Such that OŠ xŠ by. In 
either case, the arc A4 corresponds to one or two seg- 
ments of the xj-axis with total length Ly = Cp(4,). 
The trials in which the point on the i-th circle stops 
in arc Ay are represented by points in n-dimensional 
space for which the first coordinate lies in an inter- 
val or pair of intervals of total length I4, the sec- 
ond in an interval or pair of intervals of total length 
Lo, and so on. If we understand an "n-dimensional 
interval" to be a set of points in n-space satisfying 
a system of inequalities of the form hy Š ΧΙ Ξ ΚΙ (or 
similar inequalities with some or all of the signs 
e replaced by <), we see that the points represent- 
ing the trials in which the i-th point stops in Αἱ are 
represented geometrically by points in n-dimensional 
space which lie in a finite number of n-dimensional 
intervals, not more than 23 of them, having total vol- 
une LiLo... a The "cube" in n-dimensional space 
representing all possible trials has all its edges of 
length C, so its volume is CD, The ratio of the num- 
ber of trials in which the point on the i-th circle 
stops in Ay to the total number N of trials is nearly 
equal to the product pt Ag P(A) 2. p(Ag), which is 
the same as Ljlo ... Lp/C 


Next we consider a slight extension of the concept 
of probability measure. In the example of the single 
die, the probability measure of each single digit 1, 
2, etc., is 1/6; in a large number N of trials, the 
number of times any one of these digits will turn up 
is approximately (1/5)N. So if S is a set consisting 
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of several of these digits — for example, S might con- 
sist of the digits 1, 3 and 5 — and m stands for the 
number of digits in S, each of these will turn up ap- 
proximately N/6 times, and the number of times that 
the throw will give us a number in S is approximately 
m times N/6. Therefore the probability measure to be 
assigned to S is m/6. Thus each subset of the aggre- 
gate 1, 2, 3, L, 5, 6 has a probability measure equal 
to 1/5 of the number of elements in the subset. In 
exactly the same way, any subset S of the thirty-six 
pairs (1, 1), ..., (6, 6) in the second example is 
assigned probability measure equal to (1/36) times 
the number of pairs in S. It continues to be true 
that if the number.N of trials is large, the number 
of tires that a pair belonging to S is thrown will be 
approximately N times the probability measure of S, 


In discussing the other examples, it is convenient 
to make use of intervals in n-dimensional space de- 
fined by inequalities of the type 


ay 5 x4 < 5 (1*1. 2:25 AD 
where the ay and bs are numbers such that 
0 Í aj < by 5 Ci 


Such intervals are usually called "half-open," because 
they contain their lower boundaries but not their upper 
boundaries. The volume of tre interval defined oy the 
inequalities just written is the same as if the inequal- 
ities ay Sx, Í by were changed to a4 S x4 $ by, namely 
(by - a1) ... (bn - ap). Let Jj and Jọ be two half- 
open intervals in n-dimensional space, having no points 
in common. The probability that a trial will have a 
result in J) is p(Jj) = (volume Ji)/Ch, and similarly 
for Jo. Let S be the set consisting of the two in- 
tervals Ji and Jo. Ina larze number N of trials, ap- 
proximately Np(Ji) will have results in Jj and ap- 
proximately Np(Jo) will have results in Jo. None of 
these are counted twice, since no trial can have its 
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result in both J] and Jo. Hence the number of trials 
with results in S will be the sum of the number with 
results in J] and the number with results in Jo, which 
is approximately 


N [p(44) * p(J5) J. 


Accordingly, the probability measure of S should be 
taken to be p(J1) + p(Jo). A similar reasoning applies 
to any finite sum of intervals Jj * ... * Jo. If the 
reader happens to be familiar with the theory of the 
Lebesgue integral, he will realize that we are by no 
means limited to the consideration of finite sums. 
We can define p(S) for sets S consisting of the sum 
of an infinite sequence of intervals without common 
points, and then use these in turn to extend the range - 
of meaning of the symbol p(S) to a vast class of sets 
S, namely the class of all Lebesgue-measurable sets. 
But if the reader happens not to have studied the Leb- 
esgue integral, he is not hopelessly handicapped as 
far as the needs of this book are concerned. 


In order to unify the discussion, we observe that 
in each of our four examples (and in any other example 
we later encounter) we have as a starting point an ag- 
gregate P of things. In the first example, P consists 
of the numbers 1, 2, 3, 4, 5, 6. In the second example, 
it consists of all the points on the circumference of 
the circular track, and these can be symbolized by 
the real numbers O Sx «C. In the third example, P 
consists of all the pairs (1, 1), ..., (6, 6). In the 
fourth example, it consists of all the n-tuples of the 
form (point of first circle, ..., point on n-th circle) 
and can be more conveniently symbolized by the n-tuple 
(xj, ..., Xn) representing a point in the "cube" 
O Ex «C,i*1,...,n. To certain subsets of the 
population we have assigned numbers called their prob- 
ability measures. ‘his is Gone for all subsets of P 
in the first and third examples, in which there are 
only a finite number of such subsets. In the second 
and third examples, the sets S to which probability 
measure has been assigned include all sets consisting 
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of a finite number of intervals; and this class could 
conceivably (in fact, actually) be enlarged still fur- 
ther. Let us say that the sets for which a definite 
probability measure has been assigned are "measurable 
sets." Then to each measurable set S there corres- 
ponds a probability measure p(S), and the sets and 
their measures satisfy the following conditions. 


(la) If S is measurable, then 0 5 p(S) 51. 


(1b) The set P consisting of the whole population is 
measurable, e and its probability measure is l. 


(1c) The set consisting of no points at all is measur- 
able, and its probability measure is 0. 


(1d) If 5] and So are measurable, so is the set 


31 + So , consisting of all points belonging to one 
both of the sets. Moreover, if 5j and S% have 


common 1 points, » then 


A 


Ρί51 + So) - Ρί5ῃ) + p(S2). 


(le) If 51 and 52 are measurable, so is the set of 
points which belong both to 3 and to So. 


-— à O — eel 


All four of our examples satisfy these conditions, 
and henceforth we shall assume them satisfied for every 
example in probabilities which we shall investigate. 


13. Expected values; measurable functions. 

Suppose next that the population has been subdivided 
into a finite number of measurable sets 54, ..., Sy, 
having no common points, and that a player is playing 
a game in which he is to receive a certain sum f4 if 
the outcome of the game is in 51, a sum f^ if the 
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outcome is in 52, and so on. If a large number of games 
is played, say N of them, in approximately Np(S 1) of 
these games the outcome is in 51, and his receipts from 
these games add up to approximately fjNp(S]); in ap- 
proximately Np(So) of the games the outcome is in So, 
and his receipts from these games add up to approxi- 
mately foNp(S2); and so on. His total receipts from 
all games will be approximately 


N [ fy p(S}) t ecs t ΓκΡίϑις) ]. 


So his average receipts per game are given by the co- 
efficient of N in this expression. This average is 
called his "mathematical expectation." To represent 
it somewhat more conveniently, we define a function 
f(q) for all elements q of the whole population P, by 
setting f(q) = f, if q is in S,. Then if the outcome 
of a game is expressed by the symbol 3, the player re- 
ceives an amount f(q). His "mathematical expectation" 
is denoted by tne symbol E[f ]; and according to the 
foregoing discussion, it is given by the expression 


k 
(1) E[f] = 2 f4 p(S4). 
isl 


The mathematical expectation of f(q) is also called 
its "expected value." 


Tnis definition may seem ambiguous, for the choice 
of the 54 is somewhat arbitrary; for example, if fj = f» 
we can combine S1 and 55 into a sincle set on which f 
is constant, and then there will be only k - 1 sets. 
Given any function f of tne type described, we can com- 
bine all sets on which f has each one of its values. 
this corresponds to bracketing terms in (1), and does 
not change the value of the sum. So the freedom of 
er) of the 54 does not affect the value of the sum 
in (1). 


Α simple but important property of the expected value 
as defined in (1) is 


(2) If f(q) S g(q) for each q in P then =[f]S E[g]. 
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Let f4, ..., f, oe the distinct values f can assume, 
and let 51 be the set on which f = fi. Let gj, ..., £m 
be the distinct values g can assume, and let 5;' be the 
set on which g = g;. We are assuming these to be 
measurable. Let Ss ; be the set of all points which 
belong to S4 and also belong to S,'. These sets Sij 
have no points in common; every point of P belongs ἐδ 
one of them; and they are measurable by (11.16). On 
each of them f and g are both constant. In 54.4 select 
a point q4,j unless 54,4 is empty (in which latter case 
discard it). Clearly 


E = ] = e S sje 
[e ] = zt(q, |) ρίδι Ὁ)» E[g ] * E ga, y) p(s, 5) 
Since p is never negative, this leads at once to (2). 


In the first and third of our examples this com- 
pletes the definition of expected value; for when the 
population contains only a finite number of points 
every function f(q) must have only a finite number of 
values.  3ut the situation is different when the pop- 
ulation is infinite, as in tne second and fourth ex- 
amples. In such cases ii may be possible to extend the 
definition of expected value so as to cover many in- 
stances of functions taking on infinitely many diftfer- 
ent values. This is done by a process essentially the 
same as that used in defining an integral. Suppose 
that f(q) is a function defined and bounded over the 
population. There will always exist functions G(q) 
which take on a finite number of values, each on a 
measurable set, and which are nowhere less than f(q). 
Since we wish to preserve the important property (2), 
any reasonable way of assigning an expected value to 
f(q) mast be such that Ε[ε]5Ξ εἶα] for every such func- 
tion G(q). Consequently, if we form the mathematical 
expectation of each such function G(q), we obtain a 
collection of overestimates for E{f | In a like manner, 
we can take all the functions g(q) each of which takes 
on only a finite number of values, each on a measurable 
set, and find the mathematical expectation of each such 
βία). We thus obtain a collection of underestimates 
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for Elf]. In favorable cases (for instance, in the 
second and fourth examples, whenever f(q) is continu- 
ous) it will happen that there is exactly one number J 
which separates the overestimates from the underesti- 
mates, each overestimate being 2 J and each underesti- 
mate being SJ. In such a case, we define the expected 
value of f to be this number J. Functions f(q) which 
are assigned mathematical expectations by this process 
will be called "integrable," since the process is es- 
sentially an integration. Moreover, it is easy to show 
that the elementary properties of the Riemann integral 
are also enjoyed by the function Elf]. For instance, 
the sum of two integrable functions is integrable, and 
the expected value of the sum is the sum of the ex- 
pected values. If f(q) is integrable and k is a con- 
stant, then kf(q) is integrable and its expected value 
is kE[f]. The product of bounded integrable functions 
is integrable. rurthermore, from the definition we see 
without trouble that (2) continues to be true for in- 
tegrable functions f and g. 


As an instance of the foregoing, in the fourth ex- 
ample the finite collectiors of intervals of n-space 
could be used as the measurable sets, and in this case 
the definition of expected value is analogous to that 
of the Riemann integral. A function is integrable in 
the sense just defined if, and only if, it is Riemann- 
integrable, and in that case Hf] is C-" times the 
Riemann integral of f(q) over the cube. If the class 
of measurable sets had already been enlarged as in the 
theory of the Lebesgue integral so as to contain all 
Lebesgue-measurable sets, the functions integrable in 
the sense of the preceding paragraph would be the same 
as the bounded Lebesgue-integrable functions, the ex- 
pected value being C7" times the Lebesgue integral. 


The definition of expected value can also be extend- 
ed to certain classes of unbounded functions. If f(q) 
is unbounded as q varíes over the population P, we 
first form the auxiliary functions fgQ4(q) defined as 
follows. Whenever f(q) is between - m and n inclusive, 
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Γπη(α) is the same as f(q). Where f(q) exceeds n, 
we define fmn(q) to be equal to n; and where f(q) 
is below - m, we define fy,(q) to be - m. Then for 
every m and n the function {πῃ is bounded. Also, as 
m and n tend to *9, Γππία) approaches f(q) at each q; 
for whenever m and n are both greater than | f(q)| tne 
definition makes fgn(q) equal to f(q). It may happen 
that for each m and n the function {πη(α) is integrable 
(i.e., has an expected value) and that as m and n tend 
independently to ™ this expected value of fmn ap- 
proaches a definite limit. In this case we say that 
f(q) is an (unbounded) integrable function, and we 
define its expected value to be the limit of the ex- 
pected value of fmn as m and n both increase without 
bound. 


It is easy to show that if f and g are both inte- 
grable and f(q) S g(q) for all q, then E[f]S Ele]; 
this follows by a.passage to the limit from (2). More- 
over, if f(q) is integrable and k is constant, then 
kf(q) is integrable, and E[kf ] * kE[£ ]. It is rather 
more difficult, but still possible, to show that if 
f and g are both integrable so is their sum, and 
Efe + g] - E[£ ] * elg]. But it is not necessarily 
true that the product of unbounded integrable functions 
is integrable. 


Given any set S, we can define the characteristic 
function of the set S to be the, function K(ql q in S) 
which has the value 1 if q is in S and has the value 
O otherwise. We may think of K(q|q in S) as the "truth- 
value" of the statement "q is in S"; if the statement 
is true the "truth value" is 1, if the statement is 
false the "truth-value" is O. We shall resist the 
temptation to abbreviate the phrase "characteristic 
function of the set" to "characteristic function." 
Although we shall not use it, there is a concept well- 
known in statistics under the name of the "character- 
istic function of a distribution," which is entirely 
different from the concept "characteristic function 
of a set," and we avoid the abbreviation in order to 
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reduce the chance of confusion in the mind of a reader 
who has already encountered the concept "characteristic 
function of a distribution." 


The function K(q|q in S) has the value 1 on the set 
S, and on the remainder P - S of the population it 
has the value O. So if S happens to be measurable, 
by (1) the expected value of K(q|q in S) is 


(3) E[K(ala in S) ] = 1 p(S) + Op(P - 5). 
Thus if S is a measurable set, 


(L) E [K(q]q in S)] = p(s). 


But it is possible that the left member of (L) may 
exist even though S was not one of the sets originally 
listed as measurable. In this case we can enlarge the 
class of neasurable sets, including in the enlarged 
class all sets 5 for which &(q|g in S) is integrable 
and defining the probability measure by (L). for in- 
stance, in the fourth example we started with the in- 
tervals as the measurable sets. ‘Then E[f] is cefinec, 
as we have already seen, whenever f(q) is Rierann-in- 
tezrable. But there are many sets besides the inter- 
vals whose characteristic functions are integrable; 
in fact, all the elementary geometric figures have 
this property. Thus with the help of (L) the class 
of measurable sets is enlarged so as to contain a mul- 
titude of new sets, in particular all the elementary 
geometric figures. If the class of measurable sets 
had already been enlarged so as to include all Lebesgue- 
measurable sets, using (l) would have given us nothing 
new. 


From now on we shall restrict our attention to a 
particular sub-class of the integrable functions, which 
we shall call the "measurable" functions. ‘These are 
the intezrable functions such that for every real num- 
ber y the set S(f « y) of all points q at which f(q) « y 
is a measurable set. If the concept of measure has 
been extended as in the Lebesgue theory, this is not 
really a restriction, since every intezrable function 
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is then measurable. But if the Riemann type of def- 
inition is used for the expected value, the restric- 
tion to measurable functions may be a real restriction, 
which, nevertheless, does not exclude any of the func- 
tions which we shall encounter later in this book. 


19. Cumulative distribution functions. 


If f(q) is a measurable function and y is a real num- 
ber, the statement "f(q) is less than y" is equiva- 
lent to the statement "q is in the set S(f « y) of 
points q at which f(q) is less than y." But the prob- 
ability that q is in the set S(f < y) is the same as 
the probability measure of the set S(f « y), by the 
very meaning of probability measure. In turn, the 
probability measure of the set S(f < y) is the same 
as the mathematical expectation of the characteristic 
function K(q|f « y) of the set S(f « y), as we saw 
in (13.4). Hence the probability that f(q) is less 
than y is the same as the mathematical expectation of 
the function K(q|f « y). For simplicity of notation, 
we shall denote by k(y) the probability that f(a) is 
less than y. Then k(y) satisfies the equation 


(1) k(y) = E[K(q|f <y) ]. 


Ihe function k(y) is called the "cumulative distribu- 
tion function" of the function f(q). 


In many instances all that we wish to know about 
f(q) is summarized in the knowledge of the cumulative 
distribution function k(y). For example, suppose that 
we wish to form a life insurance corpany, and as a basis 
for fixing premiums we first want to know what would 
have been fair premiums to charge the members of a large 
group of people whose life-spans have been recoraed. 
The population P will consist of the people in this 
list, and for each person q in the population, f(q) is 
the span of his life. For each y, k(y) is the measure 
of the part of the population whose life-spans are less 
than y. A table of k(y) is then essentially the 
same as a mortality table (the usual mortality tables 
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are tables giving values of 100000(1 - k(y))). Such a 
table is all we need in order to determine proper pre— 
miums for any assigned rate of interest. 


It is worth remarking, however, that the cumula— 
tive distribution function of any one f(q) may fail 
to summarize all the information about the population 
needed for all purposes. For instance, in order to 
determine the proper premiums for a special policy to 
be issued only to lawyers we cannot rely on k(y) alone, 
but must go back to the original population with its 
probability measure, select the lawyers from it, and 
construct a new cumulative distribution function for 
this selected subpopulation. 


Since k(y) is the probability measure of a set, its 
values must lie between O and 1 inclusive. Moreover, 
if y < 2 then k(y) Ξ k(z), for then the set on which 
f(q) < y is included in the set on which f(q) < z, and 
so the probability measure k(y) of the former set can- 
not be greater than the probability measure k(z) of the 
latter. If f(q) is bounded, k(y) is O for all y less 
than or equal to the lower bound of f(q), for then 
the set on which f< y contains no points at all and 
has probability measure 0. Also k(y) is 1 for all y 
greater than the upper bound of f(q), for then the 
set on which f(q) < y consists of the entire population 
P and has probability measure 1. 


If it happens that k(y) is the indefinite integral 
of some function K*(y), so that 


y 
(2) k(y) = | k*(y) dy, 


- © 


the function k*(y) is called the "probability density" 
of the distribution of f(q). 


The probability that f(q) is less than c is k(c); 
the probability that it is less than d is k(d). So 
if c < d the probability that c = f(q) <d is the 
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difference k(d) - k(c) between these probabilities. 
Thus we are permitted to regard the values assumed by 
the function f(q) as a new population lying on the real 
axis, Each interval of the form c 5 y «d has prob- 
ability measure k(d) - k(c), which is non-negative and 
not greater than l. The whole real axis has probabil- 
ity measure 1; for as c tends to - œ and d tends to œ 
the probability that c S f(q)« d tends tol. In fact 

we can verify that the probability measure k(d) - k(c) 
satisfies all the requirements (17.1). The important 
feature of this point of view is that the new popula- 
tion, consisting of real numbers, may be essentially 
simpler to handle than the original population, which 
was of a highly unrestricted nature. Of course the new 
population of real numbers, with probability measure 
k(d) - k(c), can only be of use in studying functions 
which are determined by the values of f(q). For in- 
Stance, the cumulative distribution function of the 
function f(q) which is the sum of the numbers turned up 
on a pair of dice will give us all the information we 
need to discuss probabilities in the game of craps. 
But it would be inadequate to determine the probability 
that a pair consisting of a one and a three will appear 
before a pair whose sum is seven. 


The theorem that relates the new population of real 
numbers to the original population, and allows us to 
investigate the properties of functions determined 
by the value of f(q) without going back to the original 
population, is the following: 


(3) Theorem. If h(y) is continuous for all y, and'f(q) 
is an integrable function with cumulative distribution 
function ky), then the function h(f(q)) is integrable 
(has an expected value) if and only if h(y) is Stielt- 


jes-integrable with respect to k(y) from - œ to ο) 
and in that case 


οὐ 


h(y) dk(y). 
oo 


E [n(f)] = | 
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We shall not try to prove this in general; instead, 
we shall assume that f(q) is bounded. Let a be a num- 
ber below the lower bound of f, and b a number above 
its upper bound. Then the infera in (3) is the same 
as the integral from a to b; for k(y) is identically 
O from - © to a and identically 1 from b to œ, and 
by (15.9) and (15.1Lh) the integral over each of these 
infinite intervals is Zero. We subdivide the interval 
from a to b by points 


a= ysl y :*JQ4,* b; 


and we denote by and M4 respectively the least and 
greatest values of h(y) on the subinterval 


Y1.3 5 ΥΣ γι. 

If c is a positive number, we may suppose that the 
intervals are all small enough so that h(y) changes by 
less thane on each one; then Mj - m « € for each i. 
Now we define a function M(y) on the interval g Sy « b 
as follows: if y is in the interval yi.1 - y < Yis 
then M(y) is defined to be equal to My. We define 
m(y) analogously, using mp instead of Ν.. It is clear 
that 


(L) m(y) 5 h(y) Ξ M(y) 


for all y in the interval a S y «b. Another way of 
writing the functions M(y) and m(y) is as follows. 
ipii. let Fy(y) denote the function which is 1 if 

& 

Yi 17 Y € y, and is U elsewhere. (This is the same 
as ; the characteristic function Κ(γ]γῃ.1Ξ y< yi) of 
the interval Yi-1^5 y € y4, but we wish to avoid the 
more complicated notation.) Then we can show that 


n n 
(5) my) = Σ πιξη(γ), M(y)* 22 Μιζι(γ). 
isl i=l 
ror if y is in an interval y; = y < yz, only the 
single term with subscript i Ts different from zero 


in each sum; and this term is m, in the first sum and 
M. in the second. 
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Since Γι is the characteristic function of the in- 
terval γ: 1 Sy< yi» the expected value of Fs (£f(q)) 
is the same as the probability that f(q) is in the in- 
terval, which in turn is the probability that f(q) < yy 
minus the probability that f(q) < y; η» which is the 
same as k(y4) - k(y, 1). Hence 


E[F,GO] = kGi) - Κίνα). 


Ve now multiply by Μη and sum for i = l, ..., n, Ob- 
taining with the help of (5) 


n n 
X να [κίγι) - κίγι.1}} = E wELR(O)] 
i=l ia] 


n 
(6) - EL X ERG] 


i=l 
= S[{(r) J. 


In the same way, if we multiply by m and sum we find 
that the corresponding left member is equal to the ex-, 
pected value of the function m(f(q)): 


n 
(7) Ὁ πι [κίγι) - k(y4 3) ] = E([ m(£) ]. 


i=l 


Since m, and M, differ by less than €, it is easy 
to show that the left menbers of (6) and (7) also dif- 
fer by less than €. Also, by the definition of the 
Stieltjes integral, if the partition of the interval 
from a to b is fine enough, the left members of both 
equations (6) and (7) will be arbitrarily close to the 
Stieltjes integral 


b 
(3) | h(y) ἀκίγ). 


8 
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Because of (L), we see that E[M(f)] is an overestimate 
for E[n(f) ], while E[m(f )] is an underestimate for 
E(h(f)]. Since the left members of (6) and (7) differ 
by less than &, so do the right members, and thus we 
have an underestimate and an overestimate for E[h(f) ] 
which differ by less than €. Thus there cannot be 
two distinct numbers separating all overestimates 
from all underestimates, which by definition means 
that h(f(q)) has an expected value ("is integrable"). 
Moreover, there are both underestimates and overesti- 
mates as close as desired to the Stieltjes integral 
(3), which is possible only if this Stieltjes integral 
is itself the number which separates overestimates 
from underestimates. That is, we have proved (3) for 
bounded functions f(q). . 


To suggest the type of use to which this theorem 
can be put, let us imagine a game played with n rou- 
lette wheels in which a player is to receive a sum 
g(y) determined by the sum of the numbers xj, ..., X, 
which appear on the various wheels. Let 


f(q) = Xi + eee t Xe 


The player wishes to know the expected value of the sum 
he will receive. This sum is g(f(q)), and its expected 
value is E[g(£) ]. By (3), we can compute this with- 
out further reference to the population P if we only 
know the cumulative distribution function k(y) of the 
sum f(q). 


If the function f(q) takes on only a finite number 
of values, which we may suppose arranged in increasing 
order and denoted by {1, fo, ..., fps and if we denote 
by Sx the set on which f(q) = Γι, then for each num 
ber y such that y, 4 < y Sy, the inequality f(q)« y 
is satisfied on the set 8j + ... + 54.1 and nowhere 
else. So by its definition k(y) is the probability 
measure of the set: 


(9) k(y) = ρίδῃ) + ... + ρίϑι η) for y; < y Σι. 
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For example, consider the population in the second ex- 
ample, consisting of the thirty-six pairs 


(1, 1), ..., (6, 6). 


For q = (a, b) we define f(q) = a+ b. The values of 
f(q) are the integers 2 to 12 inclusive. For y $2 
there is no q with f(q) < y, so k(y) = 0. For y> 12 
the inequality f(q) < y holds for all q, so k(y) = 1. 
The set 51, on which f(q) = 2, contains the single 
member (1, 1), so p(S,) = 1/36. The set So, on which 
f(q) = 3, has two members, (1, 2) and (2, 1), and so 
Ρ(52) = 2/36. Proceeding thus, we find that k(y) has 
juups at 2, 3, ..., 12, being constant between these 
values; and on the intervals 2< y 23, 3« y Sb, ..., 
11 «y $12 it has values 1/36, 3/35, 6/36, 10/36, 
15/36, 21/35, 26/36, 30/36, 33/36, 35/36. 


For the function k(y) in (9), the integral of the 
continuous function g(y) with respect to k(y) is 


(19) | g(y) dk(y) = ε({η)ρίϑῃ) + ... + g(fg)vo(Sp)., 


In the example of the two dice, if f(q) is the sum 
of the numbers on the two dice, the mathematical ex- 
pectation of any function g(f) is 


g(2)/36 + 2g(3)/36 + 3g(h)/36 + hg(5)/36 
+ 5g(6)/36 + 6g(7)/36 + 5g(3)/36 + lig( 9)/36 
+ 3g(10)/36 + 2g(11)/36 + g(12)/36. 
Thus if a player is to receive one unit of money if 
he throws a natural (meaning a 7 or an 11 on the first 
roll) the function g(f) has value 1 for f = 7 and for 
f = 11, and has value O elsewhere. Hence the expected 
value is 5g(T7)/36 + ?g(11)/36 = 2/9. 
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20. Variance; the normal distribution. 


Let f(q) be a function having a mathematical expec- 
tation f. For each q, the difference f(q) - f will 
be called the deviation of f(q), or its deviation from 
the mean. The mathematical expectation of the devi- 
ation is 


E[t -Z] - z[£] -ε[ξ] 
2T-fs-0. 


If f(q) has a cumulative distribution function k(y), 
and also is bounded, by (19.3) with h(y) = y we find 


(1) E(r] = | y dk(y). 


Ihe expected value of the square of f(q), if it exists, 
is called the second moment of the distribution about 
O. The expected value of the square of the deviation, 
E[(f - f)^] , is called the variance (or dispersion) of 
the distribution. If f(q) is bounded and has a cumu- 
lative distribution function k(y), we need only take 
h(y) = y? in (19.3) to see that the variance is neces- 
sarily defined and satisfies 


co 


(2) E [(£ - 522] = | y? dk(y). 


- © 


The variance is the difference between the second mo- 
ment about O and the square of the mathematical ex- 
pectation, for 


E[(f£ - ξ)2] = z[f?] -E[2fF] + E[F?] 


= E[f?] - Fe, 


The "standard deviation" of f(q) {or of its dis- 
tribution) is the square root of the variance. It is 
custonarily denoted by the letter 9, 
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A particularly important class of functions consists 
of those with "nornal distribution," which means that 
there is a number σ such that the cumulative distri- 
bution function is 


Y — -(y?/2e?) 
(L) | k(y) = (1/o y2% ) e dy. 


It does not follow at once from the proof of (19.3) 
that for every continuous function g(y) the expected 
value of g(f(q)) is 


-(y?/20?) 
(5) E[g(£) ] = (3/072 m) g(y) e dy, 


because (19.3) applies only to bounded distributions, 
and the normal distribution corresponds to unbounded 
functions. However, if g(y) is a polynomial (5) can 
5e obtained from (19.3) by a fairly simple limiting 
process, which we shall not exhibit here. 


It is obvious from (lh) that k(y) tends to O as y 
tends to - œ, It is not at all obvious that k(y) 
tends to l as y tends to ©, as is required of every 
cumulative distribution function. But the proof that 
this is in fact the case can be found in most advanced 
calculus texts. 


Taking g(y) = y in (5) shows that E[f ]= O, since 
the integrand in the right member is an odd function 
of y. The variance is found by setting g(y) = y2 in 
(5). By integration by parts, with the help of the 
relations k( œ) = 1 and Κί - c ) = O, we can show that 
the variance is of. Thus the Ο in (h) and (5) is 
actually the standard deviation of the distribution, 
as the notation suggests. 
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There are many published tables of the function (li) 
as a function of y/O, or what amounts to the same thing, 
of the function (L) as a function of y foro = 1. From 
any such table we find that 


(6) k(2.5850) = k( = 2.5850) = 0.99. 


So the probability that f(q) lies between - 2.5850 and 
+ 2.5850 is 0.99. 


A function f(q) over a finite population P cannot 
be normally distributed; for it has only a finite num- 
ber of values and, as (19.9) shows, its cumulative dis- 
tribution function has to be discontinuous. However, 
if tis a positive number, the number of elements q 
in the finite population P may be large enough to al- 
low the possibility of functions f(q) whose cumulative 
distribution functions are everywhere within € of being 
equal to a normal distribution function. If f(q) is 
such a function, we see by (5) that the fraction of 
the population having f(q) less than 2.585 standard 
deviations different from O is somewhere between 
0.99 - 2€ and 0.99 + 2€. Thus the tables of the normal 
distribution function can serve conveniently in the 
study of functions over a population containing a finite 
but large number of elements. 


A concept that is often referred to, especially in 
connection with symmetric distributions (in which 


k(y) + k( - y) = 1), is the "probable error." This 
is the number y such that 


k(y) = k( T y) = 0.5. 
In other words, there is a probability of 1/2 that 
f(q) is between - y and y. If the distribution is 
normal, we find from the tables of the probability in- 
tegral that the probable error is 0.671199, so that 


k(0.67hh9 o) - κί - 0.67LL9 9) = 0.5. 
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The concept of provable error is at its most use- 
ful when the distribution is known to be normal, for 
then it determines the standard deviation, being equal 
to 0.67L490, and this in turn determines the distri- 
bution completely. Thus when we know the probable 
error we can find the value of y for which there is 
any desired probability that f(q) is between - y and 
y. But if the distribution is not normal we can draw 
no such conclusions. We must state separately, from 
other information, what values of y correspond to dif- 
ferent probabilities. For instance, the distribution 
of the ranges of rcckets fired from a tube at a fixed 
small elevation is far from normal. There is presum- 
ably zero probability of negative range, and the dis- 
tribution is markedly unsymmetrical. Hence the prob- 
able error does not tell us very much about the distri- 
bution. Because of this defect, the use of the prob- 
able error has become less frequent in the last few 
years. 


21. Independent distributions. 


When we need to discuss two functions f,(q) and 
f5o(q) simultaneously, we often profit by using the 
"bivariate cumulative distribution function" or "joint 
distribution function" k(y, z) defined by the equation 


(1) k(y, z) = E[K(a| fq(q) < y and fəla) <2) ]. 


That is, k(y, 2) is the probability that fj be less 
than y and fo less than z at the same time. Given any 
four numbers, a, A, b and B such that a< A and b < B, 
the probability that fq <A and fọ < B is k(A, B), 
while the probability that fj <A and fo « b is k(A, b). 
Hence the probability that fj <A while b Ξ fo < B is 
the difference k(A, B) - k(A, b). In the same way we 
see that the probability that fj <a while b Í fo < B 
is k(a, B) - k(a, b). By subtraction, the probability 
that a $ f} < A and b Ξ 22 < B at the same time is 


(2) BJ k(A, B) - k(A, b) - k(a, B) + k(a, Ὁ), 
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J denoting the interval a Sy «A, Ὁ S2<B. (The 
symbol in the left member was already defined in 
(16.33)). In particular, the left member of (2) is 
non-negative, so that the integration theory in the 
latter part of Section 15 can be applied. Also, we 
can follow the proof of (19.3) for bounded f] and fo, 
making only notational changes, and thus prove 


(3) Theorem. If fi(q) and Γρία) are bounded measur- 
able functions, with joint cumulative distribution 
function k(y, z), and if h(y, z) is any continuous 
function, then 


E [h(f1, £2) ] ως Jf h(y, 2) dk(y, 2), 


the double integral being taken over the whole (y, 2)- 
plane. 


In the example of the two dice, we remarked that 
the two were independent in the sense that the motion 
of the first produced no forces or torques affecting 
the motion of the second; and that, as a consequence, 
the probability that the number on the first die would 
have a value aj and simultaneously the number on the 
second die would have a value b4 was equal to the pro- 
duct of the probability (1/6) that the number on the 
first die would be a4, and the probability (also 1/6) 
that the number on the second die would be by. From 
this it follows that for any two subsets S], So of the 
population [1, 2573-4 Ds 6], the prooability that 
the number pair (a, b) is such that a is in Sj and b 
in So iş equal to the product of the probability that 
a is in 51 and the probability that b is in 52. This 
can be conveniently formulated with the help of the 
mathematical expectation symbol. Let k(q|a in 84) be, 
as before, the function which is l when the point q, 
or (a, b), has its first component a in the set Sj and 
is O when a is not in 3j. The functions K(q|b in 52) 
and K(q|a in Sj and b in S2) are analogously defined. 
Then the probability that a is in Sj is the same as 
the mathematical expectation of K(q |8 in 51), and simi- 
larly for the other two functions. The independence, 
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in a physical sense, of the two dice produces the 
mathematical consequence 


E [K(q|a in 5] and b in 52) ] 


(L) 
= E[K(ala in S,)] E [K(alo in $) ]. 


In the exanple of the n roulette wheels, a similar 
situation was observed. If 54, S2, ..., Sp were arcs 
on the first, second, ..., n-th circular tracks, the 
probability that the point moving on the first circle 
would stop in are 51, that on the second circle in 
arc 92, and so on, was the same as the product of the 
probabilities of the separate events that the first 
point would stop in S), that the second would stop in 
So, and so on. In the notation of mathematical expec- 
tation 


E Í Kla [x in 51 and Χρ in So and ... and x, in Sp) ] 
(5) = EL K(q|x, in 5) ] E[K(aq|x, in 52) ] ... 
E [k(q|x, in Sp) ]. 


These mathematical consequences of the physical un- 
relatedness of the two dice, or of the n roulette 
wheels, lead us to a definition of the (mathematical, or 
statistical) independence of two or more functions over 
a population P. Let f}(q), ..., fy(q) be measurable 
functions defined over a population P. Let k;(y) be 
tre cumulative distribution function of f:(q) (that 
is, the probability that f, is less than y), and let 
k(y,, ..., Jņ) be their joint cumulative distribution 
function (that is, the probability that all the con- 
ditions f1(q) < yj, ..., Γῃ(α) < Yn shall be true). 
Then the functions f4(q) are defined to be independ- 
ent if for every set of real numbers y4,, ..., y, it is 
true that the probability that all the conditions 
f4(q) < y4 hold simultaneously is the same as the prod- 
uct of the probability that the first one is true, 
the probability that the second is true, and so on. 
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In symbols, the f; are independent if and only if 
(6) Κίγι, sess Yn) = ky (yz) Κρίνο) -.. k (y). 


This may seem to ask a little less than we asked in 
the several examples, since these examples dealt with 
intervals. But there is in fact no difference. Let 
J4 be the interval a; Ξ y «Ὁ for each separate 
i(is1,..., n), and let J be the interval in n- 
dimensional space defined by the whole set of inequal- 
ities a4 Sy4 < b4. If n= 2, by substitution of (6) 
in (2) we find that 


(7) δω = [ k1(*3) - k1(a1) J [ ko(b2) - ko(a2) Ts. 


Analogous results hold in space of n dimensions. In 
words, the probability that the point with coordinates 
(fq(q), ..., Γη(α)) is in J is equal to the product 
of the probabilities that fi(q) is in Jj, that fo(q) 
is in Jo, and so on. We have already met functions 
satisfying (6) in Section 15; it was for just such 
functions that the double integral could be computed 
as an iterated integral. 


One of the many important properties of sets of in- 
dependent functions is the following. 


(8) Iheorem. If f(q) and g(q) are independent bounded 
functions, and F(y) is a continuous function of the real 


EP «eS ESS eee 


variable z on some interval containing all the values 
of g(q), then 


E[F(f)G(g) ] = E[F(£)] E[G(g)]. 


Let a Í y Š A be an interval containing all the 
values of f(q), and let F(y) be continuous on this 
interval. Let the interval b S z S B contain all the 
values of g(q), and let G(z) be continuous on this 
interval. By (3), (6), (16.43) and (19.3), 
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E [F(£) G(g) ] 


a 


| F(y) | | G(z) agn | dk} (y) 


a 


A ¢B 
| κ F(y) G(z) dk(y, 2) 


A 
ε[οίε)] | F(y) ak, Gy) 
a 


E(G(g)] E[F(£)]. 


In particular, let f be the mathematical expectation 
of f, and g the mathematical expectation of g. Taking 
F(y) = y and G(z) = z in (8), we find that the mathe- 
matical expectation of f(q) g(q) is the product f g of 
their mathematical expectations. Still more particu- 
larly, if the expected value of either function is 
zero, so is the expected value of the product, pro- 
vided that the functions are independent. 


Next consider two independent functions each with 
expected value 0. Applying (8) with F(y) = y2 and 
G(z) = 2¢ yields 


(9) E[f?g^] = EL £^] EL εξ ], 


so that the variance of the product is equal to the 
product of their variances. 


Again, let f and g be independent (bounded) func- 
tions, having the respective mathematical expectations 
f and g. The mathematical expectation of the sum is 
f + g, and by definition the variance of the sum is 


E[(£*g-F-g*] 
= {(£ - £)?]« 2ε[(ε - ἕ)ία - £)] + E[Cg - gj]. 


Applying (8) with F(y) = y - f and G(z) = z - E, we 
find that the second term in the right member has value 
zero. Thus the variance of the sum of two independent 
(bounded) functions is the sum of their variances. 


(10) 
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From this it follows at once that the standard de- 
viation of the sum of two independent bounded functions 
is the square root of the sum of their squares, and 
similarly for the sum of any finite number of independ- 
ent functions. This does not apply at once to normal 
distributions, which are unbounded. But the limiting 
process involved is a legitimate one, and it can be 
shown that the relation holds for normal distributions 
too. Since the probable error of a normal distribution 
is a constant multiple (0.6715) of its standard devi- 
ation, it is also true that the probable error of the 
sum of a finite number of independent normally dis- 
tributed variables is the square root of the sum of 
the squares of their several probable errors. 


22. Distributions with different domains of definition. 

Suppose that a player engages in a sequence of n 
games, independent of each other in the physical sense 
(the result of a game having no influence on the out- 
come of any other game) and not necessarily all alike. 
In the first game the outcome is represented by a 
point qj in a population P4, and the player's gain 
is fi(q] ); in the second game the outcome is repre- 
sented Ey a point ἂρ in a population P (which may 
or may not be the same as P4), and the player's gain 
is a function f4(q5); and so on for all n games. The 
outcome of the an Ὧν sequence of games can be repre- 
sented by a "point" (qj, ..., qq), in which qj is the 
outcome of the first game, η) the outcome of the sec- 
ond game, and so on. The aggregate of all such n- 
tuples is itself a new population, which we designate by 
the symbol P. If the outcome of the sequence of games 
is represented by the element (qi, ..., q.) of P, 
the player won fı (a1) in the first game, Blaz) in 
the second, and so on. His total gain is 


f(q) = f(qy, ..., αι) 
(1) 
= f1(q) + wee t falan’ 
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The function f1(q) can be regarded as a function 
on the population P. For if q = (qj, ..., Qn) is in 
P, the first element q, in the n-tuple q determines 
the value of fij. In the same way each of the other 
functions f; can be regarded as functions on the whole 
population P. It does not yet make sense to say that 
these are independent functions, because the defini- 
tion in the paragraph containing equation (21.5) pre- 
supposes a probability measure on the population P, 
and we have not yet defined one. However, there is 
an obvious way to introduce such a probability measure. 


Let ο δα se be measurable sets in the respec- 
tive populations P1, Po, a a We then say that 
the set of all elements q = e.. αρ ) in P such 


that q, is in δη» 42 in PP P e: is a measurable 
set, and we may assign it this probability measure 
p(S1) p(S2) ... p(S,). This accords with the idea 
of the physical independence of the games, since it 
amounts to saying that the probability that all the 
events q, in δη, qə in S5, etc., is the product of | 
their individual probabilities. In particular, let 
t» Vn be real numbers, and let 51 be the part 
ob’ Ρ] on which Γ](α1) < x, 50 the part of Po on which 
(42) < yo, and so on. hen if Κι(Υ) is the cumula- 
TC distribution function of fy, we have 


(2) ky (y,) = ρίδῃ), ..., kn(yn) = Ρίδῃ). 


The joint cumulative distribution function of the f 
is the function k(y,, ..., yg) which is the probability 
that all the conditions fy < Yl» cers fn < Yn hold 
simultaneously. This last is equivalent to "saying that 
all the conditions qj in S], ..., Qp in Sp hold simul- 
taneously. But by our definition of probability 
measure, the probability measure of the part of P on 
which all conditions qj in 5,, etc., hold is equal 
to the product of the separate probability measures 

p(84) ... p(S,,). From this and (2) we see that (21.5) 
is satisfied, "and the functions f4 are independent. 


Some discussion such as the foregoing is needed 
to give a precise meaning to the idea of independence 
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of the results of several games. If many games are 
played on one (honest) roulette wheel, the outcome 
of each single game can be represented by a single 
point of the interval O $ x <C, where C is the cir- 
cumference of the wheel. But to obtain a satisfactory 
method of expressing the idea that the outcomes of the 
games are independent, and to be able, for example, to 
give a precise meaning to the idea of the cumulative 
distribution function of the sum of several functions, 
representing the gains in the individual games, we need 
to construct a new population, each of whose points 
can represent the outcomes of a whole sequence of 
games. On the other hand, once the concept has been 
clearly grasped, it is often possible and desirable 
to avoid specific mention of this population in the 
statements of our theorems. For example, by recalling 
that the expected value of the sum of functions is the 
sum of their expected values, we find from (1) that 


(3) E[f£] E[f1] +... + E[ η]. 

In order to comprehend the meaning of this formula, we 
must have thought through the construction of the 
population P and the measure function on it, or some 
equivalent mental process. This is essential in order 
to understand what the left member means. In the right 
member we can think of each term as determined by the 
particular function f4 on the particular population 
Pi. But in the statement of the formula, no visible 
reference to the population P occurs, which contrib- 
utes to the simplicity of the statement. Equation (3) 
is merely a simple example. of a large class of formu- 
las. One highly important formula permits conput— 
ing the cumulative distribution function of the sum 
fj + ... + fp from the cumulative distributions of 
the several functions {εν without going back to the 
original populations. We do not need this formula, so 
we shall not derive it. But the possibility of find- 
ing the cumulative distribution function of the sum 
without mentioning the populations P, P4, etc. shows 
that we can, for example, find the variance of the sum 
without exhibiting the details of the construction of 


148 Ch. I 


Google 


the population P. This is especially convenient when 
we wish to consider an unending sequence of games and 
to find some property of the sum (for instance, the 
expected value, or the cumulative distribution func- 
tion) at the end of one game, at the end of two games, 
at the end of three games, and so on without end. 
For then each step in the process requires construc- 
tion of a new population P, first P,, then pairs of 
elements (qj, q2) with qj in Pj and 42 in Po, and so 
on. But if the properties. being studied can be ex- 
pressed in terms of the cumulative distribution func- 
tions of the sums, then we can avoid the detailed ex- 
position of these populations, and state the results 
more compactly, often with a gain in intelligibility. 


This gain in compactness of statement will now be 
exhibited in a special case of the highly important 
"central limiting theorem of probability theory." This 
we shall state without proof; for the proof, the reader 
may refer to the books by Uspensky and Cramér cited in 
Section 17. 


(L) Theorem. Let f}, fo, ... be an infinite sequence 


is independent. Let Vp be the variance of fp, and 
assume that the series Vq.* Vo + ... is divergent. 
Define 


(5) Sn” (f1 t.e. + f)/ Νὴ τ... + ἵῃ. 


Ree EE oe eee 


quam EE «80ers eee Ere 


a normal distribution with standard deviation 9 = l. 


Let k,(y) be.the cumulative distribution function of 
S,; by the theorem, 


(6) lim ky) = (1/ /21) e dy. 
n - eo - 09 
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For example, let an unbiased coin be tossed; if it 
falls heads (H) a player wins a dollar, if it falls 
tails (T) he loses a dollar. The set consisting of 
the single point H has measure 1/2, as has the set 
consisting of the single point T. The function defining 
the player's winnings is f(H) = 1, f(T) = - 1. The 
mathematical η is (1)(1/2) + ο - 1)(1/2) = O, 
the variance is .(1)2(1/2) + ( - 1)2(1/2) = 1. The 
radical in the denominator of (5) is /n . The sum of 
the player's winnings after n games is the numerator 
in the right member of (5), which is the same as 4/n Sq. 
If n is large, this will have a distribution function 
which is nearly equal to the right member of (6). 
In particular, the right member of (6) is 0.005 for 
y = - 2.585. So for large n the value of k,( - 2.585) 
will also be nearly 0.005. ‘hat is, in a large number 
n of games the player has one chance in two hundred 
of losing more than 2.585 Υπ dollars. 


For another example, closely related to an appli- 
cation made in a later chapter, let us suppose that 
we are adding n numbers, each having been rounded off 
to the nearest multiple of some number qa». (If for in- 
stance we were carrying one decimal place, a would be 
0.1.) We wish to find the distribution of the result- 
ing rounding error in the sum of the numbers. Clearly 
we need not bother about the integral multiples of a; 
all we have to watch is the discarded part of each 
summand. This discarded part (rounding error) is 
equally likely to be any number between -a/2 and a/2. 
Its cumulative distribution function is O for y « - a/2, 
lfory2 4/2, and is linear between - a/2 and a/2. 
It is in fact the integral of the function k'(y) which 
is equal to l/x between -a/2 and a/? and is zero else- 
where; so by (16. y and (19.3), if h(y) is continuous 
for - g/2 Sy S a/2 


a/2 
E{h] = | h(y) [1/4] ay. 


-a/2 
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By (20.1), the expected value of the error is 0. By 
(20.2), its variance is 


a/2 
(7) V= | y?(1/a) dy. 


-α/2 


Thus the denominator in the right member of (5) is 
a4^/n/12. As in the preceding example, there is a 
probability 0.005 (approximately) that the sum of n 
errors will be less than - 2.585 an/12, which is 
about - 0.7165 an. Likewise there is an equal prob- 
ability that the sum will exceed 0.71655 avn. So the 
probability is 0.99 that the absolute value of the 
error will not exceed O.7l55 ayn. For instance, if the 
summands are rounded to the nearest whole number, so 
that a= 1, and there are 45 summands, the probabil- 
ity is 0.99 that the error in the sum will not exceed 
0.765 ν l5, which is very nearly 5. If we wish the 
sum of l5 summands to have an error which has only one 
chance in a hundred of being as great as 0.5, we must 
write each summand accurately to the nearest tenth. 
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Chapter II 
THE FORCE SYSTEM 
ON A PROJECTILE 
1. Gravitational and Coriolis forces on a projectile. 


A body moving through the atmosphere is subject to 
the action of two distinct classes of forces. First, 
there is a force due to the flow of the air about 
the body. Second, there are the gravitational attrac- 
tions of the earth and the other members of the solar 
system; and if as usual the motion is referred to axes 
fixed with respect to the earth, there will also be 
the centrifugal and Coriolis forces introduced by the 
fact that the axes do not form an inertial frame. 
These latter forces will form the subject of this sec- 
tion. . The aerodynamic forces will be discussed in 
the following sections. 


First, let us dispose of the effects of the at- 
tractions of members of the solar system other than 
the earth itself. For this purpose it is accurate 
enough to regard the earth and the sun as spherical, 
and composed of concentric homogeneous spherical 
shells. In any text on celestial mechanics it is 
shown that the gravitational field of such bodies, 
outside of their surfaces, is the same as though 
their masses were concentrated at their centers. We 
shall also suppose that the earth moves in a circular 
orbit of radius 93,000,000 miles, having its center 
at the center of gravity of the system consisting of 
earth and sun, The angular velocity of the earth! 
center about the sun is about 2 X/31,557,000 = 1.99-10-7 
radians per second, since there are approximately 
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31,557,000 seconds in a year. The centrifugal accel- 
eration of the earth's center ig found by multiplying 
the square of this quantity by the radius of the orbit 
in feet; it is about .019 feet per second per second. 
Consider now a system of axes with origin at the cen- 
ter of the earth and with axes having fixed directions 
with respect to an inertial frame. All points fixed 
with respect to this system have the same velocity 
with respect to an inertial frame, and therefore have 
the same acceleration, which is the acceleration at 
the earth's center caused by the gravitational accel- 
eration field of the sun. 


Let apdenote the acceleration due to the sun's 
gravitational field at the point P. If a particle 
has position vector X with respect to the axes just 
described, its acceleration relative to an inertial 
frame is the sum of its acceleration y\**) with re- 
spect to the axes and the acceleration of the axis 
system, which is the same as the gravitational accel- 
eration ας at the center C of the earth. Soif F is 
the sum of all forces other than the sun's gravita- 
tional attraction acting on the particle, its motion 
satisfies the equation 


x C? 


where P is the point at which the particle is located. 
Therefore if @p were identically equal to ag We could 
cancel these terms end find that the motion of the 
particle would be the same as though the earth's or- 
bital motion and sun's attraction simultan usly dis- 
appeared. The amount by which the equation χί-. =æ. F/m 
fails to be correct is the aifference between ἄρ and 
€ p. It is.not difficult to see that for all points 
on the surface of the earth, this difference has its 
greatest value at the point P nearest the sun. At 
that point the acceleration @p has the same direction 
as αρ, and its magnituce is greater in the ratio of 
(93,000,000)2 to (92,996,000)2, since the radius of 
the earth is about 1,000 miles. The ratio differs 


τας” F /m + ap; 
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from unity by about 1/11,500, and | ac | is about 
«019 feet per second per second, so |ap -aç | cannot 
exceed .000,001,8 feet per second per second, which is 
entirely negligible for ballistic purposes. A similar 
discussion shows that the effect of the moon's attrac- 
tion, though somewhat larger, is also negligible, while 
the effects of the other planets are far smaller. 


The effects of-the rotation of the earth cannot be 
so simply gealt with. They turn out to be large 
enough to be worth computing when the trajectory is 
a long one. Let us denote the angular velocity vec- 
tor of the earth by (Q9. This vector is parallel to 
the earth's axis, in the direction from center to 
north pole. Since there are 86,16l, seconds in a side- 
real day, the magnitude of @ is 


= 1.29-10-5 radians per second, 


approximately. 


Let us choose a coordinate system with origin O on 
or outside of the surface of the earth, and having 
axes fixed relative to the earth. Let r be the vec- 
tor from the center C of the earth to the point O, and 
let X be the vector from O to a moving point P. If 
the eartn were a homogeneous Sphere, the gravitational 
acceleration due to the eartn's attraction at P would 
be proportional to |r + x |-2 and opposite in direc- 
tion to F + X , and would therefore have the form 
a »-k(r οκ) | r * x 3, where k is a positive 
constant. Since the earth is not a sphere, this is in 
error by a small quantity e , and we have 


(2) α- - k(r Hx)y|tr4xj|?^«e. 

Both by theory and by experiment it can be shown that 
[9 | is well under one per cent of | a | at all points 
on or near the surface of the earth. 
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Let F denote the sum of all the forces acting on 
the particle located at P, other than the gravitation- 
al attraction of the earth and fictitious forces 
arising trom the fact that the coordinate frame is 
not inertial. These forces F consist of the aerody- 
namic forces in the case of a bomb or a shell; for 
rockets they also include the propulsive force. If 
the mass of Wie particle is m, by (1.13.8) the accel- 
eration x (κ. with λος to the axis system is 
given by 


κί’) a F/m - κί r+x)/[ r +x|? +e 
(3) Alw. o)Cr +x) -( Or + x)Q@)) 
-2 Q9 X rex). 
Since 
|r *x|?-(r4x)(r4x) 
a|r |? +2 rex | x |2> 
if | x | remains less than 100 miles the last term may 
be omitted without causing error greater than one 
part in 1600. Using the binomial theoren, 
| r +x |= (| e εκ|2}γ}/2 
(L) = | r F3 (1 +2r°X /| p|2?)-3/2 
a | ri3-3|r|5(r*x) & ..., 


the omitted terms amounting to less than one part in 
a thousand if | x | remains less than 100 miles. 


In the term in square brackets in (3), tne part 
involving x is (OQ »« Q)X -(Q* x) Q. In the dis- 
cussion following (1.13.8) it was shown jhat the magni- 
tude of this vector is the product of (9^ by the ipa 
of the component of X perpendicular to (Q . If x 
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remains less than 100 miles, or 528,000 feet, equa- 
tion (1) of this section shows that the magnitude of 
the vector cannot exceed .003 feet per second per 
second. We therefore neglect it. Furthermore, we 
observe i r is fixed in our coordinate system, so 
that = ©. When we make all these substitu- 
tions ie (3), it reduces to 


κ). F/m -kr/|r |? + 9 


«[(o*09)r- (0 *r)9] 
(5) : 
- kx/| r |? + 3κίσ» χ)ε/|τ|5 
- 20X X (+) i 
only small terms having been omitted. The small error 
term © should properly be computed at the point P. 
But it does not coms up to one per cent of the prin- 
cipal term kr /|r |^, and its change over a hundred- 
mile region will be of the order of a ten thousandth 
of this principal term, so we may consider it to be 
a constant. 


If a body is held at rest with respect to the co- 
ordinate system at O and then released, and no forces 
except gravity act on it so that F = O, it will be- 
gin to move pon an acceleration found from (5) by 
setting F -χὶ» =©. This acceleration we shall de- 
note by g, so that 


(60 g--kr/|r?«e«(QG «ὠ)τ -(We rg. 
It is this acceleration which is determined by any of 
the experiments used to determine local gravity. Its 
direction is the direction of the plumb line with plumb 
bob at 0$; its magnitude is determined, for example, by 


measuring the period of a pendulum at O, and is cus- 
tomarily denoted by g: 


0) - g*lgl. 
156 Ch. II 


Google 


The line through O parallel tog is called the ver- 
tical at O; "down" is by definition the direction of 
œ and "up" is the opposite direction. The plane 
through O perpendicular to g is called the horizon- 
tal plane through O, and any line through O and lying 
in this plane is a horizontal line at 0. A surface 
(necessarily curved) which is horizontal (perpendic- 
ular to g) at each of its points is a level surface. 


Suppose in particular that the axis system, which 
we have been assuming to be fixed relative to the 
earth anda to have its origin at O, has one of its 
axes vertical and positive upwards; we call this the 
y-axis. The other two axes are horizontal et 0, and 
have directions such that the (x, y, z)-system is right- 
handed. The vector X has components (x, y, z). In 
(6) the first term on the right has magnitude over a 
hundred times as great és the others, so in computing 
the small terms in (5) it is sufficiently accurate to 


replace (6) by 


(8) g--kr/| r |3, 
whence 

(9) g *k/| r |. 
Then 


- kx/| r [34 - (g/|] r |)x 
= ( - gx/| r |, - gy/ r |, - εσ/ r |). 


The vector Ψ has direction opposite g, approximately, 
by (8), so it is vertically upward at O, and 


(10) 


r /| er. | = (ο, 1, ο). 


Hence 
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X(r ο x)e/| r |? 
(11) 2 Gk/| e |?) (Ox + ly + 02) (0, 1, 0) 


= (0, 3zy/| r E 0). 


In order to transform the last term in (5) toa 
form more convenient for computation, it is desirable 
to define two new expressions. The astronomical lat- 
itude of O is defined to be the angle between the 
earth's axis (or the vector (0 ) and the plane horizon- 
tal at O. We shall count this angle as positive in 
the northern hemisphere and negative in the southern, 
and we shall designate it by the symbol A. Thus A 
is the same as 90° minus the angle between the vec- 
tor @ and the positive y-axis, and the y-component 
of ω is @ sin X. 


The azimuth of a non-vertical vector at O is de- 
fined to be the angle from north to the horizontal 
projection of the vector, counted positive in a clock- 
Wise direction. (It is also fairly common to define 
the azimuth as starting from south instead of north, 
and confusion can result if it is not made clear 
which convention is used. Here we shall always use 
the definition just given.) If « is the azimuth of 
the positive x-axis, the positive z-axis, which lies 
90° clockwise from the positive x-axis, will have 
azimth 90° + a. So a unit vector drawn horizontally 
northward at O will have x- and z-components which are 
respectively cos α and cos (909 +a) = - sina. The 
horizontal projection of @ points northward and has 
length @ cos λ, so its x- and z-components are re- 
spectively w cos A cos a and = wcos X sina. Thus 
three components of @ are given by 


ὦ = (w cos A cos 4, w sind, - œ cos À sin 4). 


The components of the position vector X of the parti- 
cle are (x(t), y(t), z(t)) in our chosen coordinate 
system, so xV*) = (2(t), J(t), 3(t)). From these 
last two equations we see that 
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o yx? 


= œ (ż sin X + y cos λ sina, 
(12) . 
- X cos A sina = Z 008 À COS a, 


y cos A cosa =x sind). 


Let us denote the components of F by (Fx, Fy, Fg) 
and substitute (6), (10), (11) and (12) in (S). We 
obtain the three equations 


X = Fym-gx/|r|-2oz sind 
- 2wy cos A sinc, 


| Ë = Fy/m - e + 2y/| r | + δω X cosA sina 
13 


+ 2w 2 cos À cosa, 
Z = F/m =- gz/| r| - ay cos λ cos a 
+ 20X sin, 


wherein we recall that | r | is the distance from 
O to the center of the earth and may be replaced with 
adequate accuracy by the mean radius of the earth. 


If the axis system is chosen so that the velocity 
vector at O is in tne (x, y)-plane, the initial values 
of s and % are both zero. But the trajectory of a 
projectile lies nearly in a vertical plane, so in 
this case 2 will never depart greatly from O, and the 
terms in (13) which contain z or ὦ as a factor may be 
discarded without perceptible error. 


A unit vector drawn horizontally eastward at O 
will have x- and z-components which are respectively 
sin a and cos a. Thus the terms in (13) which in- 
volve ὦ may be regarded as the sum of three vectors. 
First, the terms with factor y are the components of 
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- 2wy cos À (sin a, 0, cos a), which represents an 
acceleration westward if y is positive and eastward if 
y is negative, and with magnitude proportional to the 
cosine of the latitude and the vertical component of 
velocity. Second, the terms with factor sin À are 
the components of 2 w sin A (,- 2, 0, X), which is di- 
rected horizontally to the right of the direction of 
motion and has magnitude proportional to the sine of 
the latitude and to the horizontal component of the 
velocity. Third, the remaining terms are the compo- 
nents of 2 O cos A (O, X sin a + 2 cos a, O), which 
is vertical and is proportional to the cosine of the 
latitude and to the eastward component of the velocity. 


For a simple example, let. us consider the case of a 
particle moving in a vacuum, starting at time t = O 
from O with vertical velocity. Since x and 2 clearly 
remain small, equations (13) take the approximate 
forms 


X-*-2oy cosA sina, 


Z--20y cos X Cosa. 


By integrating twice, recalling that x = 2 = 0 at time 
t = 0, we find that 


x= - 2 w cos X sina |; y dt, 


zm = 2 GO cos À cos a J? y dt. 


The magnitude of this vector is 9 œ cos Alf? yat]; 
it is directed to the west if the integral is posi- 
tive and to the east if the integral is negative. 
Thus a particle fired upward in a vacuum will re- 
turn to its original level at a point to the west of 
its point of departure, since y is positive in the in- 
tervening time. A particle dropped from rest down a 
mine shaft (aerodynamic forces being ignored) will 
fall to the east of the point of release, since y is 
negative for all t. 
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Henceforth we shall use coordinate systems attached 
to the earth or other systems expressed in terms of 
such systems in all trajectory computations. The 
effects of the rotation of the earth are accounted for 
by the last two terms in each of equations (13), and 
in all other” respects the coordinate systems attached 
to the earth behave like inertial frames. Thus we 
are safe in treating coordinate systems attached to 
the earth as though they were inertial frames, pro- 
vided only that we remember to include the correction 
terms in (13) whenever we are dealing with a mtion 
in which these terms produce an appreciable effect. 
In particular, the parentheses enclosing the dots 
in (5) and similar equations have now served their 
purpose, and henceforth will be omitted; if a νου» 
tor X has components (x, y, 2) in some coordinate 
system fixed to the earth, the vector (x, y, ὁ) will 
be designated X. 


2. Aerodynamic force system; preliminary discussion. 


The major task of this chapter is to find some 
reasonable description of the aerodynamic force sys- 
tem on a projectile. This is a rather difficuit but 
an exceedingly important project. Early ballisti- 
cians failed to realize the magnitude of the aerody- 
namic forces, in particular the drag. Since early 
determinations of the velocity were based on the range 
obtained by the projectile there were large and sys- 
tematic errors in the values of velocity obtained. 
In fact, when the velocity of a projectile was first 
measured accurately by Robins there was widespread 
disbelief in his results. Further, when he made a 
rough determination of the loss in velocity due to 
air resistance by measuring velocity at different 
distances from the muzzle of the gun his results 
were subject to widespread criticism and disbelief 
by the ballisticians of his day. (We refer the reader 
to Section 1 of the following chapter where, in the 
discussion of resistance firings, this situation is 
further discussed.) Today we know that for some pro- 
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jectiles the air resistance may amount to 25 times 
the force of gravity! Thus the importance of snalyz- 
ing the aerodynamic forces on a projectile cannot be 
overemphasized. 


The analysis which we use today is the result of a 
long development. After the importance of the air re- 
sistance was recognized there was still a long period 
when all other forces were neglected. In explaining 
certain observed phenomena, errors were made even by 
such distinguished mathematicians as Poisson. The 
fundamental work on this subject, which did much to re- 
solve the various difficulties encountered, was done by 
R. H. Fowler, E. G. Gallop, C. N. H. Lock and H. W. 
Richmond in their paper "The Aerodynamics of & Spinning 
Shell," which appeared in the Philosophical Transactions 
of the Royal Soclety of London in 1920. This paper, 
together with the application by F. R. Moulton of the 
numerical methods of astronomy to ballistic problems, 
marks the beginning of modern exterior ballistics. 
The aerodynamic force system hypothesised by these 
authors was not derived on the basis of any mathe- 
matical analysis, but on intuitive physical reasoning. 
It is therefore not entirely surprising that certain 
inconsistencies arose. These difficulties were ex- 
plained by K. L. Nielsen and J. L. Synge in a paper 
published as a Ballistic Research Laboratory Report, 
and essentially the same analysis was made by M. A. Biot 
. in a manuscript which as lar as we know is unpublished. 
The description of the force system which is given in 
this chapter is precisely that of Nielsen and Synge. 
The analysis, we shall see, gives, in a sense, the de- 
scription of the complete force system on a projectile. 


We shall first make an analysis of the force system 
in an oversimplified case, in order to illustrate the 
method of procedure. Suppose that we have a shell 
whose surface is a surface of revolution which is mov- 
ing with respect to the air with velocity u. Suppose 
that the angular velocity of the shell is zero. For 
convenience, we shall choose a coordinate system 
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with χ- , Y- , Z-axes so that the vector u is along 
the X-axis and the axis of the shell is contained in the 
XY-plane. We call the angle between tne vector y and 
the axis of the shell the angle of yaw. We know that 
we may replace the collection of all aerodynamic 
forces acting on the shell by a single force R, the 
resultant, acting at a point attached to the body. 
This point is called the center of pressure, and is 
attached to the body only in a mathematical sense, 
since for certain projectiles it may be situated in 
front of the nose. Since the projectile is supposed 
symmetric and non-rotating, and its axis lies in the 
XY-plane, the vector R must be contained in tne XY- 
plane. The force R, acting at the center of pressure, 
may be replaced by an equal force acting at the cen- 
ter of mass, together with a torque about the center 
of mass. This torque is simply the cross product of 
the vector from the center of mass to the center of 
pressure by R, and hence is perpendicular to the XY- 
plane. The overturning moment M is the component of 
this torque along the Z-axis. The drag D and the lift 
L are the components of R along the X-axis (parallel 
to the vector velocity) and the Y-axis respectively. 


The three (scalar) quantities D, L and M depend 
on the angle of yaw, δ. It is clear that if the di- 
rection of yaw is reversed, L and M change signs while 
D remains unchanged — that is, L and M are odd func- 
tions of 5 and D is even. We are not interested in 
these functions for all possible values of the yaw. 
The aim of the design of a projectile is, among other 
things, to insure that it will fly with small yaw. For 
emall yaw, it is possible to approximate the variation 
of D, L and M by assuming that D is independent of 
yaw, and that L and M depend linearly upon the yaw. 
We define 7 and m by the equations 


L = in 8 
(1) 15 , 


M *m sin 6 cos 5, 


and presume that 7, m and D are independent of the 
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yaw. It is rather strange to use in one case sin ὃ 
and in the other, sin 8 cos ὃν but to first-order 
terms these are the same. The form for L is actually 
the conventional ballistic one. The form for M is mo- 
tivated by the fact that we shall use axial component of 
velocity rather than total velocity in defining aero- 
dynamic coefficients in the later sections, and m is 
defined to be consistent with later usage. 


The factors D, Z and m depend on many variables: 
notably on the shape of the projectile, its size and 
velocity, and on a number of constants of the air, its 
elasticity, coefficient of viscosity, etc. This sort 
of dependence has been discussed in Section 1.15, and 
we shall assume that D, Z and m are functions of the 
shape of the projectile, the speed u, the density of 
airp, the diameter of the projectile d, the coeffi- 
cient of viscosity u, and the velocity of sound a. 
(The last is equivalent to the statement that D, 7 and 
m depend on the temperature, since the velocity of 
sound in air is proportional to the square root of the 
absolute temperature.) According, to (1.15.42), D can 
be written in the formD = pud Kp, where the dimen- 
sionless function Kp depends on the dimensionless power- 
products u/a; p ud/ Lbs 10/4, esos Å /d. For simplicity, 
we suppress the shape parameters Jo/d, ...,2,/d from 
the notation, understanding that when we speak of the 
Kp we mean the function Ky corresponding to a given 
shape of object, which must be specified. An analo- 
gous discussion can be applied to J and m, and we find 
as in Section I.15 that D, Z and m ‘can be expressed 
with the help of aerodynamic coefficients — that is, 
dimensionless functions Kp, Κι and Ky, called the drag, 
lift and moment coefficients respectively. These are 
defined by 


D s p d? ue Κη, 
(2) L = p d? uê ΚΙ sin 6 or χ =p due Κ $ 
M = p d? u? Ky sin 5 cos b or m = ae Κιρ 
In view of the Buckingham theorem and the discussion 
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at the end of Section 1.15, for a given shape of pro- 
Jectile these aerodynamic coefficients depend on the 
dimensionless quantities u/a and pdu/p. (In the case 
of Ky, the specification of shape must also include 
the specification of location of the center of mass 
in the projectile.) Hence, summing up, the aerody- 
namic force and moment acting on a projectile whose 
surface is a surface of revolution which has angular 
velocity zero can be described completely by mans 
of the three dimensionless functions Kp, Kp, Ky of 
ufa and p du/u. It has usually been found that for mil- 
itarily useful projectiles the dependence on Reynolds 
number pdu/ is slight, and Kp, Ky, Ky are commonly 
regarded as functions of u/a alone. However, this is 
& simplification which we must be prepared to aban- 
don in those cases where experiments indicate that it 
is an oversimplification. 


Graphs of these functions for a particular shell 
are shown in Figure l. The ratio 


u/a = (speed of a projectile)/(speed of sound) 


is called the Mach number. It is clear from the graphs 
that the aerodynamic coefficients remain almost con- 
stant for Mach numbers well below one (i.e., speeds 
well below the speed of sound). In the neighborhood 
of sound (near Mach number one) all the coefficients 
change markedly. An intuitive reason for this behav- 
ior is not difficult to find. Well below the speed 
of sound the pattern of the air flow is largely in- 
dependent of the speed of the projectile. The moving 
projectile will affect the pressure and density of the 
air both in front and behind it. However, above the 
speed of sound, the projectile cannot affect tne air 
in front of it, since the speed of propogation of a 
disturbance is the speed of sound. There is, then, 
an entirely different character to the air flow about 
the projectile above and below the speed of sound. 
This is strikingly illustrated in Figure 2 by a series 
of shadowgraphs of spheres, taken at various speeds. 
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Figure II.2.2 


Shadowgraphs of Spheres 
Fired at Various Mach Numbers 

in Aerodynamics Range, 
Ballistic Research Laboratories 
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These shadowgraphs will be discussed further in a 
following chapter. 


It is noteworthy that the aerodynamic coefficients 
depend on the shape of the projectile. Nothing we 
have said wodld give any indication of the compara- 
tive drag of a sphere and a conical-headed shell. 
This fact was not clearly realized at one time, and 
the first drag coefficient to be tabulated, by a com- 
mission at Gâvre, France, in 1888, actually depended 
on experimental data obtained on many different shell 
types. The effect of shape is clearly shom by Figure 
l, showing Ky versus Mach number for two different 
shapes. 


It should be emphasized that the aerodynamic co- 
efficients are not all of equal importance. If a shell 
were to pass along on an ideal trajectory, its angle 
of yaw would be always zero, and lift and moment 
would have po effect. The drag coefficient is by far 
the most important from a computational point of view, 
and it will be seen that trajectories computed on the 
basis of drag alone give very good first approxima- 
tions to the motion of the shell. Of course, a shell 
will not travel with zero yaw. The problem of arrang- 
ing the shell-gun design so that the yaw will be small 
requires a knowledge of Ky and several other coeffi- 
cients. Further, the computation of the difference 
between the actual trajectory and a "drag-only," or 
"particle," trajectory requires knowledge of Kp, Ky 
and certain other coefficients, although to a degree 
of accuracy rather less than that required in Kp. 


J. Aerodynamic forces on an arbitrary projectile. 


Ihe discussion of the preceding section actually fur- 
nishes an extremely inadequate basis on which to dis- 
cuss the motion of a projectile. As we have said be- 
fore, it is desirable for a projectile to travel with 
a small yaw. It is clear since a trajectory will- in 
general be curved, that this requires that the pro- 
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jectile have some angular velocity. Furthernore, 
shell are usually stabilized by imparting to them a 
high spin. It would surely seem dangerous to try to 
analyze the motion of a shell on the basis of an aero- 
dynamic system which postulated zero angular velocity. 
Our next task is, then, to find a reasonable descrip- 
tion of the complete force on a projectile. The meth- 
ods used in accomplishing this are similar to those 
of the preceding section. We reduce the determina- 
tion of aerodynamic forces to the determination of 
a (finite) number of aerodynamic coefficients. These 
are functions of Mach number and projectile shape and 
can be evaluated experimentally, at least to a degree 
of accuracy corresponding to their importance in pre- 
dicting the motion of the projectile. The approach is 
essentially empirical, and dimensional analysis again 
plays a rather important role. 


Let us then suppose that a projectile is moving 
with velocity wu and angular velocity @ through air 
which is at rest. The force and torque about the cen- 
ter of mass exerted by the air on the projectile are 
denoted by F and G respectively. As in the previous 
analysis, it is supposed that F and G are functions 
of u, Q , the density of air p , the size and shape 
of the projectile and the speed of sound a. We are not 
interested in the values of F and G for all values 
of u and Q . The normal position of a shell, for ex- 
ample, is that in which both u and @ are parallel to 
the axis of the shell, and only small deviations from 
this configuration are expected. In‘view of this it 
will be appropriate to approximate F and G by a Taylor 
expansion about "normal" values of u and Q . It is 
therefore assumed that the projectile has an axis, 
which is distinguished by the fact that in flight the 
velocity u and the angular velocity @ are nearly par- 
allel to this axis. We choose three unit vectors, 

; Xo and X4, which are fixed in the projectile and 
fola C dchtzhanded Αμ that Τε. 
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ΧΙΧ 2” Y 
Xo XX3 = X, 
and 


| XXX, = X». 


Further, Xj is supposed to coincide with the axis of 
the projectile. The vectors F,G , u and @ can 
be written as linear combinations of these unit vectors. 
The quantities, Fi, αι, Us and Oy, for i = 1, 2, 3, 
are defined by 


F = E x34 Ε2 Χρ + Fa X 3, 


G = G1ž1+ GoX5 + G3 X5, 
(1) 


U = u] ž] + ug hor u3X5; 


O = o1X1*052X2*03X4* 
The quantities F} and Οι are now functions ofp, d, 
u Q, a. Making a Taylor expansion in uo, u3, wo; 


O4 in accordance with the program outlined above 
leads to: 


be F,* Ay + Bju5 + ΝΣ + D,05 +E ὦ, 


for i = 1, 2, 3, where, to a first-order approxima- 
tion, the Ay, By, etc., are independent of αρ, u3, mo 
and - The coefficients Αι, By, etc., will, after 
certain factors involving velocity, etc., are divided 
out, be again called aerodynamic coefficients. If the 
projectile is without symmetry there are thirty such 
coefficients. We shall now hopefully examine the con- 
sequences of symmetry. 
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ke Consequences of rotational symmetry. 


Let us now suppose that the projectile has an angle 
s of rotational symmetry, and that O < s < X radians. 
That is, it 19 presumed that the projectile, rotated 
. about its axis through the angle s, exactly covers 
itself. In order to exploit this symmetry, it is 
convenient to use the mechanism of complex numbers. 
We define 


(1) ξ = up + ius, Ne W, 4 1 ὦ). 


where if = -Ι. A bar over a complex number will mean 
its conjugate. Thus = αρ - iu3, πὰ}. Wo - i03. 
Since ugand u3 can be obtained as linear cambinations 
of ἔ and b, and similarly for Wo, 034 and n, T7, it 
follows thet any expression which is linear in up, u3, 
Wand W} can be written as a linear function of 

» n, and fj. The first of equations (3.2) can 
therefore be rewritten in the form 


Eabb + don +d «bón, 
(2 F -Fo«1i1Fj 
= ao ο] E + con + dy Ẹ+ d ñ. 


In these equations the coefficients, except a4, are 
in general complex. The special form of the first 
equation 1s due to the fact that F4 must be real for 
all values of E and η. Let us now consider an axis 
system which is that obtained by rotating the vectors 
Xo and X4 through the angle of symmetry s. The vari- 
ous vectors, U , F and ὦ will be represented by a 
different A of numbers in this system, which will be 
denoted the ( Xi ; A3 X,')-system. In particular, in- 
stead of the quán e given in (1) there will be a 
new.set which will be related as follows: 
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In (Xi, Xo, x 4)-system In ( Χι, X's x,')-systen" 


ξ ξ οχρ (-19) 
η η exp (-is) 
H E exp (is) 
n nN exp (is) 
Fy F 

d F exp (-is) 


The coefficients in (2), like those in (3.2), de- 
pend on p, d, uj, ὢ] and a and also on the position 
of the axes with respect to the body. But turning the 
axes about X4 by angle s is equivalent to rotating the 
body through an angle - s about X; while holding axes 
fixed; and because of the symmetry, such a rotation 
cannot change the coefficients in (3.2) or in (2). 
Hence in the new axes Fi ana are still given by (2), 
and therefore 


F) =a, 4 Ὁ] & exp (-is) + bon exp (-is) 
+b) Eexp (is) + b27 exp (is), 
(3) 2 exp (-is) 
= ao + C1 ξ exp (-is) + con exp (-is) 
+ dE exp (is) + do exp (is). 


"We use exp ( ) to mean e to the power ( ), where 
e is the basis for natural logarithms. It will be 
recalled that exp (a * ib), where a and b are real, 
is simply (cos b + i sin b)e?. The fact which is 
used above is that in order to rotate a plane vector 
by the angle s it is only necessary to multiply its 
complex number representation by exp (is). 
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Comparing the first of these with the first of (2) 
yields 


bı% + BLE + bon 4 bon 
= b1% exp (-1s) + b7& exp (is) 

+ bon exp (-is)+ Ὁρη exp (is), 
identically in E and n. If we choose η = 0,&= by, 
this yields 90151 = 20181 cos s. Since O< s< 3, 
cos S ¢ l and so Ὁ] = O. Similarly bo *0. Compar- 
ing the second of equations (3) with the second of (2), 
we find that for all Sand n, 
dib 4 ἀρῆ = ἁχξ exp (215) + ἁρῆ exp (21s). 


This implies dj = dj exp (2is), do = do exp (24s). 
But exp (2is) f 1, because O < s < "t; so dj = do = O. 


A similar argument can be applied to Gj, Go and 
Gz and we thus arrive at the conclusion: 


(L) If a projectile is symmetric under rotation 
about its axis through an angle s, where O « s « τι its 
force and moment system can be written, to a first 
order of approximation, in the form 


F) = a1,%9 = Fo + iF} = οιξ * con, 
G} = e], G= Go + 104 = σηξ * C4n; 
Where aj, ej and the c,'s are functions of p, d, uj, 


Qj and a, and are independent of the orientation of 
the axes xo and X4 with respect to the body. 


The last clause still needs justification. We form 
a new axis system, the (X,, X5', X4')-system, by ro- 
tating Χο and X through angle δ΄ about Xj. The 
table before (3 holds if we replace s by. If 
81$ eee, Cj'are the coefficients for the new system, 
then 


(ο + con) exp (210) = F exp (-is) 
= d! = cy'( exp (-19)) + co! (η exp (-10)) 


178 Ch. II 


Google 


for all ξ, n. This. implies cj = cj, co “ολ. Simi- 
larly the other coefficients are unaffected by the ro- 
tation. 


As in the treatment of the previous section, it 
will be desirable to replace the c's and aj and ej by 
dimensionless coefficients. However, the situation 
is different in this respect. Before, the powers of 
P and d required to give dimensionless coefficients 
were uniquely determined, and the form of the aerody- 
namic coefficient was completely specified when we de- 
cided to use u rather than a to obtain zero dimension 
in time. In the present case, even if we decide not 
to use a to get coefficients which have dimension 
zero in time, there is still a choice of uj or oj. 
We shall be guided in making tnis choice by a conse- 
quence of a different kind of symmetry. 


Suppose the projectile has mirror symmetry in a 
plane containing the axis. That is, suppose that 
there is a plane such that if each point of the pro- 
jectile is moved to the point on the opposite side of, 
and equidistant from, the plane, then the projectile 
is carried exactly onto itself. Choose the vectors 
Xj and χο so that the plane of symmetry is parallel 
to the plane determined by these. As in the discus- 
sion of rotational symmetry, we consider two coordi- 
nate systems. Let us compute the representation of 
uv, @, F and G in a coordinate system based on X4, 
κ» and ΧΩ" - X3. The results which mst be demon- 
ains é that corresponding to uj, uo, UZ, 01, 

s Q4, Fy, F5, Fay 04, Go and G3 are uj, uo, - u 

-$,, 3 ως P : VE Fh, = wa - G, απ tt 
is easy to oe nat the forms for the u' n and F's are 
correct, but in order to see the way the Q's trans- 
form it is necessary to return to the definition of 
Q . For any three perpendicular vectors yj, γ2». 
fixed in a rigid body, @ is chosen (see {1.7 25) to 
satisfy 
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O (yo. y yi* (Υγγ1}’ (Y: Y? Yy 
Writing X1, X2 and X3' instead of the y's the cor- 
rectness of the form for the new ὠ 8 is demonstrated. 
In order to obtain a form for the G's, recall that 
G is the vector product p X F , where r is a vec- 
tor joining two points. Since we know the forms r 
and F take in the new coordinate system, it is only 
necessary to write out the form for the vector prod- 
uct to verify the statement about the G's. 


An argument such as was applied in the case of ro- 
tational symmetry can now be used. The functional 
relationship in the two systems must be the same. 
Writing this statement out mathematically and dis- 
playing the dependence of the varíous quantities on 
Qj explicitly leads to 


σηί-ω1) E- co(2 a3) = F "δι E+ lwo hs 
σηί-ω1)ξ - οἱί- ωι)η - -G=- δη(ωι)ξ - lw) 
Fi(-o) = Fy (ωῃ), 
Gi(- a4) * - G,(w,)- 


From these equations we can at once determine which 
are odd and which are even functions of «Qj. Thus: 


(5) If & projectile has rotational symmetry under 
the angle s, O< s « t, and further has a plane of 
mirror symmetry, then in the equations (Ll), Fj, the 
real part of cj and cj, and the imaginary part of co 
and c3 are even functions of' 0j; Gl, the real part 
of co and c3 and the imaginary part of cj and q, are 
odd fgnctions of w}. 


This result will decide the definition of the di- 
mensionless coefficients. For each of the various 
functions of O4, U}, p, d and aone removes the di- 
mension of mass by dividing by p, for odd functions 
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of Qj the dimension of Q1 is rempved by dividing 
by O0], remaining dimensions of t^" are removed by 
dividing by u], and renaining dimensions of length 
are removed by dividing by the appropriate powers of 
d. We are thus led to define the aerodynamic coeffi- 
cients by the following: 


cj ” - P a? ul Kw 4 i p d Q 1 Kp, 
ο) * pd! ω 1 Kyg + ip d? uy Ke, 


ὢ - ράμω Kp - 1 pa? uj Ky, 
οι "- p al u] Ky + i pd? wy Kg, 


Fi =- p d^ uj* Kp, 


αι =- ed uj ©] Ky. 


It is not hard to verify that the various coefficients 
are of dimension zero in mass, length and time. It 
should be stated again that the definitions of these 
coefficients are by no means uniquely determined. 4e 
have chosen them so that the K's are all even runc- 
tions of mj}, which is a reasonable procedure but not 
the only logically correct one. The choice embodied 
an attempt to get coefficients which are slowly vary- 
ing functions. The K's are functions of p, uj, d, 
€)4 and a, and applying again the Buckingham theorem, 
are therefore functions of uj/a and oj1d/uj. This 
last variable has a geometric meaning; it is the spin 
per caliber of travel of the projectile. Absolutely 
nothing is known of tne variation of the coefficients 
with this parameter, and we shall of necessity ignore 
this dependence. Of course, the K's actually depend 
also on the Reynolds numoer and on other dimension- 
less parameters, but we shall limit our discussion 
to the dependence on Mach number, which is surely the 
most important ballistically. Of course, these also 
depend very strongly on the shape of the projectile. 


Two more facts should be pointed out in connection 
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With this definition. The rather odd sprinkling of 
minus signs is in conformity with the notation of 
Fowler, Gallop, Lock and Richmond. It was chosen so 
that for a "normal" shell all of the coefficients 
would be positive. As a matter of fact, for most 
shell, Ky is negative. The other fact which should 
be pointed out is that the factor uj is divided out 
of the various expressions for force and moment. 
Fowler et al used the total velocity u= |u| instead, 
as did the authors in their previous work on this 
subject. The definition (6) is precisely that of 
Nielsen and Synge. Its advantages will be shown in 
Section 5 of this chapter and in the chapter on the 
solution of the equations of motion. 


Each of the various terms in the expression for 
d and G has a name, or to be more precise, one or 
more names. This nomenclature is listed below;'the 
first name given is that of Fowler et al, and the 
second is that used by Nielsen and Synge. 


(7) Force or Nomenclature 
omen IINE UE ο 
a. pd ^ui Ky E Normal force Cross force due to 


cross velocity 

b. ipao 1ΚΕξ Magnus force Magnus cross force 
due to cross 
velocity 


Co p dd -Kypr 3* Magnus cross force 
l due to cross spin 


d. ipd?ujKsn κ Cross force due to 
cross spin 


θ. palio iR Magnus moment Magnus cross torque 
due to cross 
velocity 
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f. ipd?ujKy E Overturning Cross torque due to 
(or righting) cross velocity 
moment 


Ee pala Κη Damping moment, Cross torque due to 
or yawing mo- cross spin 


ment due to 
yawing 
h. ἐρά΄ωιΚχη κ Magnus cross torque 
due to cross spin 
i. Pd^uj?Kp, Axial drag Axial drag 


je pdu] ὦ 1k,  Spin-deceler- Spin-decelerating 
ating moment moment 


The adjective "Magnus" always refers to a force or 
torque which vanishes when œw] = 0. The forces and 
torques marked * were missing from the force system 
of Fowler et al. In fact, the motivation for the work 
of Nielsen and Synge lay in their observation that the 
force system used earlier was of necessity incomplete. 
The inconsistency which led to this conclusion will 
be remarked in the following section. 


At first glance it would appear that the lift and 
drag coefficients defined in an earlier section did 
not occur in'this analysis. Actually, the force R 
of Section 2 has simply been resolved along and per- 
pendicular to the projectile instead of along and 

ndicular to the velocity vector U. The connec- 
tion between the two resolutions is easy to obtain. 
The normal force (see Table (7)) has the magnitude 
ed?uyky | E] = pd^(u cos ὃ )Ky(u sin δ) and the axial 
drag has magnitude pd?(u cos ô) Kpa, where 9 is the 
yan. Computing the components of these along and per- 
pendicular to the velocity vector, (all other forces 
vanish in the case, investigated in Section 2, where 
the angular velocity Ὁ =" O0), 


Sec. li 183 


Google 


PIN 


P αυ Κι sinó * pd?u?Ky sin d cosé ὃ 


- p d^u^Kpa sin 6 cos* δ, 
p d?u?Ky = pd2u2ky sin26 cos ὃ 
+ pdĉu? Kpa cos? 6 A 
Hence 


Ky, * KN cosb - KDA cos*6, 
(8) 
Kp" Ky sin^ó cos ὃ + Kp, cos? 8, 


To a first order of approximation, for small yaw, 


KL" Ky - Kpa, 
(9) 
Κρ” Κρρ» 
This approximation will be used in a later chapter. 


Finally, a simple examination will show that the 
definition of Ky given in (6) is identical with that 
given in Section 2. 


-.ιπααα..---η..------------μ.---- 


The aerodynamic force and moment on a projectile 
are Clearly independent of the position of the center of 
mass. Yet in the definitions we have given, it is 
reasonably certain that the aerodynamic coefficients 
do depend on the Cm position. If we change the Cm po- 
sition by the amount r the torque about the center 
of mass is surely changed by the amount FrXF. 
The coefficients must change accordingly. This de- 
pendence is precisely the same sort of thing as the 
dependence of a vector on the coordinate system used. 
It is the purpose of this section to find the equa- 
tions showing the change of the aerodynamic coeffi- 
cients with change of position of the center of mass. 
The principle employed is that for the same values of 
velocity and angular velocity, the same force and mo- 
ment must result, regardless of the Cg position. 
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Let us suppose that the aerodynamic coefficients 
are known forthe force at Cm and torque about this 
point, giving these quantities when the angular ve- 
locity of the projectile and the velocity of the 
point Cm are known. The problem is then to find the 
aerodynamic coefficients for a point Cg, which is dis- 
tance r in front of Cg and on the axis of the projec- 
tile. These coefficients will permit the evaluation 
of the force and the torque about Cm when the angular 
velocity agd the velocity of Cg are known. Let. the 
force at Cg be denoted F*, tne torqye about Ch by 
G*, and the velocity of the point by u . If the vec- 
tors X], X2 and X3 are as before, it is easy to see 
that 


ο-- ο - rx, χε 
(1) = (64, Go + rF 3, G4 - rF2), 
uy = ute QXrx; 
= (uj, uo + Tw 32 U3 = τω 2). 
As far as axial components are concerned we have 
it E 
(2) E = Fi, Q = G1. 
In terms of complex numbers, we compute from (1) 
n* -ωΣ + iw 3 “η, 
E* = ub + iu * E- irn, 
3 
d' -*F5e€iFj -Ω, 
# 
G "ους 103 *G-ird. 


Let an aerodynamic coefficient with a * denote this 
coefficient with CĂ as a reference point, and let c's 
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with * denote the corresponding combinations as in 
(4.6). Then, tne definition of the K 's states that 


F* = cS E* a oh nt, 
(4) 
G* - c5 E* 4 ej n*. 
The equations (3) give the values of Ζ΄, G*, ΕΞ and 
n* in terms of the original system. Substituting 
these gives 
εἴ (£- irn) «c$n* F= c c.n, 
(5) e$(&£-ir)ec]n-G*- G -irg 
= c3b +o - ἀτ(οιξ «co n). 
This must be an identity in E and η and the coeffi- 
cients of these are therefore equal. 
σ1 = C15 
(6) c3 = 04 = ire; 
cj - c) - irco + ir(c4 - τοι) 
"cl, - ir(co- οἱ) + rc}. 
These equations give the desired relations, if the 
values of the c's in terms of the aerodynamic coeffi- 
cients are substituted from the definition (4.6). 
These relations are more convenient if stated ip terms 
of p = r/d, which is the distance from Cg to Cm meas— 
ured in calibers. The same process may be applied to 


equations (2) on the axial components. These results 
may be summarized as follows. 
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ΚΠΑ " πλ, KA" Kas KN = Kys KF = Kp; 
Kyr " Κχρ - PKp, Kg* Ky - pkys 

Ky = Kr - pkp, Ky = Ky - py, 

ΚΗ = Ky - p(Kg + Ky) + p*Ky, 

Kyr = Kyp - P( Krp + Kp) + p°Ky. 


These equations may be used to point out the in- 
consistency in the force system used by Fowler et al. 
If one omits all consideration of Ks then the trans- 
formation formula for Ky must read 


κ = Ky - pK, + py. 
Let us consider the value of Ky at a point p + q cal- 
ibers ahead of the original Cg. Then one can compute 
the value in two ways. First, substitution of p +q 
for p in the preceding equation must give it, and 
second, the value may be determined from the value p 
units ahead of the original C,. These two determin- 
ations must yield the same result. Using functional 


notation to show the place at which the coefficients 
are evaluated, the two computations follow. 


Κη(ρ + q) = Ky - (p + q)Ky + (p + a) Kys 
Ky(p + q) = Ky(p) - aKy(») + q@Ky(p) 
= Ky - pKy + p^Ky - a(Ky - pky) + a?Ky. 

Comparison of these two formulas shows a discrepancy 
of pgKN, leading tothe conclusion that Ky is zero. 
Actually, as a matter of fact, consideration of all 
the transformation formulas shows that not only Kg 
but also the other coefficients must be adjoirfed to. 
obtain a consistent system. (Assuming Kyp and KyT 
zero implies Kp and KT are zero.) The system with all 
Magnus coefficients zero is consistent, as was pointed 
out by Nielsen and Synge, but unfortunately this system 
is not adequate to explain the experimental facts. 
On the other hand, we shall see in solving the equa- 
tions of motion of a spinning projectile that it will 
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Figure II.5.1 


Aerodynamic Coefficients vs. Center of Mass Position 
Kw * ordinate, Κμ = ordinate X5 
Ky = ordinate /10, Κα = - ordinate X10 
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be impossible to deduce the values of Κχη and Kyp un- 
less these coefficients are more than ten times as 
large as any of the others. The remaining system is 
not.consistent, but has the property that, if known 
for one Cg position the values for any other position 
may be deduced. These coefficients comprise the set 
of all those which with present techniques can be 
evaluated. 


Figure l shows these aerodynamic coefficients 
graphed against position of Cg. These data were ob- 
tained in the aerodynamic range at Aberdeen from fir- 
ings of models of caliber l.5-inch rockets. They con- 
stitute the most complete set of data which has, to 
our knowledge, been obtained for a projectile. Ina 
later chapter we will discuss the method of deducing 
the aerodynamic coefficients from the motion of a pro- 
Jectile. For the present, the graph shows the approx- 
imate magnitudes one might expect for the various co- 
efficients. 


6. Angle of attack formula for aircraft. 

In discussing the ballistics of rockets fired from . 
aircraft a result from the aerodynamic theory of air- 
craft is needed. As this seems the natural place to 
discuss this question we will interrupt the general 
discussion of rotationally symmetric projectiles. The 
problem which must be solved is simple but quite fun- 
damental. From the information available to the pilot 
of the aircraft the direction in which the aircraft 
is going must be deduced. To be more precise, we wish 
to know, relative to a frame of reference fixed in the 
alrcraft, the direction of the vector velocity of the 
airplane. It will be sufficient to deduce this direc- 
tion in a very special case, the so-called equilibrium 
condition. Suppose that the aircraft with its wings 
level is flying along a straight-line patn at a con- 
stant speed with zero angular velocity. As in Section 
2, lt can be seen that the only aerodynamic force act- 
ing on the plane can be resolved into two components, 
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the drag and the lift, directed along and perpendic- 
ular to the velocity vector. For any line fixed in 
an aircraft, such as the line of thrust of the pro- 
peller, the angle of attack is defined to be the an- 
gle from the velocity vector to the line. The posi- 
tive direction is taken as upward. We will denote 
by αμ the angle of attack of the thrust line. The 
lift and drag coefficients for the aircraft are usu- 
ally defined in aerodynamic theory by the follow ng 
equations: 


Lift = ou? S Cj, (x4), 


Drag * $p u? S Cap). 

In these equatians S is the area of the wings, p and 
u,the air density and speed. The aerodynamic coeffi- 
cients Cy and Cp are functions of αγ. Suppose that 
the aircraft is diving at an angle 9 below tne horizon- 
tal. Since the aircraft is presumed to be in uniform 
motion in a straight line, the resultant of all the 
forces acting on it must be zero. If T is the thrust 
exerted by the propeller, this statement takes the 
following mathematical form: 


(1) 


(2) io ue 5 Cp (αφ) + T sinar "πρ cos 6, 
+p ue S Cp (aq) - T cos am = mg sin 9. 


The mass of the aircraft is m. The thrust, T, can be 


eliminated from these equations giving the following 
equation which determines the angle of attack. 


lou?^s [Cy cosa + Cp sin aT | 
(3) | 
= ng cos (6 - a4). 


This equation is exact, but a simpler approximate 
form is accarate enough for the use we intend to make 
of it. As in Section 2, it is convenient to approx- 
imate the variation of the lift coefficient witn angle 
by a linear function. There is an angular position 
of the aircraft for which there is no lift, i.e., a 
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zero of CL. It 18 possible, therefore, to approx- 
imate C[, by the following form: 


(L) Crlap) = (acr/ax p) (a p- αρ). 

The derivative should be taken as a mean value, and 
αο 15 the angle between the line of thrust and the line 
of zero lift. Again, setting up the equation stating 
that the resultant force is zero, but ignoring the 
contribution of thrust, leads to the equation: 


(5) kp ue S (dCj/da)(ap - ag) = mg cos 9. 
This equation can be solved for ap, resulting in: 
(6) Gn = α. + 2mg cos 9/ (p u*dC, /da). 

This is the approximate form required. 


In the preparation of rocket firing tables, the 
line of thrust is not used as the line of reference. 
It is more convenient to use a line which is marked 
in the aircraft by two studs. This line is called 
the gun-level lug line, or more simply, the level 
line. The angle of attack of the level line aiffers 
from απ by a constant amount. It can be written in 
the form: 


(7) ἄτι, = ο + km cos θ/ρ ue, 


The numbers c and k are constants depending on the 
particular type of aircraft. The mass m depends on 
the loading and is known to the pilot. This formula 
is used in the construction of rocket tables, the con- 
stants c and k being deduced from angle of attàck 
measurements. 


It might be tnought that the factorpu? would be 
difficult to determine in the aircraft. This is not 
actually the case. The usual device for measuring 
air speed is a Pitot static tube which compares the 
free stream pressure with the total head. The total 
head is the pressure which would be measured at the 
front of a tube pointing directly into the air stream. 
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The result of this comparison, as read on the pilot's 
speed indicator, is uo /p, where Po is a stand- 
ard value of the density. This quantity is called 
indicated air speed, and is actually the parameter 
needed for angle of attack determination. 


T. | General equations of motion of a symmetrical pro- 
jectile. 


The equations of motion in full generality, in- 
cluding the complete system of aerodynamic forces, a 
variable wind, density and temperature, and the Coriolis 
force, would be almost impossibly complicated. We 
shall, in the later work, go to considerable trouble 
to devise a system whereby the various factors can be 
treated one at a time, instead of simultaneously. It 
will, however, still be necessary to have available 
the equations which determine the angular motion of 
a projectile, and these form a rather complicated 
system. It is the purpose of this section to derive 
these equations under the following assumptions. 


(1) X, Y, Z are the coordinates of the projectile 
in a frame of reference fixed to the earth. This is 
supposed to be an inertial frame (the Coriolis force 
is neglected). The Y-axis is supposed to point ver- 
tically upward. 


(2) The density p and the speed of sound a are func- 
tions of Y only. 


(3) There is no wind. The atmosphere has no motion 
relative to the XYZ-system. 


(L) The projectile has an angle s, O< S< n, of 
rotational symmetry and a plane of mirror symmetry. 


As in the earlier part of the chapter, u is the 
vector velocity of the shell, G@ is its angular velo- 
city and F and G respectively are the aerodynamic 
force and moment. The unit vectors Xj, Kos X4 are 
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fixed in the shell, the X, -vector lying along the axis. 
As before, a letter with the subscript 1, 2 or 3 
means the component of the vector along X4, X», or 
X 3. As before, one real and one complex number will 
be used as a.representation οἱ a vector. The follow- 
ing shows the notation used for the various vectors. 


(5) Vector | Real and Complex Parts 
u, velocity, uj E= u+ iuz» 
Q, angular velocity, W 4; n*o,«* io., 
F, aerodynamic force, FL, = Fo + 183) 
= 015+ om 
G, aerodynamic torque, Gi, G =Go+4 10η, 
E c3% + chn 
Y, unit vector yo Y= y + iy, 5 


parallel to Y-axis, 


- gy, acceleration 
due to gravity, "σι, - AL 


Since the projectile is supposed to be symmetric, its 
principal moments of inertia about axes perpendicular 
to its axis of symmetry are, by Theorem (I.11.1h), the 
same. Its moment of inertia about its axis of symme- 
try (its axial moment of inertia) will be denoted A, 
and B will be the moment of inertia about any trans- 
verse axis through the center of mass. The mass of the 
shell is m. According to Newton's second law, the 
rate of change of momentum is the sum of the exterior 
forces. In this case, there are two forces to con- 
sider, the aerodynamic force F and the gravitational 
force - mgy. Hence, 


(6) [mu] = F -my. 


The angular momentum of the shell, since Xj, Ko, X 3 
are principal axes of inertia, is 
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AM] X1 + BooXo +B 3 X3. 


It will be more convenient to write this in the equiv— 
alent form 


(A = Bw X1 * BO. 


Since the only torque acting on the shell is G, the 
second of the equations of motion, stating that the 
rate of change of angular momentum is the impressed 
torque, is: 


(7) [(4 - Β)λωι χι +Bal= G. 
Let us take time out for a small lemma. 


(8) Lemma. Let p be an arbitrary vector, with com 


ponents p Pi» P2? in the Xi- » Xo- » X3- - coordi- 
nate system. If dc real-complex number representation 


is p Pl» = Po + ip then the corresponding represen- 
tation of p is 


p ° Xj = ù + (Pī - ὅη)ι/2, 


P ° χο «ἰῤ’Χχι = P- ipn + iw. 


Proof: a ide this proof it will be convenient 
to ο Σ ζο nS the sum of three quantities 
JE ( 1 2 )3° „Thus p= ΣΡΙΧ j Hence 

P= ΣΡ X; + Eps X}. 
Since for each value of j, X; is a vector fixed in 
the projectile, 


X." OXX 
This vector equation can be erm to scalar equa- 
tions by taking components in the directions X1, Χρ, 
X 4. The component in the X;-direction, k= 1, 2, 5 


P’ K =] + Σ ps0 X χι Xy. 
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The last term can be rewrittan: 
P°X, =P, - ΣΡΙ W(x yX X,), for k* 1, 25 3. 


This form is convenient for computing since x, Xx 
is either Zero, if k* j, or, except for sign, th 
third of the three unit vectors. Writing out the 
three formulas obtained by setting k = 1, 2, 3 gives 
equations 


ῥ x1" δ - P2935 + 5395, 
È ° Xo = bo =- P30] + P105, 
È ` X3 T P3 - P1O2 + P201. 
The first of these can be rewritten: 
P-x, "BÀ +[ (P + ip) (05 - 104) 
- (Pp - ip) (6 5 « 10 )] 1/2 
"à + (Pi - Pn)i/2. 
The second equation, added to the third multiplied 
by i, gives 
P X^ + ip: x3 °° Po 4 ip3 - ipj(®o + iQ) 
* iw (P, + ip3) 
=P - ip 4 iw, P. 
which completes the proof of the lemma. 


Returning now to the main argument, the lemma 
applied to the case p * U enables us to replace the 
vector equation (6) by one equation in reals and one 
equation in complex numbers. These are obtained by 
taking components along X}, and taking 

(component along Ἀρ) + i(component along X5). 
Equation (6) then becomes: 
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m[a, - (En - ξη)1/ο]- F - », 
(9) π[ξ = 1umn*101&£]* F - my 
= οι «con - mg. 
The same procedure will now be applied to the vector 
equation (7). By the lemma, the vector 
[ Φ η’ Κα € 0O- X, + 0:x,] 


has ὦ 7, - iO n for its real and complex number rep- 
sesentation: ο... has 


ài + (πῆ - nñ )i/2 = ó4 
and 
ἡ -iwn + iwq - ἡ 


for its representation. Using these facts, the equa- 
tion obtained by taking the components along Xj in 


(7) is 

(A=-B)@®) 9 Βὼι = Gy» 
or 
(10) AQ, = G3. 
The equation obtained from the components along Χρ 
and X4 is: 

(A - B) ( - iwn) + B5. * G, 
or 
Bh + (B - A)iwyn "G 

= c3% + CJ T] ο 


It is now necessary to derive the differential 
equation governing y, for although y is a constant 
vector, its components in the moving frame of refer- 
ence will surely change. The differential equation 
is obtained very simply. Since y is constant, y 
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is zero. Replacing p by y in the lemma gives the 
equation: 


A = (YA - 4/2, 
| = Lyin = iw, Δ. 


If the density and the velocity of sound did not 
depend on the altitude Y, the equations (9), (10), 
(11), (12) would be solvable. That is, they could be 
solved and any other information desired about the 
motion of a shell could be obtained after completing 
the solution. Since p and a depend on Y, it is ne- 
cessary to adjoin one more equation to this collection 
in order to solve the system. This equation is 


Y" U'"y, 


(12) 


or 
Y*uy »ἀργρ +y Τη 
"uy + (EG + EY)/2. 


The equations (9) to (13) consist of four real and 
three complex equations ο... the Du real and 
three complex numbers ps n» y Y, Y. Their 
solution would completely ere mins the yaw of the 
shell at every point along its trajectory. This 
is a tenth-order system of differential equations, 
but it is not difficult to see that it can be reduced 
to a ninth-order system. The vector y is a unit vec- 
tor, and this fact can be used to eliminate one of the 
unknowns yi, y2» y3» Or, instead of the variables 
y, Y the product Yy could be used. Thus a ninth- 
order system of equations determines the yawing motion 
of a shell. However, the solution of this system does 
not completely determine all of the facts about the 
trajectory of the projectile. Two of the three co- 
ordinates of the center of mass of the shell, namely 
X and Z, are still undetermined. Since the predic- 
tion of the position of the shell is the principal 
problem of exterior ballistics, one can hardly say the 
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(13) 


problem is solved. Actually, both X and Z are solu- 
tions of the same set of equations, (12) and (13), 
which Y satisfies, but the initial conditions differ 
in each case. Adjoining X and Z to the set of vari- 
ables in the equations would, on the surface, appear 
to increase the order of the-system by eight, since 
(12) and (13) form a fourth-order system. Again, 
there are identities and these reduce the total order 
of the complete system to twelve. The reader will un- 
doubtedly be considerably relieved to know that we do 
not intend to solve this twelfth-order system. It 
will be quite sufficient for future calculations if 
we retain the facts which are collected together in 
the following theorem. l 


(14) Theorem. The yawing motion of a rotationally 
and mirror symmetric projectile which has small yaw 


a. π(ξ- inn +176) = ct » cgi - mY, 

b. Bj + (B = Aion = c3Ẹ + οι η, 

c. m [ù] - (8 -ξη)ι/ο]- R - gy, 

d. Ad - Gy, 

e. 3 " (YA -Yn)i/2, 

f. Y= inn - ie), 

ge. Y * uy, «(Ces £02. 
In these equations c], 62, C3, Cj, Fy and G) represent 
polynomials in the aerodynamic coefficients, in p , 
d, uj and oj as given in (II.h.6). 
8. Normal equations of motion. 


For computational work it will be seen that the 
solution of a relatively simple system of equations 
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gives an excellent approximation to the actual motion 
of a projectile. The deviations of an actual trajec- 
tory from this approximate trajectory can be computed 
by a theory of small corrections, or perturbations. 
This approximate trajectory is obtained by making the 
following simplifying assumptions: the projectile 
moves with its axis tangent to its trajectory, and the 
only forces acting on the projectile are the drag and 
the force due to gravity. The density and the velo- 
city of sound are functions of the height of the pro- 
jectile above the earth's surface and there is no wind. 
The coordinate frame is inertial. 


In this case the projectile will remain within the 
vertical plane containing its initial velocity vector. 
We choose a coordinate system with the Y-axis pointing 
vertically upward and the X-axis horizontal, so that 
the initial velocity vector lies in the XY-plane. 
The velocity has components X, Y and the drag is di- 
rected oppositely. The drag has magnitude pd?u?Kp, 
where 


Hence the vector drag is 
If m is the mass of the projectile, the force. due to 


gravity is - (O, l)mg. Setting the rate of change 
of momentum equal to the impressed force gives 


(1) m(X, Y) = -pauk(X, 1) - (ο, 1)m. 


This vector equation can be resolved into components. 
If this is done and the dependencies written out ex- 
plicitly, the results are the normal or particle equa- 
tions of motion: 


m = = pd ukyp(u/a)k, 
(2) mY = -ρ d^ (u/a)t - πε, 

u?* £2412, p "p (Y), a = a(Y). 
Most of the problems in exterior ballistics will re- 
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quire a highly precise solution of the equations (2) 
by numerical integration. This solution will usually 
be carried out for a standard density function p(Y) 
and temperature function a(Y) and an experimental 
drag coefficient Kp(u/a). In many cases the solution 
so obtained will be modified ‘by corrections obtained 
from an approximate solution of equations (7.1) 
and in almost all cases the solution mst be modified 
because the density and temperature structures are 
non-standard. However, the solution of equations (2) 
will generally form a basic part of our computation. 


The equations (2) have been put in a variety of 
forms, convenient for various applications. A very 
simple variant, which will presently be useful, is 
to write the equations in terms of the inclination of 
the tangent to the trajectory and the velocity. We 
leave as an exercise the derivation of the following 
system: 


X = u cos 0, Y = u sin θ, 


mů *- p d? u? Kp - mg sin 9, 
(3) 
O = — g cos 0/u, 


p P(Y), a * a(Y). 


Another form which will be useful is in terms of 
slant coordinates. That is, instead of locating `a 
point in the plane by means of its distances from two 
perpendicular axes it is located by means of its dis- 
tance along a slant line, the P-axis, and its vertical 
drop Q from this line. The transformation required, 
if the P-axis passes through the XY-origin at the 
angle S, is 


X =P cos ὃν Y =P sinS -Q, 
(L) | 
P = X sec S, Q» X tan 5 - Y. 


Under this transformation, the equations (2) become 
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m= -ράξι Kp P, 
πῶ " - pa? u Kp Q + mg, 
u? = P? κ Q? - 253 sin S, 
p =p (P sin S - Q), 
a= a(P sin S - Q). 


(5) 


These equations are usually used only when some sim- 
plifying approximation is justified. The verification 
of (5) is left to the reader. 


2. Higher order terms in the expansion of the force 


function. 


In all of our discussion of the aerodynamic force 
on a projectile we have been content to use the lead- 
ing terms in the Taylor expansion in cross velocity 
€ and cross spin n. It is of considerable import- 
ance to know under what conditions this approximation 
will be adequate. Some information can be obtained 
from further mathematical investigation, but to a 
very large extent this question must be answered on 
the basis of experimental work. Each of the func- 
tions ΕἸ, 61, SJ and G, can be expanded in quadratic 
terms in ἕ and n. In each case, terms containing 
the factors 

E^ n?, ΕΞ η, δη, n, & b, η ἣν ξη, ξη, 
will be obtained. As in considering the linear terms, 
the consequences of rotational symmetry can be invest- 
igated. Precisely the same argument used before will 
show that all of the quadratic terms vanish in the ex- 
pansion of S and G. (The details of the argument 
have been published by C. G. Maple and J. L. Synge, in 
the Quarterly Journal of Applied Mathematics, Vol. VI 
(1949), pp. 315-366.) There are, however, possible 
non-vanishing quadratic terms in the expansion of F4 
and G3. When the projectile has symmetry under rota- 
tion through angle s (0 < s < x), the surviving terms 
in the expansion of F4 are 
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ky Εξ: kann + K3 EN + ky En (i, Κο real), 


and there are similar terms in the expansion of G1. 
Expressed otherwise, the quadratic terms are multiples 

f τρ square of the magnitude of the cross velocity 
] ζ[2, of the magnitude of cross spin | η [2 , of the 
product of these magnitudes by the cosine of the angle 
between cross velocity and cross spin, and the product 
of these magnitudes by the sine of that angle. 


Of these higher order terms only one has received 
any attention. The spin-decelerating moment 61, is it— 
self small and its dependence on cross spin and cross 
velocity is, with present experimental equipment, im- 
possible to determine. Considerable experimentation 
has been conducted on the dependence of drag on yaw. 
In othe usual form, one considgrg not the axial drag, 
p d^u*Kp4 but the component pd^u*Kp along the trajec- 
tory. We write: 


(1) Drag * pd? u? Kg(£ E, u, a), 


neglecting the dependence on nñ and En+ En. These 
three variables, LL, u, a have u/a and EL /u? as the 
only dimensionless products. One usually denotes 
E È /u? by δὲ, the square of the yaw (actually the 
square of the sine of the yaw). Both Κῃ' and Kp, have 
been used to describe this dependence, their defini- 
tions being 


Kp = Kpo + Kp'&, 


Kp = Kpo(1 + Kp 5). 


For normal shell one might expect the drag to double 
at about ô= 12°, The coefficient Ky, is the yaw 
drag coefficient and its value would accordingly be 
around «Οἱ. It has been found by Dr. A. C. Charters 
that the coefficient Kp'* ΚῃΟ Kp& is more nearly con- 
stant from shell to shell, and it is presumed that 
this coefficient will be used more generally in the 
future, 


(2) 
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There is some evidence that Ky and ΚΙ vary with 
yaw. The amount.of this variation depends quite 
strongly on the shape of the shell. This topic will 
be discussed further in the following chapter where 
experimental determination of the aerodynamic coeffi- 
cients is considered. 
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Chapter III 
METHODS OF MEASUREMENT OF 
AERODYNAMIC COEFFICIENTS 


l. | Devices currently used for velocity and retard- 


ation measurement. 


We propose to discuss briefly, from the point of 
view of method, some of the equipment now in use at 
the Aberdeen Proving Ground for measuring velocity of 
projectiles. Since, in principle at least, any velo- 
city-measuring device can be used to measure oecel- 
eration, and hence drag, a discussion of the measure- 
ment of velocity can be considered as preliminary to 
a discussion of drag measurement. 


In any velocity measurement a basic requirement is 
a time-measuring device. During the greater part of 
the last war the commonly used measuring device was 
some model of drum chronograph. In principle this in- 
strument was as follows. A drum, revolving at high 
speed, carries a strip of tape. This tape is marked 
by a recording device in one of three ways. The sim- 
plest scheme, but one of the slowest in response, con- 
sists merely of a mechanical pen-and-ink writing on 
the tape. A more satisfactory apparatus uses a waxed 
tape which is punctured by an electric spark. The 
most satisfactory chronographs use tape of light sen- 
sitive paper, the marking being done by a cathode ray. 
In any case, a sequence of "timing lines" is marked 
upon the tape. The timing. source originally used was 
a» tuning fork, but most modern equipment uses as 
standard the fundamental frequency of a piece of 
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quartz crystal. The velocity-measuring experiment 
requires that marks, corresponding to the time that 
the projectile passed two measured points, be put on 
the tape, as well as the timing lines. The timing 
lines then permit, by linear measurement of the tape, 
an estimatitbn of the time interval required by the 
projectile to travel the measured distance. The accu- 
racy obtained in the measurement of the time interval 
depends on the particular model of chronograph used. 
On the most accurate machines—machines for which a 
measuring engine is used for the mensuration of the 
tape—the probable error of a single time reading is 
of the order of one millionth of a second. This ac- 
curacy is sufficient for all present ballistic experi- 
ments, and indeed, is so much better than is required 
for velocity measurements alone, that the extra time 
required to use the device makes it highly desirable 
to use a simpler machine. Nevertheless, this time- 
measuring instrument is now being superseded, at least 
for experiments of the most exacting character, by a 
simpler and more accurate machine. 


This new machine is called a counter chronograph— 
its basic unit is called a cycle counter. A cycle 
counter consists of a sequence of tubes, each with a 
possible simple on-or-off response. The first of the 
sequence is actuated by the fundamental frequency of 
a timing standard. (A timing frequency of 100,000 
cycles per second is commonly used, and the finest 
counters operate at 1,600,000 cycles per second.) The 
first tube then simply turns on and off at the fre- 
quency of the timing standard. By means of an elec- 
tronic circuit, the second tube is arranged so as to 
be activated by every second impulse of the preceding 
tube. The device is then used as follows. The counter 
is started by a tripping mechanism as the projectile 
passes the first of the two measured positions, and 
is stopped as the projectile passes the second. It 
is then recorded which tubes in the sequence are on 
and which off. The time interval can now easily be 
calculated as follows. Let us suppose that the unit 
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of time is the period of one cycle of the timing 
Standard. If only the first tube of the sequence is 
on, the time interval is 1 unit. If the second is on, 
the interval is 2 units; the third, l| units. If the 
first, third, sixth, eighth, ninth gnd twelfth are on 
the time interval is 20 + 22 + 22 + 2T + 20 + 211 
units. In fact, the counter records units of time in 
the number system of base twol The extraordinary ease 
. of reading this sort of chronograph, together with its 
accuracy, makes it extremely valuable for many uses. 


The second important component of any velocity- 
measuring apparatus is the device used to record the 
passage of the projectile. An instrument, commonly 
used at one time, consisted of two foil.screens, set 
parallel to each other and very near together. The 
pair of screens were set at a measured position in 
front of the gun, and upon being ruptured by the pas- 
sage of the projectile, shorted a circuit. and sent a 
signal to the timing device. A single thin wire was 
also used on occasion, the breaking of the wire giv- 
ing a time signal. Both of these schemes suffer from 
the defect that they affect, more or less seriously, 
the phenomenon which is being observed. The most 
commonly used instrument of this last war was a sole- 
noid. This device is quite usable—the time of re- 
versal of electromotive force from the solenoid actu- 
ally depends on the particular area through which the 
shell passes, but the dependence is not extreme. For 
high-angle fire, a certain amount of\scaffolding is 
necessary to support the solenoids, and the equipment 
is in general not easily portable. It is therefore 
not convenient for field calibration of artillery 
pieces. 


A scheme of replacing the solenoids was developed 
in England during the Second World War. In principle, 
the apparatus consisted of a photoelectric cell, 
mounted so that it is exposed to a narrow band of the 
sky. When the shell passes this. band of sky there is 
a rapid change of the totàl light falling on the cell, 
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and this change of intensity is used to provide a 
Signal to a chronograph. An adaption of this device 
was worked out at the Ballistic Research Laboratories 
during the war, and proved to be well adapted to field 
use, and in fact also turned out to be convenient for - 
many laboratery tests as well. These "sky screens," 
though simple in concept, require rather delicate ἀθ- 
sign and intelligent handling. 


Finally, we mention briefly the device used on the 
aerodynamic range. Here, an electric charge on the 
projectile is used to trigger a spark gap. The spark 
photographs the shell on a plate, and the discharge 
of the spark also transmits a signal to the chrono- 
graph. This method is discussed quite fully in Chap- 
ter XIII. 


For any of the equipment discussed above the basic 
data resulting from a velocity measurement consist 
of the times at which the projectile passes two knom 
space positions. To measure acceleration, we require 
the times at which the projectile passes three knowm 
space positions, all reasonably near the muzzle. We 
may then compute the mean velocity, and from the ve- 
locity loss, the force on the projectile. In practice, 
the computing procedure is somewhat more sophisticated 
than this. The form of the time as a function of 
distance fram the muzzle is deduced from the equations 
of motion of the projectile, and the observed data 
are fitted (by means of a least squares process if 
there are enough observations to overdetermine the 
drag) to a function of this type. The fitted function 
then determines the drag of the shell. We shall not 
go into the details of,this process here, since it is 
treated quite completely in the discussion of the 
spark range measurements in Chapter XIII. 


A variant of this process has also been used to 
good purpose. Again, the time at which the projectire 


passes three known points is measured, but the space 
distribution of the three points is quite different. 
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Two of the points are taken near the muzzle, so that, 
effectively, a measurement of muzzle velocity results. 
The third point is at the end of a short, flat tra- 
jectory. It is quite feasible to deduce the drag of 
a projectile from such data as these, consisting of 
a muzzle velocity and a time of flight for a short, 
flat trajectory. The details of this procedure are 
discussed in Chapter V. 


2. Determination of drag by means of direct obser- 
vation of position. 


A number of experiments have been conducted which 
differ from the resistance firings discussed in the 
previous section in details of execution but not in 
fundamental method. The first of these experiments 
(as far as we know) was conducted by Cranz. This work 
will be discussed rather briefly here since a full 
account is given in K.J. Cranz's Lehrbuch der ITE 

Berlín: 


Vol. III, Experimentelle Ballistik, 2nd ed. 
Julius Springer, 1927). A mechanism was designed and 


constructed which would fit inside a shell, the purpose 
of the mechanism being to emit a flash of light at in- 
tervals after the firing of the shell. The shell was 
then fired at night, and the position of the flashes was 
recorded by means of cameras. Simultaneously a record 
was made of tbe time at which the flashes occurred, so 
that a complete timrme-position record of the flight of 
the projectile was obtained. The acceleration and hence 
the force on the projectile can be deduced from these 
data by methods which will be discussed below. In 
Cranz's experiment, the flashing light was constructed 
by pyrotechnic methods, the mechanism being essential- 
ly a powder train, setting off periodically a charge 
of magnesium. The same method was used to determine 
experimentally the trajectory of a rocket by a group 
at the Cálifornia Institute of Technology under Dr. 
W.R. Smythe in the summer of 1915. In this case, the 
observations were made by means of motion picture 
cameras, the cameras being equipped with an optical 
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device which permitted simultaneous photography of 
the phenomenon and a clock. Before discussing the 
mathematical difficulties associated with reduction 
of these data it might be advisable to point out an 
objection to the method which is of purely experimen- 
tal character. A rocket or a shell which is period- 
ically emitting puffs of incandescent gas may or may 
not.move in a manner closely resembling the motion of 
an ordinary rocket or shell. That is, measurement 
is made of a phenomenon which differs from the one in 
which we are interested by a more or less indetermin- 
able amount. The validity of this objection depends 
of course on the accuracy which is desired and upon 
the degree to which the shell constructed differs from 
its prototype. 


A mechanism was constructed by L.A. Delsasso and 
L.G. de Bey of the Ballistic Research Laboratory which 
is not subject to this objection. In their experi- 
ment, the projectile under study was a 500 pound Gen- 
eral Purpose bomb, so that a great deal more room for 
equipment was available. (The same type of experiment 
had been performed on a bomb at the time of the First 
World War by D.L. Webster.) The equipment constructed 
by Delsasso and de Bey consisted of an Edgerton type 
lamp mounted in the nose of the bomb with batteries 
placed within the bomb. A condenser was charged by 
the batteries and at intervals of about one second 
discharged through the lamp, giving an extremely bright 
light of short duration. A transmitter in the bomb 
gave out a radio signal at the time of the flash and 
this signal was recorded on a chronograph. Plate 
cameras of the same type used in routine range bombing 
recorded the position of each flash. The particular 
features of the method were that the bomb used matched 
the prototype in external contour and in weight dis- 
tribution, and the accuracy of space position and time 
recording was superior to any previously obteined. 


Superficially, the mathematical analysis of such 
an experiment is extremely simple. The available data 
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are the X-, Y-, Z-coordinates of the projectile as func- 
tions of time, the density p, the components of wind 
Wy and Wz and the temperature as functions of alti- 
tude Y. Assuming that the yaw of the bomb is zero 
and that the only forces are drag and gravity, the 
equations governing the motion of the bomb are easy 
to derive. The XYZ-coordinate system is fixed to the 
ground, but the drag of the bomb depends on the ve- 
locity with respect to the air. Let u denote the speed 
with respect to the air. That is, 


u? = (X - Wy)? + $? + (2 - w;)?. 
The drag has magnitude pd2u2Kp and has the direction 


of - (X - Wy, ἵ, ἕ - Wz). Hence the vector equation 
of motion is 


m(X, Y, 2) = - pa?uKg(X - Wy, Ý, 2 - Wy) 
= πρ(ο, 1, 0). 


The quantities X; Y, Z and X, ¥, 2 can be obtained 
from the experimental data by numerical differentia- 
tion and then any one of the three scalar components 
of the equation (1) can be used to evaluate Kp. The 
temperature determines the velocity of sound and hence 
the value of Mach number to which this value of Kp 
corresponds. 


(1) 


Ihe difficulties arising in the execution of the 
above program can be illustrated by a very simple ex- 
ample. Suppose that the position of the bomb is de- 
termined at intervals of one second, that the timing 
is exact, and that there is no wind. If the bomb is 

-dropped from medium altitude, say about ten or twelve 
thousand feet, its velocity at the end of its tra- 
jectory would be of the order of 800 feet per second. 
If the bomb is the 500 pound General Purpose men- 
tioned earlier, the deceleration due to drag is about 
fifteen feet per second per second. Suppose that the 
errors in the determinations of the coordinates are 
approximately normally distributed, with standard de- 
viations of about nine inches, or probable errors of 
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about six inches. The y-component of the velocity 
at the mid-point of a one second interval would be 
determined as the difference of the y-coordinates at 
the beginning and tne end of that second, and the ac- 
celeration would be the difference of two successive 
velocity determinations. If yi, yo and yg are succes- 
sive determinations of the altitude, the y-component 
of acceleration would thus be determined by the ex- 
pression yg - 2yo + yj. But by Section 21 of Chapter 
I, the probable error of this expression isl +] 41 
times the probable error of each y-coordinate, or 
roughly 1.25 feet per second per second. We are then 
determining a quantity of the order of 15 feet per 
second per second with a probable error of about 1.25 
feet per second per second, or roughly B per cent. The 
situation is actually rather worse than this in prac- 
tice, since the probable error of a coordinate is 
likely to exceed six inches, and furthermore the wind 
and density are not know perfectly and there are also 
errors in timing. In order to use effectively experi- 
mental data of this type, the most refined methods of 
numerical analysis are needed. Since these methods 
are not peculiar to ballistics, a detailed discussion 
will not be given. The same sort of problem will be 
discussed in some detail in connection with the re- 
duction of data from the aerodynamic range. Due to 
the extreme accuracy required in the direct determina- 
tion of the trajectory, very few data of this sort 
have been successfully reduced. If the experimental 
difficulties are overcome, extremely valuable data 
result, since the experiment is performed under con- 
ditions identical with those under which the weapon is 
used. 


There is only one objection of a theoretical nature 
to the methods described. It is assumed that the yaw 
of the projectile is small and that drag is the only 
force other than gravity acting on the projectile. 
The experiment, since it involves no measurement of 
yaw, will not in itself determine whether this assump- 
tion is justified. It must be known, by means of 
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other experiments, that this assumption is justifiable. 
3. Bomb drops with accelerometers. 


An experimental method was used at Aberdeen to 
find the drag of bombs which avoids certain of the 
difficulties mentioned in the previous section. An 
accelerometer was devised by the National Defense Re- 
search Committee to fit inside a bomo. In essence, 
this was simply a small weight attached to a coil 
spring; the spring was attached to the bomb. The axis 
of the spring was coincident with the axis of the bomb, 
so that deceleration of the bomb caused a displacement 
of the weight from its equilibrum position. The po- 
sition of the weight is then a measure of the axial 
component of force on the bomb. Furthermore, if the 
bomb is in free flight, gravity has no effect on the 
position of the weight relative to the bomb since 
gravity acts both on the bomb and on the weight. To 
be more precise, in flight there are two axial com 
ponents of force acting on the weight: first, the 
axial component of gravity and second, the force due 
to tension of the spring. There are also two axial 
components of force on the bomb, gravity and the axial 
component of drag. If the relative motion of the 
weight with respect to the bomb can be neglected, the 
total axial acceleration of both must be the same, 
and the acceleration of the weight due to displace- 
ment must be the same as the acceleration of the bomb 
due to drag. 


In the accelerometer used in the experiments the 
position of the weight was telemetered to a receiving 
station on the ground. A small transmitter in the 
bomb transmitted a frequency which was a function of 
the position of the weight. The basic data from the 
experiment were tne axial drag on the bomb as a func- 
tion of time, the initial position and velocity of the 
bomb at release and the wind, density and temperature 
as a function of altitude. From these data it was 
necessary to deduce the position and velocity of the 
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bomb throughout its trajectory, so that the speed, 
air density and Mach number to which the observed 
value of drag corresponded would be known. In order 
to perform the calculation the equations (2.1) may 
be used. Let a(t) be the acceleration measured by the 
accelerometer. Then, ma(t) =pd“uXp, and the equations 
(2.1) may be written in the following form: 


(1) (, ¥, 2) = - a(t) (E - Wy, 3, 2 - W)/u 
- g (0, 1, ο). 


These differential equations may be solved by the 
methods of numerical integration which are discussed 
in Chapter VI. The numerical solution,though tedious, 
does not lead to any surprising loss of. accuracy as 
does the numerical differentiation discussed before. 
The results of the integration are the coordinates 
X, Y, Z as functions of t. The drag may then be divided 
by the correct values of p, d? and u? to give the 
drag coefficient Kp. The results of one such anal- 
ysis, as made by W. Milis, are shown in Figure 1. It 
is noticeable that the record shows an oscillatory drag 
at about 20 seconds after release. The period of this 
oscillation is approximately the natural period of 
yaw of the bomb. This shows that tne fundamental re- 
quirement that the bomb have small yaw was not met in 
this practical experiment. 


A good overall check on this experiment is furn- 
ished by the numerical integration of the trajectory. 
The bomb was dropped over the regular range bombing 
instrumentation. The position of the airplane at 
release and its initial vector velocity were measured 
as well as the time of flight and the position of im- 
pact. The numerical integration, carried from the 
beginning of the acceleration record to the end, gives 
the total horizontal distance the bomb travelled dur- 
ing its flight and its total drop. These computed 
values may be checked against the, measurements ob- 
tained in the range bombing. It was found for the 
bomb whose record is shown that the computed horizon- 
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tal travel was over a hundred feet less than the 
measured travel. Furthermore, according to the com 
putation the bomb was two hundred feet under ground at 
the end of the record. A complete solution of the 
equations of motion as described in Chapter XI shows 
that this sort of result might well be expected if the 
computation is done on the basis of drag only. How- 
ever, the discrepancies should be smaller. 


The accelerometer unit used was not the final 
model. There is considerable reason to believe that 
this accelerometer did not measure the axial component 
of acceleration only. The later models were known 
to be insensitive to acceleration perpendicular to 
the axis of the bomb. 


The accuracy of the measurement of acceleration is 
estimated to be 0.3 feet per second per second. The 
estimate of drag coefficient obtainable is accurate 
then to, at best, one per cent. That is, when the 
bomb has reached its maximum velocity the drag is of 
the same order of magnitude as the acceleration due 
to gravity and 0.3 feet per second per second is one 
per cent of the total drag. A rather comprehensive 
program was.under way at Aberdeen utilizing this meth- 
od and the method discussed in the previous section 
to evaluate the drag coefficient for several bombs. 
‘The program was temporarily suspended due to redesign 
of certain bombs, whicn was necessitated because of 
evidence tnat the yaw of the bomb during its flight 
was not small. This fact makes both methods ineffec- 
tive, and g5 a matter of fact, the bombs too. j 


4. Wind tunnel tests; static tests. 


One of the most useful experimental methods of 
measuring the aerodynamic forces on a projectile is 
essentially a reversal of the method so far discussed. 
Instead of firing or dropping the projectile through 
the atmosphere the projectile is held fixed and air 
is moved past it. The measurements are not limited 
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to drag alone, and this nakes the method particularly 
useful in the design of finned projectiles. These 
projectiles, bombs, mortar shell and rockets, are 
supposed to have a restoring moment. That is, the 
torque due to yaw is supposed to tend to decrease the 
yaw, and is supposed to be negative. Measurement of 
drag alone is useless in the design of such projec- 
tiles. 


Most of the work of this sort in this country has 
been done at the National Bureau of Standards by 
H. L. Dryden and R. H. Heald. During the war a rather 
large body of data was also obtained at the Hydraulic 
Machinery Laboratory, California Institute of Tech- 
nology, under the direction of R. T. Knapp. Although 
this later work was performed in & water tunnel, the 
results compare very well with the most reliable sub- 
sonic wind tunnel work. 


Good descriptions of wind tunnel method are avail- 
able in W. F. Durand, Aerodynamic Theory (Berlin: 
Julius Springer, 19311). Therefore we will be content to 
discuss briefly the general principles. A wind tunnel 
(or a water tunnel) is designed to send air (or water) 
through a test section in such a manner that the vector 
velocity of the fluid at every point in the section is 
the same. For subsonic flow, immediately preceding the 
test section there is a larger section where the ve- 
locity is much lower. The density of air, its velocity 
and temperature in the test sections are computed from 
various measurements. In an idealized case, the com- 
putation proceeds on the following principles. The 
three basic measurements are measurement by means of 
orifices in the tunnel walls of pressure Pt in the test 
section, and of the pressure Pg and the temperature Tg 
in the section preceding the test section. 


The temperature is difficult to measure if the ve- 
locity is high, so that a direct measurement of T, is 
inaccurate. The gas Law, P/p = kT, k a constant de- 
pending on the gas, gives a relation between the pres- 
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sure, the temperature and the density, so the density 
ρο in the pre-test section can be computed. The 
two velocities V+, V9 and the density py in the test 
section must be computed. This may be done on the 
basis of three physical laws. These are the laws of 
conservation of matter, of momentum and of energy. 
Each of these laws gives one equation relating Ft, 
Pt, Ve and Pg, Pos Vo, and these equations can be 
solved for W4, Pt and Vo. The temperature T is then 
obtained from P+, pt by means of the gas law. In ac- 
tual practice this procedure is modified considerably, 
and corrections must be made, based on comprehensive 
calibration tests. 


The model to be tested is suspended in the test 
section on a strut. The strut is rigidly connected 
to a balance system which consists essentially of a 
table which is free to make small movements. The 
force and torque which are necessary to prevent move- 
ment of the table are measured and give directly the 
force and torque on the model and the strut. In order 
to get the force on the model alone we must subtract 
from the measured force the force on the strut. A 
way of measuring the force on the strut alone is to 
remove the model and repeat the same series of tests. 
It is, of course, desirable to keep this correction 
as small as possible. For this reason, a windshield 
usually fits around the strut. The windshield is 
connected to the tunnel wall, or to some framework 
which is independent of the balance system. The cor- 
rection, then, is for the part of the stret that is 
exposed to the air flow. This is called a tare core 
rection. It is also desirable to make a so-called 
interference correction. The air flow around the 
bomb is not. the same as if the strut were not there. 
The change of the force on the bomb due to the pres- 
ence of the strut (not the force on the strut) is 
called an interference effect. It can be estimated 
by means of an image test. A dummy strut is fitted 
into the opposite side of the model and the same 
series of tests is run. Two sets of data are then 
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available. One gives the total force on the model 
with two struts and one gives the force with one 
strut. An extrapolation then gives the force on the 
model with no strut. This procedure would be perfect- 
ly correct if there were no air flow across a plane 
through the axis of the model and perpendicular to 
the strut. 


For subsonic work probably the best suspension is 
not by strut, but by a net-work of fine wires. The 
force on the wires is then computed by removing va- 
rious ones of them and measuring the resuiting force. 
Unfortunately this sort of suspension makes the work 
go slowly and one of the big advantages of the wind 
tunnels is lost, namely, the speed of operation. 


In testing a particular model a program sone thing 
like the following might be laid out. A certain. num- 
ber of speeds would be selected, depending on the 
speed expected in actual flight and on the capabil- 
ities of the tunnel. At each of these speeds the po- 
sition of the model would be varied through a number 
of angular positions. At each angular position, 
measurement would be made of drag D, lift L, and mo- 
ment M. The resulting values can be graphed as func- 
tions of yaw ὃ for each speed. It is noteworthy that 
these graphs are not usually symmetric about ὃ = OQ. 
The lack of symmetry is supposed to be due to lack of 
symmetry of the model. However, there is usually a 
point of symmetry on the curve. That is, on the lift 
and moment curve there is a point such that the curve 
falls on itself if rotated about the point through 
1809, and for the drag curve there is a vertical line 
of mirror symmetry. The best estimate of the corres- 
ponding force or moment of the idealiaed projectile 
is obtained by taking averages of points on both sides 
of the point of symmetry. This has a justification if 
we assume the asymmetry of the curve is due to a small 
protuberance which adds a constant amount to the force 
or moment measured. 
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It is not necessary in examining the data to make 
the assumption that the lift and moment are linear 
in the angle of yaw. Instead we may examine the data 
and decide for ourselves over what range the linear 
approximation is valid. It is still desirable to ex- 
amine dimensionless coefficients and the ones usually 
hosen in ballistics are the following: 


Kp = drag/pd“u2, 
(1) Κι, = lift/pd^u*, 
ky = moment/ pdSu?. 


The latter two are related to the coefficient Kj, Ky , 
in a very simple way. Namely, Κι, = Ky sin δ and 
km = KM sin & Actually the use of sin ὃ instead 
of Sis hardly justified. The departure of the co- 
efficients Κι, and ky from linearity is usually more 
serious than the difference between sin b and δ. 
The most satisfactory way of obtaining ΚΙ and Ky is 
to select an interval about O° yaw on which ΚΙ, and 
ky appear to be linear, and to fit a straight line to 
the observed data over this range. The values of Ky 
and Ky shown on Figure l were obtained this way. 


The tremendous advantage of the wind tunnel method 
is the directness and rapidity of the measurement. 
The directness of observation is also extremely use- 
ful in another way. Certain phenomena may be observed 
in a qualitative fashion in such a way tnat a good bit 
of information is obtained about the probable perform- 
ance of a model. In particular one can observe sep- 
aration of the air flow. Around the front end of a 
projectile which is not too blunt, the air flow, will 
be steady, that is, the vector velocity of the air 
at points near the projectile will not change with 
time. On the other hand behind the projectile the 
velocity at any place will vary rapidly with time, 
like the flow in the wake of a boat. It is highly de- 
sirable to design a projectile where separation occurs 
as far back as possible. If the flow about the fins 
is unsteady their restoring action is greatly dimin- 
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ished. Also early separation inevitably gives a very 

igh drag. There are two methods commonly used to 
observe whether or not the flow is steady. The sim- 
plest method which can be used in a subsonic tunnel is 
to attach small tufts of yarn to the surface of a 
model. The tufts indicate the direction of flow and 
immediately show whether or not the motion is steady. 
Photographic methods permit a much more careful study 
of the flow pattern. These methods can be used best 
at supersonic and at relatively high subsonic speeds, 
since they depend on the fact that the density of the 
air varies from point to point in the air stream. The 
value of the observations of this sort is shown by 
photographs 2a, 2b. In the photograph 2a the angle 
between the sides of the model and the tail cone is 
too great, and the flow separates. In the second 
photograph the model has been modified and no sepa- 
ration occurs. In itself this fact is of no import- 
ance but it shows a reason for the extremely important 
fact that the first model is unstable, while the second 
is stable. That is, the first model has an overturn- 
ing moment and the second has a restoring moment. 


Interpretation of wind tunnel results requires con- 
siderable care. Although higher accuracy can be ob- 
tained, most wind tunnel work on projectiles contains 
uncertainties of the order of five or ten per cent, 
Some care is also necessary in setting up design re- 
quirements.  À finned projectile is, in a certain 
Sense, stable if Ky is negative; that is, the model has 
a restoring moment. This criterion of stability is 
actually inadequate in itself. Some definite margin 
of stability is needed. In Section 5 we shall dis- 
cuss a more suitable criterion of stability which in- 
volves, naturally.enough, both aerodynamic and phys- 
ical properties of the projectile. 


There is a limitation on the size of the model that 
can be tested in any particular wind tunnel. It is 
clear that if the model is too large the air flow will 
not resemble the flow about the projectile in free 


Sec. li 221 


Google 


Figure LIT 9 he 2a 


Schlieren Photograph of Bomb Model at Mach No. 0.85 
Model MB 11, Air Flow Separates 
Bomb Tunnel, Ballistic Research Laboratories 
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Figure III.l.2b 


Schlieren Photograph of Bomb Model at Mach No. 0.85 
Model MB 12, Air Flow Does Not Separate 
Bomb Tunnel, Ballistic Research Laboratories 


flight. In order to check on whether the model is 
too large it is only necessary to measure the pressure 
at intervals along the wall of the test section. If 
these measurements agree with the pressures obtained 
with the tunnel empty, it is reasonably certain that 
the model is sufficiently small. 


It is particularly unfortunate that any model is 
too large if the tunnel speed is sufficiently near 
the speed of sound. There is always an interval in the 
range of Mach number in which the effect of the tunnel 
walls on the air stream about the model is not negli- 
gible. The range of Mach number in which tests are 
impossible depends on the size and shape of the model, 
but ordinarily tests between Mach numbers .85 and 1.1 
ere difficult and unreliable. It is unfortunate that 
the limiting speed of most of our bombs lies precisely 
in this blind range. For this reason, and for other 
reasons, wind tunnel tests on bombs must always be sup- 
plemented by free flight data. 


5. Wind tunnel tests; dynamic tests. 


In the preceding section we have discussed measure- 
ment of drag, lift and moment. If the projectile un- 
der consideration does not spin, the Magnus forces and 
couples vanish and there are only one force and one 
torque in addition. These are the damping moment, 
or the torque due to cross spin, and the force due to 
cross spin. All measurements of the damping torque, 
with the exception of a single series of tests in the 
Twenty Foot Wind Tunnel at Wright Field, have been 
made at the National Bureau of Standards. The only 
wind tunnel measurements of the force due to cross 
spin were made in the Wright Field series. 


There are two methods which have been used to 
measure the damping moment. The first, the so-called 
log decrement method, was first used by H. L. Dryden 
and R. H. Heald. The second, the forced oscillation 
method, is due to G. B. Schubauer, also of the Pureau 
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of Standards. We will discuss the log decrement meth- 
od first. 


The model is mounted upon a spindle which runs 
through the position corresponding to the position of 
the center of mass on the full scale bomb. The other 
end of the spindle is set in a bearing. The model is 
then turned from its equilibrium position and released, 
so that it oscillates and gradually comes to rest. A 
record is made of the angular position as a function 
of time. The differential equation governing the 
motion of the model is not difficult to derive." Let 
I be the moment of inertia of the model and spindle 
about the spindle axis. Then yg is the rate of 
Wage of angular momentum. The a Ae torque is 
- d'uKg , dnd the righting moment ἀξ, (Recall 
that Ky is negative for fin-stabilized projectiles.) 
The equation of motion is then 


(1) 1ὅ « - pdlukyd + ρ42ι2κμὸ, 
For convenience let us define 

(2) h = + pa uk, ms pdu K» 
so that (1) becomes 

(3) 15 nb + n6 - 0. 


The quantities h and m are positive. The equation (3) 
is linear homogeneous with constant coefficients and 
its solution is of the form 


δ = aj exp λ]ῦ + ao exp Aot, 
where a) and a> are constants and Àq and Ao are the 


*In this equation account should be taken of fric- 
tion. The friction can be assumed to be of the form 
(constant )(angular velocity) + (constant), and two 
constants can be determined experimentally. The analy- 
sis of the experiment in this case is more tedious 
but not essentially more difficult than the idealized 
analysis which we give. | 
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solutions of ; 
(4) τλξ hA+m =O. 


This can easily be checked by substitution. If both 
Ay and Ἂν are negative the bomb comes to rest without 
oscillation. The oscillation of a bomb in a water 
tunnel would generally be of this e. For most pro- 
jectile models in a wind tunnel, Ὡς - lmI is negative. 
The roots Àj, Xo are then complex numbers, and the 
solution is oscillatory. We may write 


exp λιν = exp ( -h+ vh? - ln1)t/2I 
= (exp - ht/2I) (cos y mI - n@t/2I 
+ i sin kml - h?t/?I). 


For most projectiles LMI is very much larger than 
h. so that without loss in accuracy we may replace 

lmI - h*^/2I by /m/I. Since (t) is a real linear 
combination of expÀj t and exp Agt it must have the 
form 


(5) ὃ = c (exp - ht/21) cos (v m/I t + >) 


where c and 6 are constant. Let us choose the or- 
igin of time at a point of maximum yaw. Then for 
t= 0, ὁ = O, ὃ = 5, and (5) must have the form 


(6) δ = ô (exp - ht/2I) cos (ν/π/1 t + $)/cos 4, 
where tan $= - h/24/mI. 
Let P be the time from maximum to maximum. Clearly, 


(7) Period = P = 2n/I/m. 


If the period is measured from the record of yaw 
against time, then solving (7) for m and solving (2) 
for Ky gives 


(8) Ky = - lg ?1/pa?u? P2. 
In order to evaluate Ky from the yaw record let us 
compute ὃ at successive. maxima and minima. 
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Sist max " 9o» 


lst min " $0 exp (- hP/LI), 
δρῃὰ max " ĉo exp (- hP/2I), 
Song min 7 99 exp (- 3hP/hI). 
Let 
Δι ™ bist max 7 P1st min, 
A2 * 52nd max - 5?nd min. 


These are better quantities to measure than ὃ itself, 
since the zero of the yaw record is usually uncertain. 
Substituting from (9) gives directly 


(10) Αῃ/Α2 = exp ὨΡ/21. 


Solving this equation for h, and then for Ky gives 
the required formula, 


. 2I logeAj/Ao 


ἣν alu 


The accuracy which can be obtained in determining Kg 
by this method is not too high. The difficulty lies 
mainly in the fact that the yaw damps out very rapidly, 
and the error in Kyis directly proportional to the 
percentage error in the measurement of angle. The 
combination of a limited number of observations, and 
limited accuracy on each, leads to fairly substantial 
uncertainties. 


(11) Kg 


A somewhat more satisfactory method was devised by 
G.B. Schubauer. The principal purpose of his mechan- 
ism was to set up a forced oscillation which would 
permit measurement of a steady instead of a transient 
phenomenon. As before, the model is mounted on a 
spindle, free to rotate. The bottom of the spindle 
is then attached, through a torsional spring, to an 
oscillating disc, as shown in Figure l. In addition 
to the torques shown in equation (1) there is then an 
additional torque, which will be proportional to the 
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ADJUSTABLE SPEED 
DRIVING WHEEL 


ANGLE INDICATORS 


Figure III.5.1 


Schematic Diagram of Bomb-oscillating Apparatus 
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difference in angular position between the model and 
the driving disc. If the frequency of the driving 
Oscillation is v and its amplitude is αρ, the angular 
position is given by agosvt. The torque exerted on 
the model is then, according to Hooke's law, propor- 
tional to ὃ = agcosvt. The constant of proportional- 
ity will be denoted k, and is called the Spring con- 
stant. The equation governing the motion is then ob- 
tained by adding this term to equation (1). 


(12) 16 = - πὸ - md + Κ(δ - agcos yt). 


We assert that this equation has a solution of the 
form 


(13) 6 * cos (vt + $). 
Here ὃ, is the amplitude of the model's oscillation, 
and $ qs called the phase difference. Substitution 
of (13) in (12) leads to 
- Ιδον' cos (vt +) 
(1L) = ἨΠδοΝ sin (vt +$) 
+ (k - n)ó6gocos (vt +$) - kugcos vt. 


In order to have this equation satisfied identically 
we réplace cos Vt by | | 


cos[ (vt + $) - >] 

=cos (vt + $) cos $+ sin (yt + $) sin ϕ 
and equate, the coefficients of cos (vt +4) and 
sin (vt 44), 
- Iô v? = &(k - m) - ka, cos $, 

O = Ἀνδο - Καρ sin ¢. 
These equations may readily be solved for bg and b 
which shows that there does exist a solution of the 
form (13). In other words, for any frequency V and 
any amplitude αρ of the drive system there is a 


possible solution ô= & cos (vt « 6). For a fixed 
vand a, there are, of course, as many solutions as 


(15) 
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there are sets of initial conditions. However, the dif- 
ference between any two solutions of (12) is a solu- 
tion of (1), and this difference is therefore damped 
out rapidly. 


The experimental method based on this analysis is 
the following. The frequency v of the driving system 
is varied, until a phase difference 6$ of 90° is ob- 
served.” When this phase difference is obtained the 
amplitude &,of bombs oscillation and the frequency 
v are measured. The second of equations (15), set- 
ting 6 = 909, gives 


(16) h = Καρ/ν ôo) 
and hence 
(17) KH = kao/ v Čopudë. 


Since the spring constant k and the amplitude ag of 
the drive are known, the evaluation of Ky is accom- 
plished. 


This analysis is based on a linear theory. How- 
ever, by varying the anplitude of the drive, the am- 
plitude of the model's oscillation can be governed and 
an idea of the mean value of Ky as a function of yaw 
results. As might be expected, there is considerable 
variation with shape of model. 


The determination of force due to angular velocity 
requires no new type of experiment. Suppose that Ky 


*In Schubauer's experiment indicators were linked 
to the model and the drive, with a 909 phase differ- 
ence built into the linkage. "The desired value of the 
frequency then caused the indicators to oscillate to- 
gether. In the Wright Field experiment an apparatus 
designed by Dr. A.C. Charters flashed a light at the ex- 
tremes of the oscillation of the drive. This "stopped" 
the indicator of the model, revealing directly the 
phase difference. 
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is determined for a model and that the spindle is then 
shifted r calibers forward and the experiment repeated. 
If the resulting value of damping coefficient is Κα ; 
according to (II.5.7) 


(18) Kg* = Ky - r(Kg + Ky) + r?Ky. 
Hence, 
(19) Κο = (Ky = Ky = rKy + r?Ky)/r. 


This method of determination of Ks was used in the 
Wright Field experiments. Due to uncertainties in 
Ky, the determination of Ks was probably subject to 
uncertainties of the order of lO per cent. 


The value of measurements of damping has been 
demonstrated by empirical stability tests. It should 
be noted that the present methods, though giving re- 
sults somewhat less accurate than is desirable, are 
Capable of considerable improvement through further 
development of the instrumentation. 
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Chapter IV 
THE NORMAL EQUATIONS 


1. The normal equations of the trajectory. 


In Section 7 of the second chapter we have derived 
equations whose solution would describe the motion of 
a projectile with accuracy entirely adequate for the 
purposes of ballistics. However, these equations are 
far too complex to be manageable in the form given. 
They involve the density of the air at various places 
and this is a function of position which changes from 
day to day. They involve the winds, which also vary 
with time. They involve a large number of aerodynamic 
functions, varying from one model of projectile to 
another; and they also involve the initial conditions 
of motion. For any given values of the functions en- 
tering the equations it would be possible, though dif- 
ficult, to solve the equations with any desired degree 
of accuracy, by the methods to be explained in Chapter 
VI. But this is evidently impossible in the field. 
The trajectories would have to be computed and taby- 
lated in advance. This, on the other hand, would re- 
quire anticipating every possible arrangement of winds, 
densities, etc., a manifestly impossible undertaking. 


One feasible way of extricating ourselves from this 
difficulty is to split the problem into two parts. In 
the first stage, the problem is intentionally over- 
simplified. All the small terms in the equations of 
motion are omitted. The density is assumed to be 
always the same function of y, the vertical coordinate, 
alone, and likewise the temperature. The wind is 
always the same constant value. For each one of a 
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selected few drag coefficient functions Kp, it is now 
possible to compute a collection of trajectories cor- 
responding to the remainin ng parameters in the equa- 
tions of motion, namely (d*/m) and the initial speed 
and angle. From these the pertinent data, that is the 
range, time of flight, angle of fall and striking ve- 
locity can be found and tabulated against the par- 
ameters. In particular, for a given shell or bomb the 
initial conditions needed to produce a hit on a target 
in à known position can be found; in other words, a 
firing or bombing table can be prepared for the pro- 
jectile, for use in the field. This however still 
leaves the second part of the problem, which is to de- 
vise usable methods for calculating the effects of 
the small forces which were ignored and for differ- 
ences between the actual conditions of temperature, 
density, etc., prevailing at the time of firing and 
the conditions which were assumed to hold when the 
trajectories were computed. This latter part of the 
problem will form the subject matter of Chapters VII 
to IX. This chapter and the next two will be devoted to 
a study of the first part. 


Consider first the question of selecting a stand- 
ard density function. There are two aims that we must 
keep in mind. First, the function must be such that 
on any given day the actual density is unlikely to 
differ much from our chosen standard. The reason for 
this is that the method which will be used in calculat- 
ing corrections for departures from standard has its 
greatest percentage accuracy when the departures are 
small, and can show greater errors when the departures 
become large. The second aim is an obvious one; the 
function should be chosen so as to be convenient to 
use in computation. Exactly similar considerations 
apply to the selection of a standard temperature. It 
does not matter to the ballistician that his' chosen 
standards may not be compatible with the physics of a 
stable atmosphere of the composition of the earth's 
atmosphere. If he wishes, he may think of his stand- 
ard atmosphere as a temporary structure, lasting only 
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long enough for the projectile to traverse it and then 
going over into turbulent motion. But this is really 
not essential. The purpose of the selection of the 
standard structure is to give a mathematical point of 
departure, from which the desired ballistic data can 
be found by applying corrections appropriate to the 
structure actually existing at some particular moment. 


Since most artillery trajectories start from points 
not vastly higher than sea-level, it is reasonable to 
assume ds a standard condition that the trajectory 
starts from the point (0, 0, 0) and that this point 
is at sea-level. The standard air density at sea- 
level will be denoted by p*. In U.S. ballistics this 
is taken to be .075126 pounds per cubic foot. It is 
&lso assuned that the density is a function of y alone, 
and its ratio to p* is denoted by H(y), so that 


(1) oly) = p*H(y). 


(Cases in which the start of the trajectory is not 
near sea-level will be discussed in the next section.) 
Two different standards for H(y) are frequently used. 
In the case of trajectories whose highest and lowest 
points have altitudes differing only by a few hundred 
feet, the assumption is usually made that H(y) is con- 
stantly equal to 1, so that p(y) is constantly equal 

pP. For trajectories extending through a consider- 
able depth of atmosphere the standard assumption is 


(2) H(y) = ev, 


where the quantity h has dimensions (L}-2. The stand- 
ard value of h in the United States is .0000L5 logioe 
if y is in meters; that is 


(3) h = .0001036 m^! = .00003158 ftl. 


Since the exponential law loses its accuracy in the 
stratosphere, other standard density ratios have been 
discussed which depart from the exponential at large 
values of y. However,up to the present little if any 
ballistic computation in the United States has been 
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based on laws other than the constant or the exponen- 
tial H(y). 


Before we discuss the choice of a standard temper- 
ature law, it might be advisable to allay the possible 
puzzlement of a reader who has not noticed any temper- 
ature mentioned in the equations of motion. The drag 
coefficient Kp is a function of Mach number, which 
is the ratio of the speed of the projectile with re- 
spect to the air to the velocity of sound in the un- 
disturbed air near the projectile. It is accurate 
enough for our purposes to suppose that the velocity 
of sound in air is proportional to the square root 
of the absolute temperature of the air. As a matter 
of fact, we could appropriately say that we are choos- 
ing not a standard law for the variation of tempera- 
ture with height, but a law for the velocity of sound 
as a function of height. We shall continue to give 
lip service to the traditional statement that we are 
choosing a temperature standard; but in case the dis- 
tinction should ever become necessary, we should keep 
in mind that it is really a standara selected velocity 
of sound that we actually make use of. 


For trajectories whose highest and lowest points 
have little difference in altitude it is reasonable 
to suppose that tne temperature is constant, and this 
is usually done. It was also done at the Ballistic 
Research Laboratory at Aberdeen Proving Ground when 
the trajectories were prepared which form the basis 
for the bomb ballistic reduction tables, used in pre- 
paring the bombing tables for the war which ended in 
1945. There was a valid computational reason for this 
choice, to be explained in the next section. However, 
for trajectories extending through a great depth of 
atmosphere it is customary to assume a temperature 
law more nearly representing recorded temperatures. 
The law now taken as standard at Aberdeen is that the 
absolute temperature in degrees Kelvin (that is, ab- 
solute Centigrade) is a function of y alone, and is 


(L) @ = 288e a, 
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where 


(5) a, = 2h/21, 


h having been defined in (3). This is a striking ex- 
ample of selection in accordance with the two aims 
discussed in the third paragraph of this section. The 
law selected is serviceable in that on any given day 
the temperature at height y is not likely to depart 
very greatly from this standard; this is especially 
true at great altitudes. And as for the second aim, 
the fraction 2/21 in (5) was chosen because this is 
an easy gear ratio to obtain with the gears available 
for use with the differential analyzer at the Ballis— 
tic Research Laboratory. 


Equation (5) leads to the law for the speed of 
sound at height y 


(6) ugly) = ug(0)e ^17, 


where ug is the speed of sound at height y and the 
speed of sound at height O is taken to be that corres- 
ponding to a temperature of 159 Centigrade ( = 2889 
Kelvin = 599 Fahrenheit). This is approximately 1120 
feet per second. 


In the United States the ballistic standard gravi- 
tational acceleration is taken to be 


(7) g = 9.8 m/sec? 
exactly. 


Our final simplifying assumption is ‘that Kp, which 
is a function of Mach number, Reynolds number and 
shape parameters (see Sections I.15 and II.2), is in- 
dependent of Reynolds number and for a given shape of 
projectile depends on Mach number alone. This is cer- 
tainly untrue if widely different Reynolds numbers are 
compared. Experiments have shown a ten per cent dis- 
crepancy between the values of Κη at the same Mach 
number for two similar projectiles whose diameters 
were approximately six inches and one-half inch re- 
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spectively. But little precise information is now 
available, and we are not now in a position to im- 
prove on the assumption that Kp depends on Mach num 
ber and shape alone. After all these simplifications, 
our equations of motion (II.8.2) take the form 


X= - (d*/a)p(y) Κρίν/α͵(σ)) τᾶ, 
(8) = - (ἀξ/ε)ρίγ) Ep(v/aG)) v$ - g, 

B= - (d2/m)p(y) Kp(v/ug(y)) và; 
where 


(9) v*419 εὐ 4$. 


It is interesting to note to what extent we have com- 
mitted ourselves by choosing this form for the equa- 
tions. We have discarded all the small terms, such 
as the forces perpendicular to the trajectory and the 
change in gravity and the Coriolis forces, and have 
retained only drag and gravity. We have disregarded 
any possible dependence of drag on Reynolds number; 
and we have assumed that the air is stationary with 
respect to the axes. We have not needed to assume 
that the axes were stationary with respect to the 
earth. They could be in uniform translation with re- 
spect to the earth, provided that the air moves with 
them. We have not yet, in (8),committed ourselves to 
any particular standard density or temperature laws, 
such as (2) or (L). So if the projectile is moving 
through an air mass which is.itself moving uniformly 
with respect to the earth, and we know the density 
and temperature distribution in the air mass, we could 
solve (8) to obtain an approximate trajectory. It 
would still be in error to the extent of the effects 
of the small forces and the effect of the dependence 
of Kpon Reynolds number. 


In the nineteenth century it was not understood 
that temperature had any effect, and it was conse- 
quently believed that Kp depended on v alone. -Thus 
for motion through air at standard density the first 
of equations (8) would have been mistakenly written 
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in the form ae NC 
* -(dé/n)[o'kp( v, 


d the others in a corresponding way. The factor 
d*/m was called the ballistic coefficient on the 
European.continent; in the English-speaking countries 
that name was given to m/d?. The expression in square 
brackets was called G(v), and several tables prepared. 
We shall now show how we can make practical use of 
these tables without involving ourselves in the fal- 
lacy that Kp is a function of v. This' is a necessary 
task because it is traditional in ballistics to trans- 
form equations (8) into a form involving G. There are 
two methods by which we can correctly bring (8) into 
traditional form; these methods are formally differ- 
ent, but produce the same sets of numerical values 
when the unite used in the computations are those cus- 
tomarily used in ballistics in the United States. 
Both methods are frequently referred to, so it is de- 
sirable to explain both of them. 


In the first approach, we recall that G(v) is what 
the expression pý v would be if density and tempera- 
ture were standard. Sometimes the product pKp is 
also used, under the name B(v). Accordingly, we de- 
fine the ballistic coefficient C by the equation 


(10) C= m/d*, 


and we define B, G to be what pKp and pKp would be 
at velocity v provided temperature and density were 
both standard: 


(11) B(v) - p Kp(v/ug(0)), 
(12) : G(v) = o"Ky(v/u,(0))v. 


These are named the retardation coefficient and the 
drag function respectively. For compactness of no- 
tation we also define the relative sound velocity 
function to be 


(13) |. a= 4 6/6,(0), 
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where © is absolute temperature and @,(0) is stand- 
ard absolute temperature at sea-level (ordinarily 
taken to be 206 K). It is obvious that tne velocity 
of sound is 


(14) ug = au,(0). 


Hence when we have selected a standard temperature 
law, standard temperature at altitude y being Θ.(γ), 
(13) furnishes us with a standara relative sound ve- 
locity law, related to ug(y) by equations (1h). By 
(11) and (14), 
3t . 
(16) p Kp(v/ug(y)) "p K ([ v/u,(0)]/a) 
= B(v/a), 


whence by (12), 
e" Kp(v/us(y))v = [ τ/α]βίσ/άλα 
= aG(v/a). 
With the help of these equations, (10) and (11), equa- 
tions (8) take the form 
x = - (H/C) B(v/a) τᾶ 
= - (H/C) G(v/a) ax, 


y = - (H/C) B(v/a) vy - g 


= - (H/C) G(v/a) ay - g, 
% = — (H/C) B(v/a) vz 


= =- (H/C) G(v/a) az. 


The second form, involving 6, has been much more fre- 
quently used than the first, involving B. As a rule, 
it is somewhat more adapted to numerical work. How- 
ever, many trajectories have been computed on the dif- 
ferential analyzer with the first form of the equa- 
tions. It is evident that the choice between the two 
forms is purely a matter of convenience. When or 
puting machines (or logarithmic tables) are used, i 

is more convenient to tabulate B or G against v H 


(16) 


(17) 
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rather than against v. The reason is that in the 
process of numerical integration the velocity com- 
- x and y are found, and it is easier to com- 
pute ν΄, which is the sum of their squares, than to 
e Y, which would require finding the square root 


With the ος FT sven, it is clear that 
C has dimensions [M ia aD ang a are dimensionless, 
while B has dimensions [M]/[L]" and G has dimensions 
[M Y[L F(t}. Equations (17) are valid in any consis- 
tent set of units. Unfortunately, they are not so 
used, and some care is needed to avoid being lost in 
a maze of assorted units. Except in some of the most 
recent tables prepared at the Aberdeen Proving Ground, 
the units used in (10) are the pound and the inch; 
standard air density at sea-level is .075126 pounds 
per cubic foot; and v is expressed in meters per sec- 
ond, so that either x, y and z mst be expressed in 
meters or else a conversion factor must be applied 
in computing v? in order to find the value of G (or of 
B, in case the first form of (17) is used). 


The situation with regard to the units is more 
easily seen through if we adopt the second of the two 
sets of definitions mentioned above. In this approach, 
& standard projectile is defined. This standard pro- 
jectile is geometrically similar to the one whose tra- 
jectory is being discussed, but it is supposed to 
have a standard mass and a standard diameter. The 
standard projectile for U.S. ballistics is defined to 
have a diameter of one inch and a mass of one pound. 
For each shape of projectile there will of course be 


a standard projectile, but all the different standard 


projectiles have the same diameter and mass. We de- 
note the standard diameter by d* and the standard mass 
by m*, and we define 


m/d* 
(18) C= ——, 
m*/a*? 
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(19) B(v) = (a*^/n*) p*K (v/u (0)), 
(20) G(v) = vB(v). 


With these definitions we again obtain equations (17) 
for the motion of the projectile. Now however, C is 
dimensionless, B has dimensions [L]~! and G has dimen- 
sions [T] 3. If we express all lengths in feet, all 
masses in pounds and all times in seconds, the first 
factor in the right member of (19) is 1/lll, and the 
second is .075126 when the standard U.S. values are 
chosen, so that (19) becomes 


(21) B(v) = Kg(v/1120)/1916.7, 
while (20) becomes 
(22) G(v) = vip(v/1120)/1916.7. 


The constants 1120 and 1916.7 in these equations are 
values in the units chosen of the quantities Fai and 
(n*/a*2)/p*, which have dimensions LL]/[T] ana LL] re- 
spectively. Thus if the meter is to be used as the 
unit of length, equation (22) must be replaced by 


(23) G(v) = vKp(v/341.4)/583.95, 

and (21) must be similarly amended. Equations (22) 
and (23), though they appear different, must yield 
the same value for G corresponding to any velocity of 
the projectile, provided that the velocity is expressed 
in feet per second in (22) and.in meters per second 
in (23). This is evicent from the fact that G has 
dimensions [T rh Thus if a table of values of G has 
been prepared with argument in meters per second, all 
that is needed in order to obtain a table of G with 
argurent in feet per second is to convert the arzu- 
ment; the values of G will not need change. 


Equations (17) can be still more compactly written 
by introducing the symbol 


(24) E = aH(y)G(v/a)/c * R(y)v8(v/a)/C. 
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Then they become 


= - Ex, 
(25) =- EY -g, 
= ~ EZ, 


N 


The only excuse for introducing so trivial a variant 
of (17) is that the notation (2) is traditional and 
is convenient in the computation of trajectories. 


Although the use of the ballistic coefficient C has 
been traditional for many years in the United States, 
it is not a particularly convenient parameter. In many 
instances it has proved convenient to use, instead of 
C, its reciprocal 


(26) "EV 


For example, at a fixed altitude and initial velocity 
the range of a bomb is fairly nearly a linear function 
of v, except for the very lightest models of bombs. 
This makes interpolation in tables easy. In terms of 
the reciprocal ballistic coefficient, equation (2h) be- 
comes 


(27) E = YH(y)aG(v/a) = Y H(y)vB(v/a), 
equations (25) remaining valid. 


If the functions H(y), aly) and G(v) (or B(v)) have 
continuous derivatives, as we shall always assume, 
equations (25) have exactly one solution for each set 
of initial values x(0), y(0), 2(0), x(0), ¥(0), 2(0). 
In particular, if σ(0) = 2(0) = .0, and we solve the 
first two of equations (25) with 2 = O to obtain x and 
y and then set z identically equal to zero, we obtain 
a solution. This is then the only solution with the 
given initial values. Henceforth, in discussing the 
normal equations, we shall always suppose that the 
coordinate system has been so chosen that the initial 
velocity is in the (x, y)-plane. Then z and % vanish 
at time t = 0, and therefore remain identically equal 
to zero. Thus if we wish we may retain only the first 
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two of the normal equations, keeping in mind that the 
trajectory will be entirely in the plane s= O. This 
justifies a statement made in Section 8 of Chapter II. 
However, when we come to compute the effects of the 
smäll forces which we have ignored, the effects of 
cross winds, etc., the third equation must rejoin the 
other two. 


2. Applications of the normal equations to bomb and 
aircraft artillery trajectorie é 


Although it is not mathematically necessary, it is 
evidently convenieut to consider the trajectory as 
always starting from the origin and to take the time 
as O at the time of starting, so that the initial con- 
ditions 


(1) x(0) = y(0) = 2(0) = O 


will be taken as standard. This is appropriate in 
oast and field artillery problems, in which the start 
of the trajectory is usually from some point not 
greatly above sea-level. However, in problems concern- 
ing firing and bombing from aircraft we meet a diffi- 
culty. The air density at the origin, in the normal 
equations, is taken to be standard air density at sea- 
lével. But bomb trajectories may start from as much as 
six miles above sea-level, where the air density is 
roughly a third as great as at sea-level. This clearly 
is not the sort of difference that can be corrected for 
by means of a small correction term. It is at this 
point that the exponential density law proves extremely 
convenient. 


Suppose that the origin of coordinates is at an 
altitude Y above sea-level. The point (x, y, 2) will 
have altitude Y 4 y above sea-level, and if the stand- 
ard density law has been well chosen the air density 
at this point will not differ greatly from p H(I + y), 
where as before p” denotes standard air density at sea- 
level. So a trajectory computed with air density 
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p(y) =p Ἧ(Υ + y) will be nearly enough accurate to 
allow making a small correction for the departure of 
conditions at time of firing from the assumed condi- 
tions. In the same way, the ratio of the velocity of 
sound at the point (x, y, z) to the standard velocity 
of sound at sea-level is approximately a(Y + y). 
Thus the equations which we wish to solve are obtained 
from (1.25) by replacing H(y) by H(Y 4 y) and a(y) by 


a(Y + y), and so have the form 
x= -vH(Y + y) G(v/a(Y + y)) a(Y 4 y) ἃ, 
(2) Y= - Ἡ( + y) G(v/a(Y  y)) a(Ye y) Y - g, 
z- - THY + y) G(v/a(Y + y)) a(Y +y) 1. 
If we select the standard density law (1.2) we find 
(3) H(Y - y) =e "Ye7Y = ο η(γ). 
Substituting this in (2) yields 
y = -[ve7PY] u(y) G(v/a(Y 4 y)) a(Y 4 y) X, 
(L) y» -Ure?T]u(y) G(v/a(Y e y)) a(Y ey) 7 - ε, 
Z= [ye] H(y) G(v/a(Y + y)) a(Y +Y) 5. 


These are not identical with (1.25). But if we are 
willing to use the standard temperature law a= 1, 
thus assuming the same temperature at all altitudes, 
equations (L) differ from (1.25) only in that the con- 
stant Yin (1.25) is replaced by the constant (γ6 ΤΥ ] 
in (h). In bombing ballistics it is customary to de- 
fine the summital ballistic coefficient Cg by the 
equation 

(5) Ca = Ce, 

so that its reciprocal, the reciprocal summital ballis- 
tic coefficient or summital Y for short, is 


(6) Y,= ve", 


Thus equations (h) differ from (1.25) only in that 
is replaced by yg. 
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This remark has great importance in connection with 
bomb ballistics. Let us suppose that we are undertak- 
ing the task of preparing a taole showing the range 
and time of flight of a bomb launched horizontally, as 
& function of its initial velocity, its reciprocal 
ballistic coefficient and the altitude of release. We 
would anticipate having to preparé a collection of tra- 
jectories for several values of each of these varia- 
bles, spaced closely enough to permit trustworthy in- 
terpolation. But if we are willing to assume stand- 
ard sea-level temperature throughout the trajectory, 
so that a is constantly equal to 1, we need only pre- 
pare a collection of trajectories for a set of values 
of Y and initial velocity, which constitutes a great 
reduction in the number of trajectories to be computed. 
Now, given any values of Y, altitude Y of release and 
velocity νο at release, we first compute yg by (6). 
Then with this Ygand vg we find the time at which the 
botb has fallen a distance Y and we find the x-coord- 
inate (which is the range) of the oomb at this time. 
The work involved in computing the trajectories is 
still considerable; but without this simplification it 
would hardly be within the bounds of possibility for 
human computers equipped with ordinary computing ma- 
chines. 


In computing bomb trajectories one further small 
modification of equations (h) is customary. Since the 
trajectory is entirely below the point of release, the 
y-coordinate in the system we have been using would 
always be negative. To avoid an incessanv repetition 
of minus signs, we change the coordinate system by 
choosing aownwards as the positive y-direction, x and 
2 being unaltered. If we also aaopt the standerd 


| a = l, 
equations (h) transform into 


(7) Y= -YY Gv) $ +g, 
z= - y,eY G(v) s. 
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As previously remarked, the third of these is super- 
fluous if we assume 2(0)# 2(0)= O. The first two 
are the equations whose solution forms the basis for 
bomb ballistic tables. 


3. Ballistic tables anc firing tables. 


Since considerable confusion has been observed in 
discussions of ballistic tables and firing tables, it 
is worth while to devote a few lines to distinguishing 
the two. A ballistic table consists essentially of a 
summary of the pertinent information gained from a 
collection of solutions of the normal equations. A 
collection of "normal trajectories," that is solutions 
of the normal equations (1.25) or (2.4), is computed. 
From these the range and time of flight corresponding 
to various initial conditions and various values of 
Y are obtained by interpolation and are tabulated 
against the initial conditions and reciprocal ballis- 
tic coefficient as arguments. This table is the heart 
of the ballistic table. In addition it may contain 
tables of striking velocity and angle of fall against 
initial conditions and Y, and if quite complete should 
&lso contain the means of computing the effects of de- 
partures from the standard conditions assumed in the 
normal equations. Thus a ballistic table is computed 
for a set of conditions, the "ballistic table condi- 
tions," which assume a flat non-rotating earth with one 
fixed value of g, no forces acting on the projectile 
other than drag and gravity, no wind, and a standard 
distribution of density and temperature. 


A firing table expresses primarily the relation 
between angle of departure and the range of a particu- 
lar projectile, launched in a specified way. For ar- 
tillery the table will relate to a particular combin- 
ation of projectile and gun, with a specified powder 
charge. For bombing the table will relate to a par- 
ticular bomb, giving range and time of flight in terms 
of speed of launching and altitude of release. For 
aircraft rockets the table will refer to a particular 
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rocket launched from a particular airplane with a par- 
ticular propellant charge. In addition to the primary 
table of range and time against angle of departure, 
etc., it will also contain tables of corrections to 
be applied for that particular weapon when the wind is 
known and not zero, when the temperature is not stand- 
ard, when the projectile is above or below standard 
weight, etc. The firing or bombing table is made for 
the use of the man using the weapon, and its basic 
purpose is to produce a hit on a target with the par- 
ticular weapon. The ballistic table is made for the 
use of the man who prepares the firing table, and its 
basic purpose is to permit him to prepare an adequately 
accurate firing table fast enough to meet the needs of 
the using service. 


4. Errors in firing tables produced by erroneous 
choice of crag function. 


People who have some knowledge of the order of 
accuracy of the determination of drag functions, but 
who are inexperienced in the use of ballistic tables, 
have frequently expressed astonishment or amusement 
about the number of significant places carried in such 
tables. It seems obvious, at first sight, that if the 
drag function is not known to better than one per 
cent, there is no sense whatever in using it to com- 
pute a table in which the entries are given to five sig- 
nificant figures; the ranges could not be determined 
more accurately than the drag function justifies. 
This would in fact be correct if the ballistic table 
were used in a highly stupid manner. This naive meth- 
od would be to measure the diameter d and the mass m 
of the projectile and then to compute Y = d?/m. Now 
corresponding to any initial velocity 


(i) νο = 3(0)2 + ¥(0)? 
and to any angle of departure 
(2) Ə, = arc tan ¥(0)/x(0) 


we look in the ballistic tables to find the range and 
the time of flight. These can almost be guaranteed to 
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be too much in error to be of any use. 


In actual practice, the ballistic tables are not 
used in this way. Suppose that a projectile is being 
tested whose drag function G(v) is not the same as the 
drag function G*(v) on which the ballistic tables were 
based, but happens to be a constant multiple of it, 
say 


(3) G(v) = (1/41)a*(v) 


In this case the number i is called the form factor 
of the projectile with respect to the drag function 
G*, In order to avoid complicating the ideas involved, 
let us imagine that the projectile is fired on a day 
on which all the conditions are the same as ballistic 
table conditions or differ so little from them as to 
produce no significant effect. The initial velocity 
Vo and the angle of departure 8g are measured, and also 
the range X. The trajectory of the projectile will 
not differ significantly from the solution of the 
normal equations 


(L) € =. [a?/m] H(y) G(v/a) ax, 
etc. But by (3) these are identical with 
(5) 9 = -[id?/m]H(y) G*(v/a) ax, 


etc. That is the trajectory coincides with the normal 
trajectory based on G* with 


(6) Y = id^; 


for the three equations of which (5) is the first are 
exactly the same as (1.25) with the definition (6) 
fory. Now, if we are quite certain that (3) is cor- 
rect, we are finished. For the range and the time of 
flight of the projectile corresponding to any initial 
conditions would be those in the ballistic table cor- 
responding to the same initial conditions and to re- 
ciprocal ballistic coefficient defined by (6). The 
firing determined the range and time of flight corres- 
ponding to one set of initial conditions, and by using 
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the tables we can find the y which with the initial 
conditions produces the observed range. This deter- 
mines i by (6). With the same y we can'enter the 
ballistic table to find the range and time of flight 
corresponding to any other initial conditions. This 
shows that it is possible for a table based on a drag 
function everywhere in error by a factor l/i to yield 
exactly correct results, if properly applied. 


If the shape of the projectile being fired differs 
at all from that of the projectile whose drag function 
1s G*, it would be most unlikely that equation (3) 
would hold exactly. It would be far more probable that 
the ratio Ge) δὲ would be a smooth and slowly 
varying function of the velocity v. Suppose again 
that the projectile is fired on a day on which all 
conditions are normal, and that the initial velocity 
Vo and the angle of departure 99 are measured. Along 
the trajectory the velocity will vary between certain 
limits, and between those limits the ratio G(v)/G*(v) 
will vary between a maximum value which we denote by 
1/41 and a minimum value which we denote by 1/1ο. 
Then along the whole trajectory we have 


(7) (1/1,)0* τα S (1/1,)0*. 


If we are willing to accept the plausible statement 
that when two projectiles have the same mass and di- 
ameter but one has at all velocities a greater drag 
function than the other, then when they are fired with 
the same initial conditions the one with the smaller 
drag function will have the greater range, it is 
easy to see that equation (7) implies that the range 
of the projectile will lie between the ranges corres- 
ponding to the reciprocal ballistic coefficients 
11d2/m and ipd Ym. It will therefore correspond to 
a reciprocal ballistic coefficient 


(8) Y= 1,d^/m, 


where ix is between 1j and io. (The subscript.x con- 
notes that the form factor was deduced from the range.) 


Sec, lj 219 
Go gle 


The form factor ix is a sort of mean value of the ra- 
tio ox/G. It is a rather complicated sort of weighted 
mean; the value oí the ratio at the beginning of the 
trajectory is evidently more important than its value 
near the end, since the deceleration of the projectile 
near the beginning of the trajectory affects all its 
subsequent flight while the deceleration near the end 
has not time to produce much of an effect on the po- 
sition of the projectile. At this moment we do not 
care very much just how this mean can be found. But 
it is reasonable to suppose that it is an integral 
mean, weighted by some sort of function depending on 
the velocity and the air density. The point of great- 
est importance at this instant is that such a mean 
may be expected to vary in a smooth slow way if any 
of the initial conditions, such as angle of departure, 
are varied. Thus if range firings are conducted at 
several angles of departure, with ranges consisting 
of the greatest range, a short range, and two or three 
points between them, each of the firings will yield 
a value of ix, or ofY x. These values will not all 
be equal, but we may expect them to vary slightly and 
smoothly between the points at which they are deter- 
mined. Even if we are unable to determine any formal 
law governing the change of ix with range, when we 
have found the values of ig corresponding to four or 
five different values of the range and discovered that 
the values are nearly equal and lie on a smooth curve, 
we are entitled to feel some degree of confidence that 
for values of the range between those used in the ex- 
perimental firings the value of i, can be accurately 
estimated by interpolating between the values exper- 
imentally determined. Even though the ratio G*/G 
varies from l by quite a considerable amount, this 
process can yield a firing table of adequate accuracy. 


The time of flight can be treated in the same way 
as the range. At each range at which an experimental 
firing is conducted, there will be found a value of 
Y such that the time of flight found in the ballistic 
tables corresponding to the given initial conditions 
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and this Y is the same as the experimentally deter- 
mined time of flight. The reciprocal ballistic co- 
efficient thus determined will be denoted by Y 4. As 
long as the ratio of G to G* is variable, there is no 
reason to eXpect that Y+ will be the same as Υχ. 


If we regard the technique described above from an 
abstract point of view, it will appear that the ballis- 
tic tables constitute a means of effecting a change of 
variables from initial conditions and range (v4, Oos X) 
to initial conditions and reciprocal ballistic coeffi- 
cient (vo, 85, Y). Unless the drag function is very 
ill-chosen, this transformation will have the property 
that for a given projectile, if X(vo, 6j) is the range 
corresponding to the initial conditions, the points 
(X5, 05, Y) into which the sets (νου 9o, X(vo, 8)) 
transform have the values of Y which vary slowly 
and smoothly with νο and 9$. From this point of view 
(which at least temporarily ignores the question of 
corrections for departures from standard) it would ᾿ 
not matter how the table is derived, or whether any 
trajectories or any drag function had anything to do 
with it. The ballistic table is merely a mathematical 
aid to interpolation between experimentally determined 
ranges. But to be useful such a table should be given 
to more decimal places than the experiments yield, and 
should be smooth to facilitate interpolation. This 
is the explanation for the five significant figures 
in a table which is based on a drag function whose 
experimental determination may have been several per 
cent in error. 


À discussion like that just completed applies to 
the use of approximate methods of solution of the 
normal equations. In the next chapter we shall study 
the Siacci method, an important feature of which is 
the simplification of the equations of motion by re- 
placing v by some constant multiple of £ to permit a 
rapid oo solution. If this method were used 
with Y = ἅ /π, or even with the Y defined by (6) and 
determined with the help of the ballistic tables from 
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an experimental firing, the ranges deduced would be 
grossly in error. Let us momentarily give the name 
"Siacci range" to the range computed for given recip- 
rocal ballistic coefficient and initial conditions by 
use of the Siacci approximations. The firing having 
been done, we find the y such that the "Siacci range" 
corresponding to this Y and the given initial condi- 
tions is the same as the experimentally determined 
range. This is done at several ranges; the values of 
Y thus found may be expected to form a slowly and 
smoothly varying set, and the values of y correspond- 
ing to intermediate values of the range can be esti- 
mated by interpolation. This being done, the angle 
of departure needed to attain the given range with 
the given initial velocity is found by the same approx- 
imation method, and may be expected to be reasonably 
accurate. . 


Now it becomes necessary to put in a word of cau- 
tion. By now the reader may have the feeling that 
there is no advantage in using the correct drag func- 
tion or in using accurate methods of integration of 
the equations of motion. This is not the case. For 
one thing, if the drag function used is seriously in 
error tne values of Y x found by the firings at differ- 
ent ranges will vary more than they would if the drag 
function were nearly correct. The more variable the 
values of Y4 found by the firings, the less confidence 
can we feel in the results of interpolation between 
them. In other words, a badly chosen drag function 
may yield a fairly good firing table, but a well-chosen 
drag function will yield a better one. For another 
thing, there probably never was and never will be a 
day on which all conaitions were the same as ballis- 
tic table conditions. Thus it is not feasible merely to 
measure the range anc the time of flight of the pro- 
Jectile. We must also be able to correct for the 
departures from ballistic table conditions before we 
can use the tables to find Yx orYg. Also we must be 
8016 to furnish correction tables in the firing tables 
so that the user can correct f'or the conditions at the 
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moment of use of the weapon. Now it will be seen in 
Chapter VIII that these corrections depend on the drag 
function used. If the drag function is not of the 
right shape, the corrections of the experimental re- 
sults for departures from standard conditions will be 
incorrect, and so the experimental evidence will be 
misinterpreted. Also tne using service will be fur- 
nished with erroneous tables of corrections for the 
conditions of the time oi firing. In fact, it is not 
necessary to await the discussion of small corrections 
in general before seeing the truth of this statement. 
One interesting example will illustrate it without 
any computation. Suppose that the drag function 
chosen in making the ballistic table were based on a 
constant Kp; this is in fact done in the Euler method. 
If we inspect the normal equations in the form (1.8) 
we see that the temperature enters only through the 
argument v/ug(y) of Kp, and if Kp is constant the 
value of this argument is.of no importance. So in the 
ballistic tables no effect of temperature will be 
found. If the true drag function of the projectile 
is such that Kj is not constant, the trajectory will 
depend on the temperature. The use of the ballistic 
tables will furnish a firing table which may be quite 
accurate whenever the temperature structure is the 
same as that on the day of the experimental firing. 
But the ballistic tables furnish us no information 
at all that will enable us to correct the firing 
table entries when the tenperature structure differs 
from that during the experimental firing. | 


5. Choice of drag function and of method. 


It is quite evident that the ideal situation for 
tne ballistician would be first, an exact knowledge 
of all the aerodynamic coefficients of each projec- 
tile fired, together with an exact knowlecge of all 
other forces acting, and second, access to a comput- 
ing machine which would compute the solutions of the 
equations of motion with great speed and accuracy. 
Some devices were designed during the course of the 
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past war which coms closer to the latter specification 
than anything available up to September 1945. How- 
ever, the nearest approach to such a computing machine 
available for use in preparing firing tables during 
the war was the differential analyzer. 


Insofar as the normal equations. are concerned, the 
crucial aerodynamic coefficient is Kp. The choice 
of Kp, or of the drag function G(v) corresponding to 
it, will be dictated by two considerations. First, we 
are clearly limited by our ignorance of the drag func- 
tion'of the projectile being studied. The most ob- 
vious instance up to the time of writing this chapter 
is the case of aircraft bombs. As yet (19ἱ5) there 
hasbeen no single bomb for which a drag function has 
been determined with any satisfactory degree of accu- 
racy. All the bombing tables have been based on the 
Gâvre drag function, not because of confidence that 
this is the best possible choice but because of ig- 
norance of anything better. In the previous section 
it was explained how it is possible that in spite of 
this ignorance, the ballistic tables can nevertheless 
be used to prepare bombing tables accurate enough for 
all the purposes of warfare. 


However, if a large number of highly accurate drag 
functions for various types of bombs had been avail- 
able, the ballisticians of the U. S. Army and Navy 
would have been hard put to make adequate use of them. 
The differential analyzers &t Aberdeen and at the 
University of Pennsyivania were busy night and day 
with computations for artillery tables, and the two 
differential analyzers at the Massachusetts Institute 
of Technology were also engaged to tne fullest extent. 
So the computations for bombing tables were necessar- 
ily handled by older methods, that is by hand compu- 
tation using computing machines. The preparation of 
a complete ballistic table by such means is a long 
and laborious task, and it would not be feasible to 
do it all over again for each new drag function. Some 
scheme would be needed by which the ballistic data 
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corresponding to the new drag function could be οὉ- 

tained by appropriate modifications of the results 
already tabulated in the ballistic tables based on 
the GAvre drag function, and the devising of such a 
scheme would call for a high degree of ballistic com- 
petence. 


Consider next the problem of preparing a firing 
table for some gun of large caliber, with the help 
of the differential analyzer. Finding a drag func- 
tion for a large projectile requires eitner tne firing 
of the full-scale projectile or the making of extreme- 
ly accurate models in a smaller size. In either case 
considerable time and expense are involved.  Never- 
theless, over half a dozen different drag functions 
for artillery projectiles have been determined. The 
most accurate way of using these with the differen- 
tial analyzer is to make a template, on which the 
graph of the drag function or the drag coefficient 
Kp is represented in relief, so that when the compu- 
tation has indicated a velocity v for the projectile 
the analyzer can "read" the value of G or of Kp cor- 
responding to v/a. Making such a template requires 
some care, although it is of course nothing to com- 
pare with the labor of making a ballistic table. At 
Aberdeen templates have been prepared for the more 
than half a dozen drag functions previously referred 
to. Now when a given model of shell is to be fired for 
the preparation of a firing table, one of these drag 
functions is selected and the corresponding template 
set in the analyzer. By methods similar to those dis- 
cussed in the previous section (we do not now care to 
discuss what is done to account for the effects of 
non-standard conditions at the time of the experiment- 
al firing) the ballistic coefficient is found for each 
range at which firing takes place, and the value for 
other ranges estimated by interpolation. At this 
stage we can tell whether the drag function has been 
well chosen. If it has, the values of C deduced from 
the several firings will be nearly equal, and we can 
feel confident of the results of the interpolation. 
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As a final example, let us consider the case of 
small caliber projectiles fired from aircraft. De- 
velopments. in experimental techniques have proceeded 
to such an extent that it is no longer a major prob- 
lem to find a drag function for such projectiles; on 
one occasion the necessary firings were completed and 
the drag function computed within the space of twenty- 
four hours. However, if we wish to use the differen- 
tial analyzer we are faced with the difficulty that 
the trajectories start at a wide variety of altitudes 
and temperatures, and many trajectories are needed. 
Besides that, probably someone else is using the an- 
alyzer. The saving feature here is that the trajec- 
tories desired are flat, so that the method of Siacci 
(to be presented in the next chapter) is applicable 
with little error. In fact, the error made by using 
the approximate method of solution is often very con- 
siderably less than the error that would result from 
using any one of the half-dozen drag functions. So 
in this case it is possible to attain both accuracy 
and speed by using the Siacci method. This alone 
would be a sufficient reason for the continued use 
of an approximation method which might have been ex- 
pected to be forgotten when the more accurate solu- 
tion methods, based on numerical integration and in- 
troduced into U. S. ballistics by F. R. Moulton during 
the war of 1914-1918, became available for trajectory 
computation. 


It need hardly be remarked that the authors sin- 
cerely hope that ballistics will never again have any 
use more serious than the computation of rocket tra- 
jectories to help the Post Office in tne rapid deliv- 
ery of mail. But if it should ever again happen that 
ballistics is a matter of vital importance to the na- 
tion, it would be ill-advised to put all our trust in 
the performance of any machine, however accurate and 
convenient and fast. For at the time at which the 
machine is of greatest importance, it might be pre- 
sented with a flood of small problems, each one fairly 
easy for it or even for a good computer, but arriving 
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at such a rate that the human beings who operate it 
would be overwhelmed with the task of changing the 
machine from problem to problem. Numerical integra- 
tion methods did not entirely supplant the Siacci 
method, and &he differential analyzer did not entirely 
supplant either. If new and better mechanical aids 
to computation become available, they will assist the 
ballistician. But they will be of the greatest as- 
sistance if they are operated by men who are familiar 
with all the methods of attack on problems of ballis- 
tics, end they probably will still leave over a mul- 
titude of problems to be handled by the older methods. 
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Chapter V 
APPROXIMATE METHODS 
1. Change of independent variable. 


The normal equations of the trajectory (IV.1.25) 
involve a function G whose values are determined exper- 
imentally. It is possible to approximate this func- 
tion by analytic expressions to within any desired 
degree of accuracy, but such analytic expressions will 
naturally be quite complicated. This one fact alone 
is enough to indicate that there is no hope of effect- 
ing a solution of the equations in terms of a finite 
number of elementary functions. So in order to obtain 
usable results, many early ballisticians tried various 
methods of replacing the normal equations by approx- 
imate forms which were amenable to treatment by elem- 
entary methods. It would be (and has been) easy to 
fill long chapters with the details of such attempts. 
However, most of them have lost their interest, ard 
we shall therefore present only three methods of ob- 
taining approximate solutions. These three were se- 
lected because each of them was found ‘useful in prob- 
lems which arose during the war of 1939-l5. The first 
which we shall discuss, and to which we shall attach 
the name of Siacci, is useful in cases in which the 
trajectory is "flat," meaning that its tangent does 
not turn through a large angle. The second, histor- 
ically the.oldest, is applicable to projectiles whose 
velocity is well below that of sound and which do not 
extend through a great depth of atmosphere. This is 
the method of Euler. The third approximation device 
was designed especially for use with dive-bombing and 
yields a rather simple formula for range and time of 
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flight of projectiles launched at low velocity at 
angles considerably below thé horizontal. 


In the treatment of these methods it is found de- 
sirable to uge several different choices of independ- 
ent variable. Also, in order to avoid duplication of 
effort we shall not discuss the normal equations alone, 
but shall also include terms representing various de- 
partures from standard conditions, for use when we dis- 
cuss differential corrections in Chapters VII, VIII 
and IX. As before, the components of velocity with re- 
spect to the axes will be denoted by v, , Vy» να. If 
the air has a velocity with respect to "the axes, the 
components being Wy, Wy, Wg, the velocity of the pro- 
jectile with respect to the air will have components 
Uy, X Uz, where Uy * Vy - Wy, etc. The length of the 
vector (uy, kf ug) will be denoted by u; this is then 
the air speed, or speed with respect to air, of the 
projectile. With the symbols of Section 1 of Chapter 
IV, the drag will have components - Euy, - xs - Eug. 
The standard gravity vector will be (0, - ), where 
gis the standard value of gravitational acceleration. 
In addition to drag and standard gravity, there will 
be other accelerations, usually small, which we lump 
together and call the vector (ax, ay, az). This will 
include, for example, the difference between actual 
gravitational acceleration and standard,.the Coriolis 
forces, and some lesser aerodynamic accelerations. The 
equations of motion now are 


X "vx, Ý " Yy, Z - να, 
Vy * - Bu * ays 
y tt By + ay = gs 


V, =” - Eu, + a,» 


(1) 


where 
E *«YHaG(u/a). 


If we imagine these equations solved for some interval 
toS t S T of time, the six variables x, y, 2, Vy, V. 
Vz ‘all appear as functions of the time t, and so o 
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other quantities such as the slope m and the angle of 
inclination O of the line tangent to the trajectory. 
(Throughout this chapter m shall stand for the slope. 
No confusion should arise from the fact that it pre- 
viously stood for the mass of the projectile, since the 
mass will not enter the discussions in this chapter.) 
Let p be a function of t which for tọ t « T has a 
non-vanishing derivative. Then the equation p = p(t) 
can be solved for t; to each p between p(t.) and p(T) 
corresponds exactly one value of t, and the t thus de- 
termined is a differentiable function of p. Also, if 
F(t) is a differentiable function of t, F(t(p)) is a 
differentiable function of p, and 


(2) dF(t(p))/dp = [ar(t)/at] [ at/ap]. 


We shall denote derivatives with respect to p by primes. 
By (2), equations (1) takes the form 


x' s vy t! à 
iyo O yt 
2!  v.t!, 
Vx! = - Eu,t' + a,t', 
vy! = -= Eu,t' * at! - gt', 


(3) 


γα! a æ Eu4t! * a,t'. 


In the normal equations the functions H and a are 
assumed to have their standard values, and the accel- 
erations ax, ay, az and the wind vector (wy, w,, πα) 
are supposed to be zero. Also the initial values of 
2 and vz are zero. This implies that the entire normal 
trajectory lies in the (x, y)-plane, so that its slope 
is 


(L) m = dy/dx = V / Ne 


Even in the disturbed case, in which z may not be iden- 
tically zero, we retain this same definition of the 
symbol m, although it may differ slightly from the 
slope of the trajectory. From (L) it follows that 
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Vy = "νχ, 50 by differentiation we obtain 
(5) m'vy " Vy! = o mvy'. 


Substituting from the fourth and fifth of equations (3) 
and also substituting vx - πχ for uy and v, - w, for 
transforms equation (5) into 


(6) a'v, * t'(-g* a, - ma. * E(w. - omm ) ]. 
As a first application, let us choose p = x. Then 


x' = l, so t! = 1/vy by the first of equati ; 
Now by (3), (L) and (6) we obtain * dio 


dt/dx = 1/v p 

dy/dx = m, š 
dm/dax = [-gt 8a, - ma,t Ew, - mw .)] /ν 
dv /dx = [ο Eu, + ax1/v,, 

dz/dx = VN | 

dv,/dx = [ - Eu, + a] A 

The corresponding normal equations are obtained by 
setting the departures from normality equal to zero, 
(that. is, a and H are standard and a,, (Ay) azs Wy) Wys 
Ww, are zero) and 2 and vz equal’ to zero at fhe start. 


Then z is identically zero, and we may omit mention of 
it from the normal equations. . These are then 


dt/dx = 1/νς, 


(7) 


dy /dx "mn, 
- ἀπ/άκ = - g/v,2, 
dvy/dx = - E. 


It is an interesting and important feature of these 
equations that the last three can be solved independ- 
ently of the first. For t does not enter explicitly 
into E, so that the last three equations involve only y; 
m and vy. The first equation can be solved later by a 
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quadrature.” 


Next let us take p =m. Then m' = 1, and from (6) 
we obtain the first of the system of equations 


2 M - 
9 
[-g* ἃ - ma, + E(w, - mw] 


" 2 


----.-....-.---ᾱ-.. -ᾱ-----------. 
[= g+ a,-ma,+ E(w -m2]' 


2 
mv 


[- g+ ay - ma, + E(w, - my 1” 


y 


[- Ev, + Ewy + ax ] vx 
[-g + a,- ma, + Elw, - mw.) ) i 


(9) 


vv 
[-g* a,- ma.* Ew, = ow) 1) 


ΒΙΑ &|? Blg ΒΙΑ BIB 


d 
59 


[- Ev, + Ew, + ας] v, 
[- g + ay - nay + E(w, - om) ]’ 


B | 


From the first of equations (9), with the first of (3), 
we obtain the second of (9); and from this in turn, with 
(L), we obtain the third of (9). The fourth of (9) 
follows from the first of (9) and the fourth of (3). 
The remaining two follow from the first of (9) with the 
third and sixth of (3). 


*A quadrature is the computation of the definite inte- 
gral of a function of one variable. Several useful 
quadrature formulas are established in Section 3 of 
Chapter VI. The word "integration" has a broader mean- 
ing. It is used to refer to the finding of a solution 
of a differential equation. Methods of integration form 
the principal subject matter of Chapter VI. 
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The corresponding normal equations are 

dt/dm = - v,/g, 

dx/dm -v κε, 

dy/dm =- εὖ, /ε, 

dv / ἀπ = Ev, 2. 

These equations split up even more strikingly than did 
equations (8). The last two can be solved together as 
a system, since E is determined when m, vy and y are 
known. Subsequently t and x can be computed by a 


quadrature (say by Simpson's rule) from the values of 
v,, by virtue of the first two of equations (10). 


(10) 


The change to independent variable 6 is most easily 
made from (9) and (10). We consider only the normal 
equations, since these are all we shall need. Since 


m = tan 6 
and 
dm/d@ = sec^8, 
equations (10) become 
dt/dO = - vy sec?6/g, 
ἀχ/άθ = = wy? 89ο26/ᾳ, 
(11) dy/dð = = v sec @ tan 9/g, 


ἀνχ/άθ = E vx? sec?0/g. - 


On either tne ascending or the descending branch of a 
trajectory it is permissible to select y as independent 
variable. This cannot be done on an arc containing 
the summit of the trajectory, since near the maximum 
value of y both x and t are double-valued functions of 
y. For simplicity we restrict our attention-to the 
normal equations. If we choose p * y, the second of 
equations (3) yields t! = l/vy. Then (6) becomes 


m' = - gt'/v, = - gmt'/v, = - TR 2 = gu/v," e 
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So, with conditions normal, (3) takes the form 


dm/dy = - gm/vy 
dv, /dy --- e/v,, 
dx/dy = l/m, 

dt/dy = l/w,. 


Here the first two equations form a system which can 
be solved independently of the other two, the values 
of t and x being obtained afterward by quadratures. 
For level banbing this system would offer still another 
advantage, since the problem then is to determine the 
range and time of flight corresponding to a particular 
value of y, and the use of y as independent variable 
would avoid much annoyance in interpolation. However, 
along with these advantages equations (12) have a ser- 
ious defect. At the summit, which is the starting 
point of the trajectory in level bombing, vy has the 
value 0, and so has m. So the right members of (12) 
have infinite discontinuities, which have so far balked 
all attempts to utilize these equations in computing 
trajectories. 


(12) 


Finally, let c be a positive constant, and choose 
(13) p *cvx. 


We shall again consider only the normal equations. 
By (13), vy' = 1/c, so the fourth of equations (3) 
yields 


l/c = - Είρ/ο)υ', 
or 


(14) dt/dp = - l/pE. 


By substituting (13) and (1l) in the first of equations 
(3) and equation (6), and using (L), we obtain 


26h, Ch. V 
Go gle 


dt/dp = - 1/pE, 

dx/dp = - 1/cE, 

dy/dp = - m/cE, 

du/dp = + cg/p^£. 

2. The Hitchcock-Kent modification of the Siacci 


(15) 


During the past century a number of methods of ap- 
proximation to the solution of the normal equations in 
the form (1.15) have been proposed, having as common 
elements the assumption that air density is constant 
and temperature also, and that in computing G(v) the 
velocity v is replaced by a multiple of v,. Three of 
these methods were devised by F. Siacci, who also com- 
puted the tables of auxiliary functions needed to make 
the method readily applicable. Siacci's methods were 
designed to be applicable to flat trajectories with 
small angle of departure, say 9 < 15 degrees. More 
recently modifications of the Siacci method have been 
devised which permit its use in computing flat trajec- 
tories with high angle of departure, as in anti-aircraft 
fire. For instance, such a method was presented by Com- 
mandant Gazot. The version which we shall discuss is 
due to Hitchcock and Kent.* In its first phases, which 
will be developed in this section, it resembles the 
method of Gazot; but the later refinements permit 
closer approximation to the correct result. 


Let us then make the following assumptions. First, 


(1) The difference in height of the highest and low- 
est points of the trajectory is small enough so that we 
may assume that H(y) is constantly equal tc its value 


ο P, Hitchcock and R. H. Kent, Applications of 
iacci's Method to Flat Trajectories, Ballistic Research 

p Report No. 11l (Aberdeen Proving Ground: 

1938). 
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at the origin. 


We shall not assume that the origin is at sea-level, 
since we wish the results obtained to be applicable to 
fire from aircraft. Let us denote the height of the 
origin above sea-level (the muzzle altitude) by Υπ. 
The ratio of the density of the air at any altitude Y 
to the standard air density at sea-level is denoted by 
.H(Y). In particular, at the muzzle this ratio has the 
value Η(Υῃ). As in (IV.2.5) we define the "ballistic 
coefficient corrected for muzzle altitude" to be 


(2) Cs = C/H(Ym). 
Second, we assume: 
(3) The value of v is approximated by v, sec @, along 


the whole trajectory with sufficient accuracy to per- 
mit us to replace v by vy sec 8g in computing E. 


Since the equation 
(L) v, = V cos 8 


is exact, this second assumption amounts to saying that 
cos 9 changes but little along the trajectory. It is 
therefore satisfied when the trajectory is sufficiently 
flat, in the sense that the error in the assumption 
tends to zero as the total curvature of the trajectory 
tends to zero. 


We further assume that: 


(5) The difference in height of the highest and low- 
est points of the trajectory-is small enough so that 
the temperature may be taken as constant along the 
trajectory; that is, along the trajectory the ratio 
a of the velocity of sound to standard sea-level ve- 
locity of sound is a constant. 


The "pseudo-velocity" p is defined to be 
(6) p = vy sec Oo. 
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Under assumptions (1), (3) and (5), E is given by 


E = G(p/a)a/C, 


(compare equation (IV.1.2h)). But (6) is the same as 
(1.13), with c = sec Og. So equations (1.15) are 
satisfied with this same value of c: 


dt/dp = - Cs/i apG(p/a) ] , 

(D dx/dp = - C, cos 8g/Í aG(p/a) }, 
dy/dp = - Cg m cos Oo/Í aG(p/a) } " 
dm/dp = + gC& sec θο/{ ap?G(p/a) Λ 


Τη order.to express the solutions of these equations 
in a convenient form, four functions are tabulated. A 
number U is selected and fixed, larger than the great- 
est velocity at which the projectile is likely to be 
used, and for values of u « U the following four inte- 
grals are computed, by numerical quadrature: 


U 
S(u) = | {1/G(u) } du, 
u 


υ 
T(u) = | { 1/uG(v) } du, 
(8) 


U 
I(u) = | ( 2g/u (u) } du, 


U 
A(u) = | { I(u)/G(u) } du. 
Ju 


These are the "Siacci functions," or more specifically 
"the primary Siacci functions," for the drag function 
G(v 
By (6), the initial value of p is po = Vo, the in- 
itial velocity, since at the initial point 
Vy " Vg cos θο. 
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The other initial values are 
Xo * Yo * 0, Mo * tan θο. 


Integration of the members of the first of equations 
(7), with the substitution p = au on the right, yields 


Ρ 
t(p) = - (09/4) | { 1/pG(p/a)} dp 
Po 


/ 
(9) = - (Cy/a) | ST TR 
po/a 


= (Cg/a)i T(p/a) - T(py/a)l. 
In a similar way we obtain 
(10) x(p) = Cg cos θο ( S(p/a) - S(pg/a)l, 
(11) πρ) = mo - Cg sec eo ( I(p/a) - I(po/a)} /2a*. 


Substitution of the value of m from (11) in the third 
of equations (7) and integration yields, with the help 
of (10), 


y(p) = x (ng + C, sec 6, I( p,/2)/2a* } 


- Cs { A(p/a) - A(p,/a) }/2a*. 


For the Mayevski drag function, the four primary 
Siacci functions and a number of secondary functions 
(not defined above) can be found tabulated in J. M. 
Ingalls' Ballistic Tables, Artillery Circular M (Fort 
Monroe: 1893; revised, 1917). Within the past five 
years the S- and T-functions have been computed and 
tabulated for a considerable number of drag functions, 
mostly corresponding to projectiles of small caliber. 


(12) 


Suppose, for instance, that a projectile is fired 
through a velocity-measuring apparatus and then travels 
on to a target at a known distance x, the time of 
flight from apparatus to target being also measured. 
Assuming that the trajectory is nearly level, as it 
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is in ordinary range {lrings of this type, equations 
(9) and (10) take the form 


t(») = C,Í T(p/a) - T(p,/a) } /a, 
x(p) "Οἱ S(p/a) - S(p,/a) } 


Here we know the left members, and also know po * Vo, 
and a (the temperature having been measured). From 
(13) follows 


T(p/a) = { ta/x] S(p/a) + T(po/a) - (ta/x] S(po/a), 


and the solution p « pg of this equation can be found 
by successive trials, ending with an interpolation be- 
tween the two successive tabular values of p/a for 
which the difference between right and left members of 
the above equation has opposite signs. As soon as 
p/a is determined, so is Cy by either of equations 
(13), and from this and the density of the air C can be 
determined. 


(13) 


If a projectile passes before two motion picture 
cameras, its motion being nearly level and slow enough 
to permit photography, and the cameras are simultan- 
eously photographing clocks, it is possible to deter- 
mine the horizontal component of the velocity at two 
places a known distance apart. We then know both 
Ρο/ 8 and p/a, and C, is determined by the second of 
equations (13). 


Alvhough the Siacci method is rather outmoded 
for field artillery, let us consider the problem of 
determining C from a range firing in which the angle of 
departure 0o, the initial velocity vo = pg the rela- 
tive air density, the relative velocity or sound a and 
the range X have been measured. We suppose that there 
is no wind, or that its effects have in some way been 
allowed for. Impact is assumed to occur when y re- 
turns to O. The first step is to determine the value 
of p at which y(p) vanishes, while x(p) * X. From (10), 


C, = X e, i159 - S 9 
ET 8 sec οἱ (p/a) (po/a) } 269 
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If we substitute this in (12) and set y(p) = 0, after 
a certain amount of manipulation we obtain 


A(p/a) - Αίρο/α) 
(1L) = { S(p/a) - S(p,/a) } 
* {I(pp/a) + a? sin 20{5(p/a) - S(p,/a)] /X }. 


By successive trials a solution p/a is found, after 
which (10) yields C,; hence C is determined. 


In Artillery Circular M this last problem is rendered 
easier of solution by use of a number of auxiliary 
tables, containing "secondary Siacci functions." This 
was a sound idea at the time when Siacci methods were 
dominant, and only a single drag function was in common 
. use. Since almost all artillery problems would then 
involve the use of these tables, it was advisable to 
include all aids to computation that were feasible. 
However, the recent uses of the Siacci method have in 
large part been in computing firing tables for small 
caliber projectiles fíred from aircraft. Experiments 
have indicated a considerable variability in the shape 
of the drag functions for these projectiles, and so 
tables have been needed for a variety of shapes of 
drag function. This makes it impracticable to consider 
computing a camplete set of auxiliary tables of secon- 
dary functions for each drag function. In fact, the 
practice has been to compute the S- and T-functions 
only, and to replace equations (11) and (12) by others 
which leave 1 numerical quadrature to be performed vo 
find y along each trajectory. This device will be 
discussed in Section 5 of this chapter. 


3. Oblique coordinates. 


In several of his papers on ballistics, K. Popoff 
has shown the usefulness of a certain system of ob- 
lique axes. Let the L-axis be tangent to the trajec- 
tory at its initial poiut, and let the D-axis be ver- 
tical, with the positive cirection downwards. Then 
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(1) x= Lcos 6, y= Lsin θὲ -D 
and 
(2) L = x sec 99, D =x tan @ - y 


are the equations of transformation between this sys- 
tem and the original (x, y)-system. Since we are deal- 
ing only with the normal equations, we need not dis- 
cuss 2. To have analogous notation for the two sets 
of axes, we define 


(3) νι = dL/dt, vp = dD/dt 


as the oblique components of velocity of a moving 
point. (It should be observed that νι is not the per- 
pendicular component of the velocity vector along the 
L-axis; it is the component obtained by projecting 
the velocity vector onto the L-axis by vertical lines.) 


Then 
(L) σι " Vy, Bec D Mr "x tan τ - Vy 


The normal equations obtained from (1.1) by set- 
ting a = O and omitting the equations for z and v, 
are 


καν jews 


x Χ 

V 2 = E - 9 

vy vy g 
From these we readily deduce 

L x V pD = Vp» 
(6) VL? - Ev,» 


Vp £ = Ενω + Be 


The first two of these are the same as (3), the third 
is obtained by multiplying by sec 9, in the third of 
equations (5), and the fourth is obtained by multiply- 
ing the members of the third and fourth of equations 
(5) by tan 8g and - 1 respectively and adding. 
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Equations (6) differ from (5) only in the change 
of notation from x, y to L, D and in the replacement 
of g by - g. Thus all the manipulations performed in 
Section l of this chapter are equally applicable to 
the system (6). (However, it would hardly be advis- 
able to üse the word "slope" as a name for the quan- 
tity m = dD/dL defined by (1.4) as rewritten in the 
notation of (6)). In particular, (1.8) holds in the 
form 


dt/dL = 1/w, 


dD/dL = m, 
(7) 2 

dm/dL τ g/Nr, 9 

dv, /dL =z = E, 
while (1.13) and (1.15) become 
(8) p = cy, 
and 

dt/dp = - 1/pE, 

dL/dp = - 1/cE, 
(9) 

dD/dp = - m/cE, 

i 2 

dm/dp = - cg/p E 

respectively. 


If we again assume constancy of density and temp- 
erature along the trajectory, and also assume as be— 
fore that vy sec ©) is an adequate approximation for 
v in computing E, we see by (L) and (8) that in our 
present notation we are assuming that νι is close 
enough to v to use in computing E, and tha 


(10) E = aG(p/a)/C, 


is sufficiently accurate for our approximate compu- 
tation of the trajectory, wherein p = vp. The initial 
conditions are 
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(11) Ρο" Vo" Vi Vp nO a” D=O 


In (9) we are choosing c = 1, since we have chosen 
p = vp. But now the angle of departure Oo has dis- 
appeared entirely both from the equations (9) and (10) 
and from the initial conditions (11). Thus, to the 
degree to which our assumptions concerning the short- 
drop D, the time t and the rate of change of D with 
respect to L are all functions of L alone. 


To find the specific form of these functions re- 
quires little additional work. For the special case 
θο = O, equations (2) reduce to L = x, D = - y, while 
my = dD/dL has the value 0. So equations (9) to (12) 
of the preceding section yield 


t(p) = C,( T(p/a) - T(pya) Va, 
L(p) = C,{ S(p/a) - S(p,/a)} , 
(12) aD/aL = C, ( I(p/a) - Up fa) Vea’, 
D(p) = - C,LI(p,/a)/2a^ 
* p ( Α(ρ/α)- A(po/a) }/2a*. 


Since these hold for 8$ = O and the solution is in- 
aependent of 0,, they represent tne solutions of tne 
equations (under the approximation (10)) for all angles 
of departure. 


There is a convenient geometric interpretation of 
this independence of 8.. Imdgine a sheet of graph 
paper in which the two systems of lines are each rigid, 
and the points of intersection are rigidly attached 
to the lines, but the angle of intersection can be 
varied. A piece of window-screening affords a good 
example. With the D-axis vertical and L-axis horizon- 
tal, graph a trajectory whose initial direction is 
tangent to the L-axis. If we now deform the paper, 
keeping the D-axis vertical but tilting the L-axis 
and all the lines parallel to it, the rectangles of 
the graph paper go into parallelograms, and by the 
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preceding paragraph the graph of the trajectory con- 
tinues to be the graph of a trajectory, with the same 
initial velocity and a non-zero angle of departure. 


That is, the solutions of the Siacci equations possess Ἢ 


what may be termed "parallelogram rigidity." This 
property has sometimes proved extremely convenient 
when a number of trajectories with the same initial 
velocity but with different angles of departure had 
to be computed. When these can be handled accurately 
enough by the Siacci method, all that is needed is to 
prepare a single trajectory and obtain the others fron 
it by "parallelogram rigidity." 


It is an interesting mathematical fact that under 
the assumptions (2.1, 3, 5) there is in a sense only one 
trajectory for each drag function. That is, corres- 
ponding to each drag function we can compute a single 
trajectory, beginning at a velocity higher than any 
at which the projectiles of the type may be expected 
to be fired; and from this one trajectory, by forming 
linear combinations of terms with constant coefficients, 
we can find drop and time of flight for any L corres- 
ponding to any ballistic coefficient, any density, 
any temperature and any angle of departure. The angle 
of departure has already been taken care of in the 
preceding paragraph; if we have a trajectory with 
initial slope O we can find those with other angles 
of departure by use of parallelogram rigidity. Hav- 
ing chosen a value U of velocity greater than any 
which may reasonably be anticipated, we solve the 
equations 


dt/du = - 1/uG(u), 

d&/du = - 1/G(u), 

d n/du = - p/G(u), 

dy /du = g/u*Q(u), 

with the initial values 
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(13) 


(1h) t(U) = E(U) = η(ῦ) = (U) = 0. 


These equations could be solved by the method of 
Section 2, but this is not essential. Suppose now 
that we wish to obtain a solution of (2.7) with velo- 
city of sound equal to a times standard sea-level ve- 
locity, ballistic coefficient C, air density H(Yg) 
times standard sea-level density and initial velo- 
city vg. As previously remarked, we may suppose that 
the angle of departure is O. Then the initial con- 
ditions are 


(15) B, "Y Xo" Yoto” π 


ο 2 ο .0. 


ο 
Let us define 


το = Τ(Ρρ/8), Σο” &(pya), 


"o = Π(ρο/8), uo = (p/a). 


(16) 


Then by substitution we find that the functions 
p = ua 
x = Οι ὅ -o ) 
(17) t = Caf τ- τρ Ja, 
2 
n* C {u -po Me, 
y= GI (1 - πο) = μοίξ- δρ) y 


satisfy equations (2.7) with 9o = O and also satisfy 
the initial conditions (15). Thus from the single tra- 
jectory (13) we can deduce any other trajectory by sim- 
ple arithmetic operations, without, any more processes of 
integration. Of course equations (17) are in effect a 
mere notational revision of the Síacci equations 
(2.9, 10, 11, 12). But the point of view is somewhat 
different. The Siacci functions S, T, I and A are shom 
to be the travel, time, slope and drop (except for a 
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factor 2 in I) of a particular trajectory, namely the 
trajectory corresponding to atandard temperature and 
density, ballistic coefficient 1, angle of departure 
6, = O and initial velocity U; and the Siacci equations 
(3.9, 10, 11, 12), by which the trajectory is computed 
with the help of these functions, show themselves to be 
the equations of a geometric tilting of axes and change 
of scale along the axes by which this fundamental tra— 
jedtory is adapted to fit any initial conditions. 


In order to have a comparison of the various methods 
to be presented in this chapter, they will all be ap- 
plied to the same problem. This will be the computa- 
tion of the trajectory of a projectile whose drag 
function is the Gavre function, with respect to which 
it has ballistic coefficient 1. The initial velocity 
is 2700 feet per second and the angle of departure 
is 45°. The temperature is assumed to be sea-level 
standard at all altitudes, so that a(y) is identically 
1. Here we compute the trajectory; the final results, 
with those obtained by other methods, are summarized 
in Section 10 and are there compared with the results 
of a much more accurate computation procedure. 


With po = 2700, we find from tables of the Siacci 
functions that 


S(pg) = 2681.71, T(p,) = 0.86h, 
τρ) = 0.04931, A(po) = 105.91. 


The first two of these may be found in the tables at 
the end of this book. The other two are taken from 
tables available at the Aberdeen Proving Ground, but 
not reproauced here. The first column lists the 
value of L. Other columns are obtained by the follow- 
ing procedures. From (12), with a= C,=1, 


S(p) = S(p,) + L = 2681.7h + L. 


The corresponding p is read from the S-table and en- 
tered in the third column, and the T(p) corresponding 
to this p is entered in the fourth column. Again 
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by (12), with present values, 
t(p) = T(p) - Τ(Ρο) = T(p) - 0.864. 


The values of I(p) are entered from the I-table (not 
reproduced in this book). The next column contains 
the values of A(p) from the A-table (not reproduced 
here), and the next is C,°A(p)/2, which is A(p)/2. 
Next D(p) is computed by (12), which with present 
numerical values takes the form 


D(p) = A(p)/2 - 0.02465 L ~ 52.95. 
The slope m(p) is computed by (2.11); 
m(p) = 1 - (0.707107) Í I(p) - 0.04931} . 


In the next column we enter the value of the inclina- 
tion θ(Ρ) = arc tan m(p), found from a trigonometric 
table. The next colum, sec O0(p), is also from a trig- 
onometric table. If we observe that the horizontal com 
ponent of velocity can be expressed either as p cos Oo 
or as v cos 6, we find the speed corresponding to slant 
range L (and therefore to the corresponding p) is 


v(p) = p cos @ sec 8 (p). 
This is computed and entered in the last column. 


In this computation and all the subsequent ones 
of this chapter we have intentionally retained more 
significant figures than are justified by the accuracy 
of the methods. The reason is that we wish the compar- 
ison in Section 10 to exhibit the differences in the 
results of the methods themselves, unclouded by any 
rounding errors. 
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S(p) 
(ft) 


2681.74 
3681.7 
4,681.74 
6681. 7h 
8681.7 
10681.7l 


12681.7h 
111681. 7l 
16681. 7h 
18681. 7h 
20681. 7h 


I(p) 


0.01931 
0.05922 
0.07176 
0.10873 
0.17182 


Ρ 


(ft/sec) 


2700.00 
21,07.18 
2133.00 
1643.40 
1259.83 
1031.92 


910.72 
821.82 
754. 39 
692.93 
631.59 
586.90 


A(p) 
(ft) 


105.91 
159.99 
225.22 
02.9 
77.39 


0.27313 


0.41133 
0.58328 
0.79051 
1.03700 
1.3285 
1.67269 
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1115.65 


179L. L6 
2783.38 
L151. Οἱι 
5971.58 
8329106 


11320.67 


T(p) 


(sec) 


21.910 


CA (p)/2 


(ft) 


52.95 
79.99 
112.61 
201. 24 
338.70 
557.82 


897.23 
1391.69 
2075.52 
2985.79 
4164.53 
5660. 33 


t(p) 
(sec) 


0.000 
0.397 
0.839 
1.909 
3. 305 
5.076 


1.1h9 
9.60 
11.997 
14.765 
17.775 
21.0L6 


D(p) 
(ft) 


0.00 
2.39 
10. 3h 
49.67 
137.81 


307.63 


597.72 
1677.0 
25 38. 36 
3667.79 
5114.28 
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m(p) 


1.00000 
0.99299 
0.98113 
0.95798 
0.91337 
0.8L17L 


0.74401 
0.62242 
0.17589 
0.30159 
0.095Ll 


-0.14791 


e(p) 
(deg) 


45.00 
144.80 
ΠΝ 
43.77 
2.41 
40.09 


36.65 
31.90 


16.78 
52 
-B.l1 


sec e(p) 


1.41421 
1.40930 
1.40283 
1.38L73 
1.3545) 
1.30700 


1.2h6h2 


v(p) 


(ft/sec) 


2100.00 
2390.83 
2115.8), 
1609.15 
1206.68 

953.69 


802.67 
687.00 
590.76 
511.78 
419.51 


From the first three of equations (1.8) it is easy 
to see that if πο = O the equations 


pe] 
(1) | " 
y = m dx - | 


Let us denote vy by p, and assume that 
the Siacci method is applicable. 


are satisfied. 


have 


(2) 


Sec, li 


x 


ο 


mv. dt 


t 
-2 -] 
dx = - | Ve 
ο 


p = - apG(p/a)/C.. 
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Then by (2.7) we 
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For the special drag function with constant Kp, that 
is, with drag proportional to the square of the velo- 
city, G(v) is a constant times v, and (2) takes the 
special form 


(3) ps. - cp’, 


ο being a constant which we shall dispose of later. 
The solution of (3) is 


(L) (1/p) = ct + (1/p,), 
so by the first of equations (1) 
(5) m= = g {(ct"/2) + (t/Po) ]. 


When this is substituted in the second of equations (1) 
and the integration performed, it is found that 


grind ( (t?/L) + (t/2pgc) 
- (1/2po*c?) log (epot + 1)}. 
By (L), poc = [(ρο/ρ) - 1} /t, so c can be elimi- 
nated fram (6). The result is 
(7) y = - 3 gt?$2(p/po), 
where 
B) PX P/PQ) "3 + { (p/P) - 1 P | 
- { (p/p) - 1 J^ log (p/p) > 


the logarithms being to the base e. A table of val- 
ues of $5 will be found at the end of this book. 


The choice of drag function was of course quite ar- 
bitrary, and we might reasonably fear that, if the drag 
function of some projectile is considerably different 
from a mere multiple of v, formula (8) might be seri- 
ously in error. So let us try another. For many modern 
projectiles, the drag at supersonic velocities is fairly 
well approximated by a multiple of the three-halves 
power of the velocity. If we should choose this resis- 
tance law instead of the quadratic, equation (3) would 
be replaced by 
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3/2 

(9) B= - 2p”, 

where k is a positive constant. Integration yields 
(10) pV a A(t) «κιν p 7 V?, 


where 7 is merely &n abbreviatioh for the linear fune- 
tion in the right member of (10). By (1), 


| t 
m= -g 1? dt 
»" Y 


- - (DP - 1/x, 
so by the second of equations (1) 


y--(g32) M { (23-7 ολ} a 
(12) lo 
= - (g/3k2) ( (12/2) + (19/1) - (31ο2/2)}. 


By (10), k= Q- 1,)/t. If we write r = 10/1, equa- 
tion (12) becomes 


y = (gt?/6) { (1 - 32 + 2r3)/(1 - r)2} 
= (gt2/6)(2r + 1). 
That is, y satisfies the equation 


(13) y= - het $3/2(P/Po)s 
where 
(1b) $3 /2(P/Po) = { 1 + 2νβ/ρο }/3. 


The subscripts in (7) and (13) were of course chosen — 
to serve as reminders of the drag functions on which 
they are based. 


Formulas (8) and (1L) seem to be totally unrelated 
It is interesting to observe that nevertheless for 
values of p/p, not too widely different from 1 they 
give nearly the same values for the factor multiply- 
ing gt“/2. For example, at p/p, = «Τὸ we find that 
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f2 = ~91086 and o /? = «21068. Αἱ P/Po = 5 we find 
ο = ,80685 and $275 = .80474. So even after the 
projectile has lost half of its x-component of velo- 
city the two estimates of the drop differ only by about 
a fourth of one per cent. 


This close agreement between the estimates derived 
from two very different drag functions would naturally 
lead us to hope that the drop as deduced by either 
formula might be reasonably close to the actual drop 
when the drag function is that of any projectile. 
As a matter of fact formula (7) has been tested under 
a variety of circumstances and usually gives estimates 
of the drop which are closer to the truth than one has 
any evident reason to expect. Some numerical examples 
are given in Section 10 of this chapter. 


The preceding formulas have been written as though 
the initial tangent to the trajectory were horizontal. 
But in accordance with the results of the preceding 
section, we can immediately apply these formulas to 
any trajectory. For the drop is independent of the 
angle of departure, to the same order of accuracy as 
the Siacci method applies, and so it is given approx- 
imately by 


(15) D = leo (p/pg), 
where > is defined either as in (8) or as in (11). 


One obvious use of these formulas is in the case in 
which a trajectory of only moderate accuracy is called 
for, and only S- and T-tables are available. By the 
S- and T-tables we can find t and p as functions of 
travel L, and then we can find the drop approximately 
by (15). Another use to which the formulas and accom- 
panying tables of? 5 have been put is to furnish a 
running check on other computations. In these instances 
the drop was computed by the methods of the next sec- 
tion. At the same time it was also computed by (15). 
The difference between the two computations was small 
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and slowly varying, so that any numerical error was 
quite conspicuous. It is interesting to note that these 
same computations furnished a check on the accuracy of 
(15), since the drop was also being computed by a more 
accurate method at the same time. For small caliber 
projectiles fired forward from aircraft, with ranges 
up to 2000 yards, the error remained under two yards. 


In order to show the errors of the two approxima- 
tion formulas, the drops were calculated by both for- 
mulas for the trajectory which is being used as a test 
sample for the various methods. The results will be 
found in Section 10. 


5. The Hitchcock-Kent treatment of variable density 


and ballistic coefficient. 


For trajectories of anti-aircraft shell fired at 
large angles of departure, assumption (2.1) of the 
Siacci theory may be seriously in error, since the 
shell may reach heights at which the air density is 
much less than it is at sea-level. If the trajectory 
is still flat, it can be handled by a method due to 
Hitchcock and Kent, which is so different from that 
of Section 2 as to merit the name of "Hitchcock-Kent 
method," rather than the name of a modification of 
the Siacci method. 


Since the altitude of the projectile above sea-level 
is YQ * y, 


(1) E = H(Yg + y)aG( v/a)/C, 


and the second of the normal equations (1.15) can be 
written in the form 


ο ( B(Y4 + y) G(v/a)/C G(p/a) } dx 


= - (1/aG(p/a) } dp. 
As in Section 2 we choose 


(2) 


(3) c = sec 8. 
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Given any sort of first approximation for y as a func- 
tion of x, say y = Yo(x), the density ratio Η(Υᾳ + y) 
can be replaced approximately by a function of x. For 
flat trajectories a rather good first approximation 
to y is given by 


(4) yo(x) = x tan 6,, 


and this is used in examples by Hitchcock and Kent; 
but if in special instances a better approximation 
happens to be available, it could be used in place of 
(L) without changing any of the subsequent develop- 
ments. As in the Siacci theory, it will now be assumed 
that the trajectory is flat enough so that G(v/a) is 
nearly equal to G(p/a). The normal equation (2) is 
thus replaced by the approximate form 


(5) sec 85 { H(Yg + yo(x))/C } dx = - dp/aG(p/a). 


Let p be the pseudo-velocity corresponding to abscissa 
x. By integration of both members of (5) we find, with 
the help of (2.8), 


x 
sec 05 | {H(Ym + yo(x))/C } dx 
(6) ο 


= S(p/a) - δ(ρο/8). 


Here it is not necessary to regard C as a constant. 
In fact,.since a projectile ordinarily has a certain 
amount of yaw near the muzzle, its drag near the muz- 
zle is greater than the drag function alone would pre- 
dict. In such cases it is sometimes desirable to re- 
gard the ballistic coefficient as varying with dis- 
tance travelled, so that C appears as a function of x. 
This does not complicate (6). 


Equation (6) determines p as a function of x. It 
remains to find the other elements of the trajectory. 
Here the Siacci methods do not seem to be helpful, 
and we abandon them. But since by equation (3) we have 
Vx = p Cos Oo, equations (1.8) can be used. In in- 
tegrated form, these are 
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ct 
u 


^x 
sec eo) (1/p) dx, 


3 [^ TN 
SEIL LUNES 


x 
| m dx 
0 
mox - g sec^8o [οἱ | (1/02) ! dx. 
0 0 


Observe that these are not approximations. If the 
pseudo-velocity p is exactly determined as a function 
of x, these equations will yield exact solutions of | 
the normal equations. Of course when the values of 
p are only approximately determined, as in the method 
now under discussion, the values of t, m and y deter- 
ined by (7) will likewise only be approximations. 


(7) 


td 
8 


To use these formulas, it is convenient to subdivide 
the interval of values of x in which we are interested, 
cutting it into smaller equal subdivisions. At each of 
these subdivision points the value of p is found by (6), 
and 1/p and 1/p* are computed and tabulated. Now the 
quadratures called for in equations (7) are performed, 
for example, by Simpsm's rule. ‘The result of the quad- 
ratures is to provide a value of t, m and y for each 
tabular value of x. In Section 3 of Chapter VI we shall 
discuss same quadrature formulas that are more appro- 
priate to this problem than Simpson's, but nevertheless 
the latter is quite usable. 


The method just described has a feature of great im- 
portance even when the trajectory is short enough so 
that the assumption of constant air density is accurate 
enough. The only one of the Siacci functions used is 
the S-function. Hence this method is applicable in 
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the many cases in which the drag function is one of 
those for which only the S- and T-functions have been 
tabulated. 


It is easy to transform to the oblique coordinates 
defined in the beginning of the third section of this 
chapter. The first approximation to the altitude yo(x) 
becomes Yo(L) = yo(L cos 99), and by (3.2) the change 
of variable of integration from x to L in (6) yields 


L 
(8) |. { H(Ym + Y9(1))/C ) dL = S(p/a) - S(po/a). 


If. we differentiate the third of equations (7) twice 
with respect to x and use (3.2), we obtain 


| d?D/dL? = - cos?8g déy/dx? 
9) 
-ᾱ + g/p*. 


Since dD/dL vanishes at x = o, successive integrations 
of (9) yield the two equations 


L 
dD/DL = g | (1/p?) aL, 
0 


L 
(10) D = | (dD/DL) dL 
0 


L (fL 
= 8 | | (1/p*) aL | aL, 
ο { Jo 


while the time is obtained by change of variables in 
the first of equations (7), which becomes 


L 
(11) t = | (1/p) ds. 
0 


Suppose, for example, that a trajectory has been 
286 Ch. V 


Google 


computed for a projectile having a given initial velo- 
city, D and t being tabulated against L. We assume 
that the trajectory is short and flat enough so that 
the assumptions (2.1, 3, 5) are adequate. Let a target 
have distance X from the muzzle and have angular al- 
titude $ above the horizontal line through the muzzle. 
We wish to find the angle of departure Og needed to 
produce a hit. Let e be the superelevation, that is 


(12) ce a θο d Φ. 
Then 
(13) L = X cos e+ D sin 6,. 


Since the trajectory is flat, we may replace cos € by 
1, and in the small term D sin Og we may replace the 
proper value D(L) by tre approximately equal value 
D(X) and also replace 09 by €. Then (13) yields a 
rather accurate estimate of the value of L correspond- 
ing to X at angular altitude $4. With this L we de- 
ternine the corresponding D. Then by the law of sines 


(1h) : sin € = (D cos $)/L. 


The D in this equation was determined to a second-order 
approximation, since the first approximation was D(X) 
and this was used with (13) and the tabulation of D 
against L to obtain the second approximation used in 
(1h). However, this second approximation will not 
differ much, for reasonably flat trajectories, from the 
first approximation D(X), which was independent of 
e. So (1l) will yield a solution sin € which is very 
nearly proportional to the cosine of the angular al- 
titude of the target, €. 


This relation can be incorporated in the design of 
a gunsight for high-angle fire of small caliber weap- 
ons. Imagine, say, a machine gun with a bead-type front 
sight and a hinged leaf-type rear sight. We suppose 
that the hinge of the rear sight is at a distance b 
from the front sight, and that the line joining the 
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hinge to the front sight is parallel to the bore of 
the gun. The point on the leaf at a distance bD(X)/X 
from the hinge is marked with the label "X"; it is 
this point which is to be collineated with the front 
sight and the target when the distance of the target 
is X. By means of a pantograph or a hanging weight 
or sane other device, the leaf of the sight is forced 
to remain vertical, whatever the inclination of the 
gun barrel. From the figure we see that the super- 
elevation aof the gun barrel above the line of sight 
satisfies 


sin α „ «08 Φ 
Ὁ D(X)/X Ὁ C 


whence we see that sin qa satisfies the approximate 
form of (1h) with X in place of L. Since this is a 
very good approximation at all ranges at which a ma- 
chine gun is effective, the sight would be highly ac- 
curate. Such sights have been designed more or less 
independently by a number of ballisticians, and some 
have been constructed. 


In order to test the accuracy of the method of this 
section it will be applied to the same trajectory as 
the other methods; that is, the drag function is the 
Gavre, C = Ca = 1, a= l, νο = 2700 feet per second 
and Og = 5 degrees. We again assume exponential 
density so that the left member of (8) is 


L 
| exp ( - h sin θο L) dL 
0 


= {1 - exp ( -h sin 6 L) ) /h sin 65. 


Since the numerator in the right member of this equa- 
tion can be found from the table of H(y) the numeri- 
cal quadrature can be avoided. However, in order to 
follow the pattern that would te used with other density 
lars, the integral was in fact computed by numerical 
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quadrature. In the computation below, the inte— 
grand is tabulated in the column headed H/C, and 
its integral in the next column. As in the earlier 
computation, S(pg) = 2681.7), from the S-table. The 
remaining values of S(p) are found by (8), which in 
this case vakes the form 


L 
S(p) = S(p,) + » (H/C) dL. 


The values of p are now found from the S-table and 
listed. Next its reciprocal l/p is computed and listed, 
and by numerical quadrature we obtain (see (11)) the 
value of t. Next g/p9 is computed; to avoid a multi- 
plicity of zeros we list lOÓg/p? instead. A numer- 
ical quadrature furnishes us with dD/dL, as in (10); 
and a second numerical quadrature furnishes D. The 
second of equations (7) is easily transformed into 


m = tan 6, - (dD/dL) sec 6,. 
From this we compute 


sec 0 = yl + me, 


and finally we compute v, as in Section 3, by the 
formula 


v = p cos 6, sec 6. 
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L 
H/C | (H/C) dL S(p) 
0 


1.00000 
0.97793 
0.95628 
0.91156 
0.87460 
0.83612 


0.79986 
0. 76593 
0.73152 
0.69955 
0.66899 
0.63911 


1/p 
(sec/ft) 


0.000370L 
0.0001119 
O. 0004663 
0.000591, 
0.0007559 
0.0009165 


0.001035 
0.0011287 
0.0012137 
0.001291, 
0.0013731 
0.001511 
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(ft) 


0.00 

988.90 
1956.00 
3826.45 
5615.41 
7326.04 


8962.17 


10526.57 
12022.91 
13453.61 
14822.04 
16130.46 


t 
(sec) 


0.0000 
0.3921 
0.5321 
1.8867 
3.2153 
4.9097 


— 6.8829 


11.3916 
13.8837 
16.5679 
19.3757 


(ft) 


2681. Τι 
3670.64 
637.74 
6508.19 
8297.15 
10007. 78 


11643.91 
13208.31 
1470L.65 
16135.35 
17503.78 
18812.20 


p 


(ft/sec) 


2700.00 
2410.33 
21L4.68 
1682.33 
1322.89 
1091.05 


689.15 


109g/p? 


3b. 10h 
40.9639 
47.3608 
53.8698 
60.6247 
67.6990 


dD/dL 


0.000000 
0.00L9L5 
0.011179 
0.029154 
0.058381 
0.103727 


0.165596 
0. 2080) 
0. 329347 
0.430322 
0.511990 
0.673033 
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L D m sec O v 
(ft) (ft) (ft/sec) 
0 0.00 1.000000 1.41421 2700.00 
1000 2.38 0.993001 1.10927 2401.91 
2000 10.32 0.984190 1.10300 2127.68 
L000 49.20 0.958770 1.38527 1657.91 
6000 134.39 0.917438 1.35700 1269.38 
8000 293.62 0.85 3308 1.3149 1014.12 
10000 560.48 0.765812 1-2596h 860.98 
12000 961.69 0,6591,52 1.19782 750. 38 
14000 1532.71 0.534233 1.13373 660.53 
16000 2200.21 0.3911 33 1.07310 586.66 
18000 3263.27 0.229268 1.02591, 528.31 
20000 478.93 0.048186 1.00116 1487.87 


Unless slopes are wanted, the computation can be 


somewhat simplified by using two formulas to be estab- 
lished in the next chapter. Nothing is altered in the 
columns preceding the one headed dD/dL. In this only 
the entries for L = O and L = 2000 appear; the latter 
is computed by Simpson's rule. The entry for D at 
L = 2000 is computed by (VI.3.12). From this stage on 
dD/dL is not needed. The second differences of D are 
computed by (VI.3.9), which in the present case states 
that the second difference of D o line is the sum 
of 1/3 the second difference of 1 xd on the same line 
and 4 times the value of 1 p? on the preceding line. 
Thus for example on line L = lj000 we would have 


AD = (1.1905/3) + (6.9901) = 28.5572, 
while on line L = 6000, 
A?p = (2.6815/3) + L(11.3603) = 46.3218. 


The latter disagrees with the previous computation by 
about .Ol ft., which is unimportant. 
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6. Successive approximations. 


In the heyday of the Siacci method, at the end of 
the nineteenth century and the beginning of the twen- 
tieth, 1t was often applied at the margin of its do- 
main of reliability. To help it out in such cases, an 
assortment of compensating factors was devised, some 
with a theoretical basis, others to reconcile the pre- 
dictions with experimental firings. We shall not set 
forth any of these ad hoc corrections. When they are 
necessary, the Siacci method has begun to break down, 
and the best procedure is to abandon it and turn to one 
of the more accurate processes described in the follow- 
ing two chapters. However, it is true that a rather 
natural extension of the Siacci method can be made which 
yields a rapidly converging sequence of successive 
approximations to the trajectory. The effort involved 
in computing a trajectory to the maximum accuracy per- 
mitted by the fundamental tables would be rather more 
than twice as much as in computing the same trajectory 
by the method of Section 5. 


From (2.4, 6) we have 
(1) v cos 0 = vy = p cos 8g. 


Hence if we are using the rectangular (x, y)-coordi- 
nate system, from a knowledge of p and m we can find 
Vy 


(2) v = p cos @)/ cos (arc tan m). 


If we are using the oblique (L, D)-system, the slope 
m does not appear directly; instead, the computation 
process yields values of 


(3) D' = dD/dL. 


ο... this we can readily find the value of m, since 
by (3.2) 


(L) m * tan 6, - D! sec 6,. 
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Let us suppose, to be specific, that we choose to 
use the oblique axis system. We make some sort of 
first approximation Yg(L) to the altitude which the 
projectile will have when its L-coordinate has value L, 
and as a first rough approximation to a(y) we take its 
value ag = a(Yg) at the origin. By (5.8, 9, 10, 11) 
we compute p, t, D' and D as functions of L. In order 
to proceed to the second approximation we transform 
equation (5.2) by substituting (5.3) and (3.2) and 
multiplying both members by a G(p/a) /agü(p/ag). The 
result is 


{H(Y, + y) G(v/a) a / C ag G(p/ag) } aL 


(2) zi 3/5. G(p/a,) } dp: 


Integration yields 


L 
| { H(Yp + y) a G/v/a(y)) / C ag G(p/ag } aL 


(6) 
= S(p/ag) - S(pjaj). 


We already have y approximated as a function of L, by 
the first stage of the solution, so we have approximate 
values of a(Yg + y) and H(Yg + y). Also, by (h) and 
(2) we have an estimate for v, so from the table of 
values of G or 1/G we can compute the value of the ratio 
G(v/a(Yg + y))/G(p/ag). So the integrand in the left 
member of (6) is known to a higher precision than in the 
first approximation. We compute the integral by numeri- 
cal quadrature, and by (6) determine a new approximation 
for p as a function of L. A repetition of the use of 
(5.9, 10, 11) yields improved estimates of t, D' and D. 
If desired the process can now be repeated ο obtain a 
third approximation; the new values of D and D' give a 
closer estimate of the integral in the left member of 
(6), and this closer estimate furnishes a new estimate 
for p as a function of L. 


In applying this method to a numerical example, it 
was f'ound desirable to compute not the integral in (6), 


29h Ch. V 


Google 


but the smaller amount by which this integral differs 
from the first estimate. For simplicity, we shall 
confine our attention to the case in which temperature 
effect is ignored, so that a is taken to be a constant 
along the trajectory. The first estimate for H is 


Hi = exp [- h(L sin θο)]; 
the second approximation is 


Hp = exp [ - h(L sin 8, - p)]. 
The first approximation to the left member of (6) was 


L 
| gmi οχρί - h(L sin e! ]) aL. 
0 


The sum of this and S(p(0)) gave a value of S which 
with the help of the S-table furnished the first ap- 
proximation to p(L), which we shall call p,(L). That 
is, pj(L) was determined so that S(py(L)) - S(p(0)) 
was equal to the integral just above. The second ap- 
proximation to the left member of (6) was 


L 
| , ( exp[- h(L sin e, - D) J} 


-e {a G(v/a)} {Ca e(p,(1)/a) J} dL. 


The sum of this and S(p(0)) gave a value of S which 
with the help of the S-table furnished the second ap- 
proximation po(L) to the correct value of p(L). That 
is,po(L) was determined so that S(po(L)) - S(p(0)) 
was equal to the integral last written. So that 
S(po(L)) - S(pj(L)) is equal to the difference between 
the two preceding integrals: 


(4S), - S(pa(L)) - 5(ρ1(1)) 


L 
(7) -| { exp[- h(L sin 6.) I} C G(p, /a) je 
O e{ (exp hD)(G(v/a) - G(p,/a) } db. 
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The second fraction in the integrand is a small quan- 
tity, and not many significant figures will be needed. 
After the integral is computed, it is then added to 
S(p,(L)) to find S(po(L)), which in turn determines 


P (L). 


A similar modification was found desirable in pass- 
ing from the second approximation to the third. The 
difference between second and third approximations can 
be investigated by a process like that which led us 
to (7), and which we shall not present in detail. The 
result is 


( 48), m S(p4(1)) = S(p,(L)) 
L 
(8) = » (lexp(hD2)G(v4) - G(p2)]/8(po) 


- [exp (nD) )G(vy) - G(py)]/G(p,)}(Hy/C)} ar. 


In the preceding paragraphs wa have taken the al- 
titude of the muzzle to be 0. But as we have seen, when 
the exponential law of density is used this involves no 
loss of generality. The same method applies to any 
height of mu221e; as shown in Section 2 of the preced- 
ing chapter, all that is needed is to replace C by 
C exp(hY,). 


For flat trajectories the estimate (5.4) is a good 
one to start with. If, however, we should wish to use 
the method of successive approximations to compute a 
trajectory which departs considerably from flatness, 
as for example the complete trajectory from muzzle to 
ground of a projectile with angle of departure 5°, we 
could do better. For example, if we can form some 
rough estimate X* of the range, for our first rough 
approximation we could assume the trajectory to be a 
parabola with slope 1 at the muzzle and intersecting 
the line y = O at x = X*, This would yield 


D = [sin 6, cos ej/1* 112, 
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or 
(9) Yo(L) 2 L sin 6 = L? [sin 0g COS eo/X*]. 


However, a still better technique is available. Sup- 
pose that the interval between successive values of L 
in the computation is χ, so that the tabular values 
of L are O, 1, 2], .... The second approximation to 
t, etc., on the line L = nf is independent of the values, 
of the first approximation on later lines of the com- 
putation. It is therefore possible to carry through 
the computation to the second approximation, and if de- 
sired to higher orders of approximation, on any given 
line before writing anything at all on the succeeding 
lines. Suppose that this has been done, and that 
the process has been carried out on line L = (n - 1) 
until satisfactorily accurate values of t, D' and D 
have been reached. In the process the value of the 
integrand in the left member of (6) will also have 
been found with adequate accuracy. By inspecting the 
values of this integrand on line L = (n - 1)Y and the 
preceding lines, we should be able to form a good guess 
as to the value which this integrand will have on line 
L = nf. (Extrapolation will be discussed in more de- 
tail in Section 2 of Chapter VI). This guess is en- 
teréd as a rough approximation, the value of the in- 
tegrand computed by numerical quadrature, and the first 
approximation to p found by (6). In theory this pro- 
cess is not essentially different from that of using 
some a priori estimate like (9) or (5.4) for Yo(L). 

But by delaying the choice of the first rough estimate 
until the last possible moment, we are guided by the 
past behavior of the trajectory, and it is possible to 
make a more accurate selection of the first estimate. 


By now our process has become one of numerical in- 
tegration, and more properly belongs in the class of in- 
tegration methods which will be discussed in-Chapter 
VII. Of the original Siacci process nothing survives . 
but the use of one of the four primary Siacci functions. 
We shall not purae the subject further in this chap- 
ter, but shall leave for later investigation the 
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questioh of the appropriate choice of methods of numer- 
ical integration, in particular whether the method here 
descrived is a good one for practical computation. It 
is however of some slight interest that a sequence of 
small changes and improvements has led us from the 
Siacci method of Section 2 to a method of numerical 
integration, having no limit to its mathematical ac- 
curacy except the number of significant figures carried 
and the errors in the numerical processes used, which 
are at the disposal of the computer. 


In the application below to the same trajectory that 
has already been computed by other methods, the sub- 
scripts 1, 2, 3 refer to first, second and third ap- 
proximations respectively. The first approximation is 
taken directly from the computation at the end of Sec- 
tion 5. The first five columns are self-explanatory. 
The column d( ô 5) 2/41, contains the values of the in- 
tegrand of equation (7), computed from the preceding 
columns. The next column is obtained from this by 
quadrature, and the next by adding (ôS) to the first 
approximation S(pl1). The S-table furnishes the value 
po(L) corresponding to this new estimate of S. From 
here on the computation of the second approximation is 
like that of the first approximation, in Section 5. 


The third approximation follows closely the pattern 
of the second; the principal change is that immediately 
after G(p4) we tabulate the quantity 


(10) ( exp(hD,) G(v5) - G(p2) ) /G(p2), 


the colum being headed merely' (10) for brevity. From 
this we subtract the analogous quantity with subscripts 
l, already computed in the second approximation; the 
difference is the integrand in (0), and the column is 
accordingly headed d( à $)4/dL. This function is now 
integrated by a numerical quadrature to obtain ( 45S)3, 
which is added to S(p) to obtain S(p3). 
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L 
(ft) 
ο 


1000 
2000 


exp(hD4 ) 


1.00000 
1.00008 
1.00033 
1.00155 
1.00125 
1.00932 


1.03093 
1.04960 
1.07196 
1.10856 
1.15195 


d( A S)» /dL 


0.000 
-0.002 
-0. 00l, 
-0.011j 
-0.062 
-0.220 


-0.226 
-0.201 
-0.180 
-0.162 
-0.139 
-0.111 
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G( v4) 
(1/sec) 


0.30271 
0.28298 
0.261,72 
0.2226) 
0.15867 
0.07228 


0.04212 
0.03239 
0.0276 
0.02133 
0.02216 
0.02071 


(4 $)o 


(ft) 


SECOND APPROXIMATION 


G(w)exp(hDi) αρ) 


(1/sec) 


0.30271 
0.28300 
0.261,81 
0.22298 
0.15934 
0.07295 


0.04287 
0.03339 
0.02608 
0.02157 
0.02386 


S(p2) 
(ft) 


9681. Τ]ι 
3669.61, 
L633. 7l 
6487.19 
8210.15 
9657.78 


10821.91 


11954.31 
13070.65 
14159.35 
15225.78 
16284.20 


(l/sec) 


0.30271 
0.28352 
0.26592 
0.22653 
0.1716 
0.09907 


0.0597L 
0.04530 
0.03820 
0.03391 
0.03101 
0.02885 


P2 
(ft/sec) 
2700.00 


1337.94 
1128.16 


1021.25 
948.70 
892, 2} 
845.35 
804.51 
767.54 
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SECOND APPROXIMATION 


1/p 
(sec/ft) 
0.000370) 


0. 0001119 
0.0001,660 


0.0005927 


0.0007L74, 


0.000886 


0.0009792 


0.00105h1 


0.0011208 
0.0011829 
0.00121,30 
0.0013029 


Do 
(ft) 


18.2207 


m2 


0.00 
2.38 


10.45 


49.43 
135.37 


51,8.82 
929.37 
1452.7 
2137.64 
3002.53 
1066.20 


ogle 


1.000000 
0.993005 
0.984000 
0.958856 
0.917882 
0.856654 


0.776616 
0.682897 
0.574753 
0.454490 
0.320165 
0.173277 


1h g/p)? 


4.410), 
5.5347 
6.9832 


11.2960 


17.9612 
25.2619 


54.5765 


sec 92 


1.41421 
1.40928 
1.10295 
1.385h3 
1.35739 
1.31676 


1.26615 
1.21093 
1.15340 
1.09844 
1.05000 
1.01190 


dD /dL 


0.000000 
0.004916 
0.01131, 
0.029093 
0.058066 
0.101361 


0.157957 
0.221226 
0. 300696 
0. 385735 
0.480717 
0.584583 


V2 


(ft/sec) 


2700.00 
2401.66 
2128.66 
1652.77 
1284.19 
1050. 42 


914.33 
812.33 
727.69 
656.60 
597.32 
550.82 


Ch. V 


THIRD APPROXIMATION 


exp(hDo ) 


1.00000 
1.00008 
1.00033 
1.00156 
1.0025 
1.00921, 


1.01718 
1.02979 
1.01695 
1.06981, 
1.09917 
1.13703 


(10) 
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G( v2) G(vo )exp(hD5) G(po) 


(1/sec) 


0.30271 
0.28296 


0.26479 κ 


0.22320 
0.16242 
0.081,08 


0.014957 


0.03713 


0.03097 
0.02727 
0.021,75 
0.02298 


d(^S),/dL (4S) 
(ft) 


(1/sec) 


: 0.30271 


0.28298 
0.261,88 
0.22355 
0.16310 
0.081,86 


0.0501 
0.03821 
0.03212 
0.02917 


: 0.02721 


S(p) 
(ft) 


124939.2 


6 15936.6.΄ 


(1/sec) 


0.30271 
0.28350 
0.26599 
0.22705 © 
0.17471 
0.11328 


0.07hL) 
0.05587 
0.01618 
0.01036 
0.0361 
0.03356 


P3 


(ft/sec) 


719.35 


301 


10000 
12000 
11000 
16000 
18000 
20000 


302 


THIRD APPROXIMATION 


l/p, 
(sec/ft) 


0.000370 


~ 0.000l119 


0.000660 
0.0005927 
0.000778 
0.0008880 


0.0009789 
0.00101,93 
0.0011118 
0.0011703 
0.0012269 
0.0012831 


2990.99 
052.07 
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t3 
(sec) 


0.0000 
0.3921 
0,8328 
1.8817 
3.2225 
lj. 8660 


6.7417 
8.7679 
10.9336 
13.2125 
15.6135 
18.1198 


"d 


1.000000 
0.993005 
0.981032 
0.958855 
0.917895 
0.856496 


0.776283 
0.683016 
0.576250 
0.458216 
0.327095 
0.384311 


106g/p4* 


17.9798 
25.3528 


30.8118 
35.L032 
39.1526 
li. 0328 
B. 3960 
52.9353 


sec 83 


1.4121 
1.10928 
1.40297 
1.38513 
1.3570 
1. 31666 


1.26591 
1.21100 
1.15h18 
1.10000 
1.0521L 
1.01684 


dD4/dL 


0.000000 
0.00L9L6 
0.011291 
0.02909) 
0.058057 
0.101473 


0.158192 
0.2241h2 
0.299637 
0. 282079 
0.475817 
0.576781 


V3 
(ft/sec) 
2700.00 
2101.66 
2128.61 
1652.74 


1283.53 
108.16 
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When it becomes necessary to compute a family of 
trajectories as an auxiliary in the preparation of a 
firing table, it is usually desirable to organize the 
work in such a way that the desired data can be ob- 
tained from the smallest number of trajectories. One 
helpful precaution is to choose the parameters involved 
in the family of trajectories in such a way that the 
desired elements of the trajectory are nearly linear 
in the parameters. For example, in the ballistic 
tables used as a basis for bombing tables at Aberdeen 
Proving Ground, the range, time of flight, etc., are 
tabulated against reciprocal ballistic coefficient 
Y instead of against C. The reason is that these quan- 
tities are much more nearly linear in y than in C, so 
that linear interpolation is possible with fewer en- 
tries in the table. 


If we are about to compute a family of anti-air- 
craft trajectories on which to base a firing table, 
we know already from Section 3 that the oblique coordi- 
nates L and D might well be good ones to use. For in 
the simple Siacci theory D appears as a function of 
L, independent of the angle of departure. So we can 
feel sure that in a more precise method, the depend- 
ence of D on angle of departure is not a sensitive 
one, and this should help in interpolation between 
computed trajectories. We shall now show, with the 
help of the results of the preceding section, that the 
angle of departure itself is not a particularly good 
choice as parameter; it is better to regard Das 8 
function of L and sin ©, rather than as a function 
of L and 0$. Of course either point of view is equal- 
ly sound logically. But we shall show that for fix- 
ed L, the drop D is nearly linear as a function of 
sin 05, and therefore not very nearly linear as a 
function of 65. 


Suppose that for the given shell, with its given 
initial velocity vg, the trajectory with angle of 
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departure 95 = O has been computed to a satisfactory 
degree of accuracy. This could be done by the method 
of the preceding section or by any other method; this 
point is of no importance. The functions D'(L) and 
D(L) thus determined make a good first approximation, 
which we shall use as a starting point to calculate 
a second approximation, for a trajectory with the 
same initial velocity but with angle of departure 9g 
different from O. 


Since in first approximation we have 
y= L sin θο - D(L), 


the D(L) being that determined from the trajectory 
already computed, our estimate of H will be 


H(Y, + y) * exp (- h(Y, - D(L)) } exp( - hL sin 6,), 


and unless L is very large this can be expanded in a 
rapidly convergent power. series, the term involving 
sin @, being quite small. By (6 2, L) we find 


(1) v*pw« 1-2D!' sin 6 + DI, 


and, if the trajectory is fairly flat, D'^ will be much 
less than 1. So by the binomial theorem we find that 
v/p is nearly equal to one plus a small multiple of 
sin Og. By the same argument as. was applied to H, 
we see that a(Y,, + Y) differs from a(Y,) by a small 
amount which is nearly proportional to sin 8g. Hence 
for each L, v/a(Y, + y) differs from p/a, by an amount 
nearly proportional to sin 9g. Following through the 
process of computing the second approximation, the 
integral in the left member of (6.6) changes from 
the first estimate by an amount nearly proportional 
to sin 8$, for each L; so does the corresponding 
value of p, and by the binomial theorem so do 1/p and 
1/p2; and finally so do the second approximations to 
t, D' and D. 


This approximate proportiónality to sin Og is a 
property of the trajectories, and has nothing to do 
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with the particular method used to compute them. The 
successive approximations method is one in which this 
proportionality is easy to predict from the formulas 
used; but in any other computation method yielding ac- 
curate results the approximate proportionality will 
be evident in the final results. Thus, however we 
choose to compute the trajectories, if we use the ob- 
lique (L, D)-axis system and prepare trajectories at 
equal intervals of sin 65, a relatively small collec- 
tion of these trajectories will enable us to interpo- 
late to find the values of t, D' and D corresponding 
to a given L and to an angle of departure Og between 
those for which the trajectories were computed. 


8. The method of Euler. 


In every age since the invention of artillery there 
has been some need for weapons delivering plunging 
fire on an enemy who cannot be reached by flat fire 
because of obstacles between gun and enemy. The weap- 
ons designed for such purposes are usually character- 
ized by low velocity and high angle of departure. 
Trench mortars furnish an important example. Since 
the velocity of the projectile is low, its trajectory 
will not be very long, .and therefore cannot extend 
through a great depth of atmosphere. Therefore it is 
possible to assume constant atmospheric density in 
computing the trajectories. However, the trajectories 
are highly curved, and the Siacci method is therefore 
inappropriate. 


As long as the velocity of the projectile is well 
below that of sound, the drag coefficient Kp is a 
slowly varying function of the Mach number, and it is 
a good approximation to take the drag to be propor- 
tlonal to the square of the velocity of the projectile. 
If as usual we define Y to be the reciprocal of the 
ballistic coefficient C, and assume the relative air 
density H to be constantly equal to its value H(Yg) at 
the height of the muzzle, then by eitner (IV.1.10, 12) 
or (IV.1.16, 17) we find 
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(1) YaG(v/a) = (d@/m)p*Kpv, 
and by this and (IV.1.2h) 
E = [R(Y,)a? o" Kp/n]v 
(2) = Καὶ, 
where Κα is merely an abbreviation for the quantity 
in the square bracket in the preceding line. If we 


substitute this in equations (1.11), recalling that 
v = v, sec 8, we find 


dt/d@ = = v, sec?6/g, 
ἀχ/άθ = - v 2 sec^0/g , 
ἀγ/ὰθ = - v2 sec“e tan 6/g, 


dv, /d@ = k vy? sec26/g. 


x 


(3) 


The last of these equations is separable, and its 
solution is easily expressed in terms of the function 


e 
&(8) = sec28 de 
ο 


(L) = + {tan O sec @ 
+ log tan (ie + ἀπ) } 


wherein angles are supposed to be expressed in radians 
and the logarithm is a natural logarithm. From the 
last of equations (3), 


(5) v3 dv, = (κ/6) secJe de, 


whence, by integration from the initial point, where 
vx and @ have the values of χο and ©, respectively, 
to a later point, where they have the values vy and 
0, we find 


(6) νι - v7? = = OCk/g) ἶξ(6) - £(0) }. 


This can be written 
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(7) vy? = (k/g) { K - &(6) ), 
where 
(8) K = &(6,) + (Ε/2Ι χο”. 


We assume as usual that t, x and y are all zero at 
the beginning of the trajectory, where 9 has the value 
Og. If we substitute (7) in the first three of equa- 
tions (3) and integrate, we find 


8 
4 2kg Ὁ = - | sec2@ { K - £(9) } -1/2 dé, 
θο 


θ 
(9) | ?kgx-- | sec?e ( κ -ξἔ(θ)}]”-χ ae, 
9o 


e | 
ὀΚαΥυ = - | 56050 tan ϐ (K- E(@)} -l ge, 
Bo | 


It is interesting to note that the curves defined 
by equations (9) tend to asymptotes in both directions. 
Consider first the direction of increasing t, or de- 
creasing 9. If we temporarily denote the integrand 
in the second of equations (9) by { r(@)} ?, we see by 


(L) that τ(ϐ) tends to 2 as 8 approaches = 17/2. There- 
fore x approaches a finite limit as 0 tends'to - 7/2. 
But the integrand in the first of equationg (9) is 
r(@) sec ©, and that in the last is Í τ() } ^ tan ©. 
For © in thé neighborhood of =- T/? these are respective- 
ly greater than (sec 8)/2 and less than - |tan @ | /2, 
and therefore the integrals tend to * and to = « 
respectively, So x cannot increase beyond bounds, 
and as t increases, x approaches a finite limit, 
while y tends to =œ and 8 tends to - */2. The 
curve thus has a vertical asymptote in the direction 
of increasing t. 


As © approaches 1/2, the value of E(0) tends to 
+ œ, and as © approaches -π/2, the value of ξ(ϐ) tends 
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to - œ. So there exists an angle θα such that 
(10) κ. ξ(θα). 


As © approaches θα, the denominators of all three 
integrands in (9) tend to 0, while the numerators 
of the first two tend to non-zero limits, as does the 
numerator of the third integrand unless Oa happens to 
be O. Hence as ϐ approaches θα, both x and t approach 
- ©, while y approaches - œ if Oa > O and approaches 
+ œ if Og « O. In any case, the point (x, y) re- 
cedes unboundedly from the origin as O tends to θα and 
t to - o., Consider now the point Q at which the. 
y-axis is intersected by the line which passes through 
(x, y) and has inclination θα. The ordinate of this 
point is y - x tan θα, which by (9) and (10) is equal 
to 


O 
(11) 1/2) | βθοζθί tan θα - tan d {ξίθα) - c(6)) -lao. 
9o 

As O approaches θα, both numerator and denominator of 
the integrand tend to 0, and by de l'Hospital's rule 
the integrand approaches sec 0a. Therefore the in- 
tegral approaches a finite limit, and the point Q 
approaches a limiting position Qa. The line with 
inclination θα is thus an asymptote of the trajectory 
as t tends to - We 


A table in form convenient for use could be pre- 
pared with the help of equations (9) as follows. Let 
us first define 


θ 

τ(θ, K) = | sec?0 {K - &6) } -ᾱ ἀθ, 
ο 
θ 

(12) χίθ, K) = | sec?8 {K -ᾱ9)] -1 ae, 
| 0 
θ 

Υ(Θ, K) = | 596040 tan 0 {K ~&(6) } -l qe. 

ο 


308 Ch. V 


Google 


By numerical quadrature, we can prepare a double-entry 
table of values of these functions, corresponding to 
some chosen collection of values of K and to equally 
spaced values of © between 94 and - 17/2. We next 
select values of 9$, and for each of these values we 
proceed to tabulate the relevant ballistic data. First 
we must find the values of 8 corresponding to stand- 
ard ground impact, that is the value of 8 for which 
y returns to zero. Each value of 4 furnishes a line 
of the table. By (9) and (12), the value of ϐ for 
standard ground impact is that for which 


(13) | Υ(θ, K) - Y(805, K) = ο, 


The negative of this 9 is tabulated as the angle of 
impact, with the designation w. As soon as ὦ is 
determined, we can find and tabulate the quantities 


2k,X = X(05, K) - X( - w, K), 
ας zk.g T = Τίθρ, K) - τί - ω, K), 


where X is the range and T the time of flight. Or in- 
stead of the latter we could tabulate 


(15) 9/879 


-(1(6,, K) - Τί - o, Κ)]{Χ(θρ, K) - x( -ω, x) 5. 
From (7) Bx find that 
(16) 2k νέ/ε = sec?e/(K - ζ(Θ)}, 
and by setting first 9 = Og and second 8 = = ὦ we 
find 2k,v,°/g and ΌΚον ω 2/g, and also the ratio v w/Vo, 
where Yo {s the striking velocity. The height" Ys 


of the summit is found from the last of equations 
(9) with 0 = O. From this and (12), 


(17) y,/X = Y(6,, X)/(X(6,, K) - X( - o, K)}. 


It is worth noticing that the quantities specified 
above are all dimensionless, so that such tables are 
equally useful with any system of units. A table of 
the above quantities was prepared by J. C. F..Otto, 
and revised by Lardillon. Cranz presents a tcble in 
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his Lehrbuch der Ballistik, Vol. I, Aussere Ballistik, 
2nd ed. (Berlin: Julius Springer, 1925; photo-litho- 
print reproduction, Ann Arbor, Mich.: Edwards Brothers, 
Inc., 1943); but the 59 interval in Og is not very 
convenient for use, and there are errors in the table. 


9. Approximate formulas for dive-bombing. 


In the Siacci method of approximation, as in Sec- 
tion 3 of this chapter, an approximation to a solution 
was obtained under the assumptions that the trajectory 
was flat (i.e., had small curvature) and the atmos- 
pheric density nearly constant along it. In the Euler 
method, the simplifying approximations were that the 
trajectory, though curved, lay in regions of nearly 
constant atmospheric density, and that Kp is nearly 
constant. The trajectories encountered in problems 
of dive-bombing satisfy part of one of these sets of 
conditions and part or the other, so that neither method 
can be satisfactorily applied. For the trajectory, 
being steep, has little curvature. In fact, the air- 
craft used in the Second World War had a very restrict- 
ed forward vision; in most of them it was impossible 
for the pilot to see more than eight degrees belew the 
line of flight. Thus the whole trajectory would have 
to lie in an angular sector between the line of flight 
and a line eight degrees below it. Moreover, the 
speed of the bonb is well below that of sound, so that 
Kp can reasonably be taken to be approximately con- 
stant. But the assumption of nearly constant atmos- 
pheric density is a very inappropriate one to make, 
since dive-bombing may take place from as much as ten 
thousand feet. Thus if we wish to profit by the ap- 
proximate constancy of Kp and the flatness of the 
trajectory, it behooves us to devise a new method of 
approximation. 


It will be convenient to use oblique coordinates in 
the following computations. As in Section 3 of this 
chapter, the L-axis is tangent to the trajectory at 
its initial point, and the D-axis is vertical, with 
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the positive direction downwards. The initial tan- 
gent to the trajectory, the line of flight of the 
aircraft, makes an angle 6, with the horizontal. (0, 
will be negative for the problem of dive-bombing.) 
Using primes to denote differentiation with respect 
to L, the equations (3.7) which use L as independent 
variable can be written: 


t' = l/vi, 
(1) D" = Ε/νεξ, 
vy! = - E = - pd*vkp/n", 
where m* is the mass of the projectile. Referring to 


equations (3.1) or (7.1) we can express v in terms of 
vj and D! as follows: 


v? = (dx/dt)? + (dy/dt)? 
(2) = { (x! y. (y'*] vy" 
= (1 =- 2D' sin e, " D:2)v,? 
The resistance coefficient is defined to be 
(3) ko" P Qd? K, /m* , 


where P, is the density at sea-level. The resistance 
coefficient at release is accordingly defined 


κ. - p d Kp/n* , 
where Pr is the density at the altitude of release. 
the equations (1) can be written in terms of Κ., assum- 


ing the usual exponential law for change of density 
with altitude, in the following form: 


ο! = 1/w, 
- D" s g/L, 


LES eh (D-Leingg) 


= - kyw(1 - 20! sin 8g 


The initial conditions for the differential equations 
are, when L * O, 


t=D=D' #0, v, = vo. 
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We are going to expand t and D in a Taylor series in 
L. For convenience, vy will first be eliminated from 
the equations (L). The system (L) then becomes 

D" = gt'?, 
(5) 
t" = k.t'(1 - 2D' sin @, + D:2)1/2,h(D-Lein9o), 


with initial conditions 
L=0,D=D'=0, t=0, t! = 1/vg. 


Differentiating equations (5), the first equation 
twice and the second once, gives: 


D''! = 2gt't'', 

D'Y = 2gt'!'? + 2gt't''!, 

titt = kpt'' (v/v; )eh(D-Lsin8o) 
- k.t'D''sin e (v/v οἱ P-Lsineo) 
4 k t'D'D' ' (v/v, ) Le h(D-Lsin9o) 


+ kt! h(D' - sin 6, ) (v/v; )eh(D-Lein8o) , 


where the ratio v/v], in the last equation is deter- 
mined in terms of vy, D' and 6$ by (2): 


v/v; = (1 - 2D! sin e, + Ρ:2)1/2. 


The equations (6) will be employed only in obtaining 
initial values of the third- and fourth-order deriva- 
tives of D and T which are needed to form the corres- 
ponding Taylor-MacLaurin expansions in powers of L. 
By using the initial conditions and then equations (5) 
and (6) successively, it is possible to evaluate the 
successive derivatives of D and t at L = O. Thus 
writing in successive lines the computed values: 


(6) 
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at L = O, 
t0, D 50, 
t'*1/vg, D' -0, 
(7) οἱ = ki/vo, D'! = β/νοξ, 
tit! = { k = (g sin θο/νοξ) - h sin θο]κε/υρ, 
Diti = 28k, / νο», 
D'Y = (2k. - (g sin Go/vo^) - h sin 65 gk, /v,*. 
The Taylor-MacLaurin expansions can now be written ex- 


plicitly. We recall that for a function f of L the 
expansion is 


f(L) = f(0) + L£'(0) + L?ft!'(0)/21 + IPt((0)/31 + .... 


Applying this formula to the functions D and t then 
gives the following: 


D= gL*/2v,? + gk,L2/3v,* 
(8) * (gk Lt/120?) (2k. = g sin θο/νρξ - h sin 89) + ..., 
t = L/vo + kpL*/2vo 
+ (kpL?/6v5)(k, - g sin Go/vo^ - h sin 89) + .... 


In each case* the expansion is carried out to the first 
terms that include 0, explicitly. As might be expected, 
since the approximation for D is of fourth order, the 


"If k is considered to be a function of v, the formula 
for D is: 


D = gL2/2v,? + gk L3/3v,% 
+ (gk,Uh/lev,2) { 2k, - sin @, (h + g/vo2) } 
- (εὖ 4 /12y,?) sin ejkr(dk,/àv) + .... 
In this form the formula is a generalization of the 


Piton-Bressant formula used by the Gavre commission 
in preparation of a resistance coefficient. 
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formula for D is useful over a much wider range than 
that for t. The formula for t is essentially that 
used in computation of drag coefficient from firings 
in the spark range. The approximation for D is ex- 
tremely useful for dive-bombing. For bombs of weight 
between 100 and 1000 pounds an "average" value for the 
complicated third term is (gk, L/12v,2)(1.50-10- ) if 
the units used are feet and seconds. This gives the 
further approximation, 


(9) Ὁ» (gh2/2v,2)(1 + 2k 1/3 + k L/L 107b). 

In many cases it is actually adequate to simplify this 
further to 

(10) D = (gL/2v,?)(1 + 2k,/3)- 


The following table gives an indication of the range 
of validity of the formulas (9) and (10) for D. 


Bomb, 100 Lb. Bomb, 500 Lb. 
Alt. Speed Dive Error Using Error Using 
Angle (9) (10) (9) (10) 


(ft) (mph) (deg) (ft) (ft) (ft) (ft) 


1000 200 lO ο 0 

2000 200 lo 1 L 

2700 200 lo 3 9 

3000 200 πο 3 2 
4,000 200 70 1 6 1 1 
7000 200 70 9 18 1 1 
10000 200 70 2h 55 3 11 
L000 450 LO L η 1 2t 
7000 LSO LO 29 33 n θα 
10000 50 LO 112 122 11 1h* 
LOOO 450 70 1 1 0 1* 
7000 450 70 5 1 ος 
10000 450 70 17 27 2 1* 


*all errors are short in range except κ entries which 
are over. 
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The approximation (10), and its companion formulas 
for t, t = (1 + kLL/2)L/vg, have been used also in a 
mathematical way. A large number of trajectories for 
dive-bombing have been computed by numerical integra- 
tion for a range of dive angle, speed and ky. How- 
ever, the tabulation of these data in a useful form 
was extremely difficult, because of the large number 
ef arguments and the rapid variation of D and t with 
0g, Vo and ky. On the other hand, the differences be- 
tween the actual values D and t and the approximations 
given by these formulas varied much more slowly with 
variation in the arguments. Thus, these differences, 
or errors ín the formulas, proved to be convenient 
functions for systematic tabulation. 


lO. Comparison of accuracy of methods. 


The methods of approximate solution of the normal 
equations described in Sections 3, 5 and 6 and the 
two approximations to the drop given in Section h4 have 
been applied to a trajectory based on the 0Ώντο drag 
function, for a projectile with ballistic coefficient 
l fired at initial velocity 2700 feet per second,and 
angle of departure 15°. It is assumed that the rela- 
tive sound velocity is l at all altitudes. In order 
to have a standard of comparison with a satisfactory 
degree of accuracy, the same trajectory was calculated 
by a modification of the method of Moulton, and also 
by a numerical integration method to be explained in 
the next chapter. Each of these methods is inherently 
very accurate. The results indicated that a high de- 
gree of accuracy was in fact attained by both methods, 
since for values of Lup to 20,000 feet the altitudes 
as computed by the two methods differed by at most 
half a foot and the times of flight differed by at. 
most «001 sec. 


The quantities compared are the pseudo-velocity p, 
the velocity v, the slope m, the time t and the drop 
D. The last two are of course ballistically the most 
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important, but the others are not without interest. 
In the case of the drop D the approximations by the 
methods of Section l4 are included; the corresponding 
columns are of course missing from the other four ta- 
bles. The abbreviations at the heads of the columns 
have the following meanings: 

Mod. M Modification of F. R. Moulton's method. 

Ch. VI Numerical integration method of Chapter VI. 
Siacci Siacci method as in Section 3. 

H.-K. Hitchcock-Kent method as in Section 5. 

2nd Ap. Second approximation by method of Section 6. 
3rd Ap. Third approximation by method of Section 6. 
By $2 Drop as approximated by use of b, Section lh. 


By &,;o Drop as approximated by use of $ jf? Section L. 
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P 
(ft/sec) 


Siacci 


H.-K. 


y 
(ft/sec) 


Siacci 


2700.0 
2398.3 
2115.8 
1609.2 
1206.7 

953.7 


802.7 
687.0 
590.8 
511.8 
452.9 
419.5 


H.-K. 


2100.0 
2401.9 
2127.7 


1657.9 


1259.1 
1014.1 


861.0 
750.4 
650.5 
586.7 
528.3 
4.87.9 


2nd Ap. 


2700.0 
2410.1 
215.7 
1687.1 
1337.9 
1128.2 


1021.3 
948.7 
892. 
85.1 
80h. 5 
161.5 


end Ap. 


2700.0 
2101.7 
2128.7 
1652.8 
123.2 
1050.4 


914.3 
312.3 
127.7 
656.6 
597.3 
550.8 
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1.0000 
0.9930 
0.982 
0.9588 
0.9180 
0.8561, 


0.7161 
0.6831 
0.5769 
0.4589 
0.1859 


. Ch. VI 


0.000 
0.392 
0.832 
1.885 
3.223 
1.867 


6.739 
8.768 
10.929 
13.208 
15.601 
18.106 


Siacci 


(sec) 
Siacci 


0.000 
0.397 
0.839 


19.376 


2nd Ap. 


1.0000 
0.9930 
0.9810 
0.9589 
0.9179 
0.8566 


0.7766 
0.6829 
0.5718 
0,1515 
0.3202 
0.1733 


end ΑΡ. 


0.000 
0.392 
0.833 
1.885 
3.223 
l. 86h, 


6.738 
8.769 
10.919 
13.219 
15.679 
18.221 


18.120 


Ch. V 


( Mod. M. 
ft) 

O AS 0.0 
1000 227," 2.4 
2000", — 10.3 
4ooo\" sof 19.2 
6000? 13h.1 
8000 291.l 

10000 548.8 
12000 929.2 
14000 151.4 | 
16000 2131.6 
18000 2987.9 
20000 4036.9 
Tm 2nd Ap 

ο. 
1000 2. 
2000 10. 
000 h9. 
6000 13] ει 
8000 99] .]ι 
10000 548.8 
12000 929.4 
14000 1452.7 
16000 2137.6 
18000 3002.5 
20000 1,066.2 
Sec. 10 
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9987 .ἱι 


101.6 


Siacci 
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Chapter VI 
NUMERICAL INTEGRATION OF 
DIFFERENTIAL EQUATIONS 
l. Notation. 


Although the normal equations of the trajectory in- 
volve the second derivatives of the coordinates, as 
in (IV.1.17), it is possible to rewrite them so that 
only first derivatives appear. In fact, we have done 
this in (V.1.3); and in general, equations involving 
derivatives of order higher than the first can always 
be replaced by systems of equations involving only 
first-order derivatives, by the simple expedient of 
introducing new symbols to stand for the first, sec- 
ond, ..., derivatives, up to but not including the 
derivative of highest order. Thus any system of or- 
dinary differential equations can be transformed into 
a system of equations, each of which expresses the 
first derivative of one of the dependent variables 
as a function of the independent variable and all the 
dependent variables. If we choose to represent tbe 
independent variable by x and the dependent variables 
by yl» «+e, Yn» the equations have the form 


y n f(x, yis $5535 Yn)» 
(1) e e e 9 8 € ὁ € 00 € 8 e Φ ϐ 4 € Φ 9 * 9* 9 € € 9 
Yn' = f(x; yl? 999499 Yn) 

A set of functions yj(x), ..., Υῃ(Χ), defined on 
an interval x] = x = xo, is a solution of these equa- 
tions if the functions y4(x) have derivatives for each 
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x in the interval, and equations (1) are identically 
satisfied if y,, ..., Yn are replaced by the functions 
y(x) 378935 y. ) respect ively. We shall use the stand- 
ing assumption that the functions f4(x, yz, ».», 

are continuous, although as a matter of fact it would 
cause no trouble to admit the possibility of the ex- 
istence of a finite number of values of x at which the 
functions f, have simple jump discontinuities. 


Both for theoretical investigation and for numer- 
ical computation, it is preferable to replace equations 
(1) by their integrated form. Let ξ be a number lying 
in the interval xj < x « x2 on which the solution is 
sought, and let 1), ..., ", be n numbers. If the func- 
tions y4(x) are a solution of (1) and at x = & the func- 
tions ys (x) have the values ",, then by integration of 
both debere of (1) we find 


x 
y(x) = h t EG y, (x), e...) Yn(x)) dx, 


| x 
y D 5 η, » | f(x, X G0, see XG Q0) dx. 


À glance at this equation will show that if we wish 
to solve it by numerical methods, we must have avail- 
able formulas for computing the definite integral of 
a function. The main purpose of this section and the 
next two is to establish such formulas, together with 
allied formulas for interpolation between tabulated 
values of a function. For this it is desirable to 
introduce a certain amount of symbolism. 


All the tables most commonly used in ballistics are 
of the type in which there is a constant difference 
between successive values of the independent variable 
(also called the argument). If a is one of these 
values, and ὢ is the constant difference between 
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successive values of the argument, the values against 
which the function is tabulated will be 


Za 


(3) X, 7 a+ nO; .... 


"a-O;x-aàajx*at* Wy α..; 


The functional value corresponding to x, will be de- 
noted by f(x,), or f(a + n@), or fn, interchangeably. 


Given a tabular interval 5, to each function f 
corresponds a new function, its first difference Af, 
defined by the equation 


(1s) δ f(x) = f(x) - f(x - o). 


This notation is not quite the same as that in most 
books on finite differences. Usually the quantity in 
the right member of (L) is denoted by an inverted delta, 
and the symbol we have used has a different meaning 
attached to it (namely, f(x + œw) - f(x)). But the 
difference defined in (h) is sufficient for our needs 
in ballistics; we do not need to distinguish between 
two concepts, one of which we shall not use, and so we 
prefer the simpler symbol for the one which will be 
used. 


The first difference of f is itself a function of 
x, and so it has a first difference, which is called 
the second difference of f; and this in turn has a 
first difference, which is the third difference of f; 
and so on. In symbols, 


b *f(x) = Af(x) - Af(x - o) 
s f(x) - 2 fíx - 0) * f(x - δω), 


(6) Δ f(x) a b ?f(x) a b*f(x - 0), 


99499 966 9 9 9 9 9 9 9 6 9 6 Φ 9 9 9 Φ 99 Φ 9 Φ 9 6 6999969 


ANf(x) = δΏ-γ(χ) - amex - ω ); 
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This list of equations suggests introducing the alter- 
native symbols: 


(6) alt(x) = Af(x); A?f(x) = f(x), 


which we shall use whenever convenient. With this 
notation the last of equations (5) holds for all pos- 
itive integers n. 


The customary method of writing out these successive 
differences is exemplified in the following table: 


x f(x) at A? a3 
1 -6 

2 -l 5 

3 -2 -l -6 

L -3 -l O 6 
5 2 5 6 6 
6 19 17 12 6 


A simple but nevertheless important property of 
these difference operators is expressed in the equa- 
tions: 


(7) aP[at(x)] = aa™e(x), 
o f(x) + g(x)) = aPt(x) + o%e(x), 


where a is an arbitrary constant. 


The proofs in the next section can be rendered more 
compact by the use of a sequence of polynomials Q,(x), 
which we now define: 


Q(x) = x(x *a)...(x + [κ-]ω)άο kt, k= 1, 2, ...; 
(8) Qo(x) = l; 
Q(x) = 0, h= -ᾱ, - 2, .... 


Google 


These polynomials satisfy the identity 


for all x and all integers n. For n> 1 this can be 
seen as follows: 


Δορίχ) = Q(x) - Q(x - o) 
= {x(x + o)...(x * [n-1]o) 
- (x - @ )x...(x + [n-J0)) fo nt 
= {x+[n-l]w - (x - w)} 
{x(x + w)... (x+ [n-2]w)} /ω "nt 


= Q(x). 


For n = lit is obvious, since Qj(x) = x; and for 
n 5 0 both members of (9) are identically zero. 


(10) 


From (9) we obtain by an obvious induction 
k 
(11) 4 Q(x) = Q (x), k= 0, 1, 25 ..., 
(The statement (11) for k = 0 is merely a tautology, 
since both members are Q,(x).) 


Any polynomial 


(12) p(x) = aox + ayx 7t * coe + Un 


can be expressed as a linear combination of the poly- 
nomials in (8), 


(13) p(x) = c.Q,(x) + ... + eo (x). 


If n = O this merely states that every constant is a 
multiple of 1. By induction, suppose it true for all 
polynomials of degree less than n. Then 


p(x) - w n! a, Q(x) 


is of degree less than n, and by hypothesis can be 
expanded in a linear combination of the polynomials 
Qn-1» «-.-» Qos Which completes the proof. 
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From this it readily follows that for the poly- 
nomial p(x) defined by (12) the equations 


n. n 
p(x) = 0o nia 
(1h) : E 
à p(x) = 0, k>n 


are satisfied. For by (11) 
(15) ΔΚρ(χ) -ορθη-κία) + ... + ego (x). 


If k> n, all terms on tne right vanish by (8). If 
k = n, the right member reduces to cg, by (8); and 
we have already noticed that co = œ niag. If we 
wish, we can combine the pair of equations ui ) into 


(16) ΔΚρ(χ) = gnp(E (x), k 2 n. 


For the n-th derivative of p(x) is nla,, and all 
higher derivatives are zero. 


2. Interpolation. 


The only kind of interpolation to be considered 
here is polynomial interpolation. Suppose that a 
function is tabulated for certain values of an argu- 
ment, and we wish to estimate its value correspond- 
ing to some value x* of the argument not included 
among those tabulated. We can form such an estimate 
by selecting certain tabular arguments xj, »»., 
lying on both sides of x*, finding the polynomia 
which coincides with the tabulated function at the 
points X}, ..., Xp, and then finding the value of this 
polynomial corresponding to x*. (If all the points 

P ub lie on the same side of x#, the estimate 

us fo is an extrapolation, not an interpolation.) 
The simplest case is that familiar to every one who 
has used logarithmic or trigonometric tables, the 
polynomial then being of the first degree. 
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There are thus two aspects of interpolation in which 
the computer should be interested. One is the devel- 
oping of convenient formulas for evaluating the poly- 
nomials used in the interpolation process. The other 
is finding means of estimating the amount by which the 
interpolated value differs from the true value of the 
function. A general expression for the polynomial of 
degree m - 1 which coincides with f(x) at x1, ..., Xm 
was given by Lagrange; it is 


m f(xi))(x-x)* (x2 3)(x2x4,4)* (xx) 
πω... ο επ TUM cuo 


isl (πι-χ)---(Χι-Χι 1) αι χα) *  (x4-x4) 
At each xy all but one of the m terms on the right 
vanish, because of containing a factor x - xy which 
vanishes at xy. The remaining term, corresponding to 
i = k, takes the value f(xy), proving that L(x) coip- 
cides with f(x) at xy, ..., Xy. The factors multi- 
plying the f(xi) in (1) are the "Lagrangean interpola- 
tion coefficients." For equally spaced arguments 
ΧΗ» covey these coefficients have been tabulated in 
several different publications, the values of m ran- 
ging as high as 11 in at least one of them. When such 
tables are available, the Lagrange formula (1) offers 
a practical means of interpolation. Nevertheless, for 
the purposes of trajectory computation it is less con- 
venient than some others which we shall derive shortly. 


Concerning the remainder, or error, in interpolation 
by polynomials we now prove a theorem. 


(2) Theorem. Let f(x) be defined and possess deriv- 
atives of all orders up to and including the m-tn on an 


be the polynomial of degree m - l which coincides with 
f(x) at xj, Xo, «ο. Xg. Then there exists a number 


E> GSD CCS 8 qusc 


x*, X3, 9499 Xn such that 


(3) f(x*) = L(x) = εἰπ)(ξ)(ακ = x). (x = xg) /mt. 
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Let us define 
(h) R(x) = f(x) - L(x). 


By the definition of L(x), this "remainder" R(x) van- 
ishes for x 5 X1, ..., X,- Next we define another 
function 


R(x*)(x = x4)(x - x5)...(x - x.) 
(5) g(x) = R(x) - sibl LAR reatus. ai 
(x* - xy (x* - x2)... (x* - x4) 
Both terms on the right vanish at xj], ..., Xm, and they 
cancel each other when x = x*. So g(x) vanishes at 
m * 1 distinct points. By Rolle's theorem, between 
each pair of consecutive points the first derivative 
g'(x) must vanish. So g'(x) has m distinct zeros. 
Again by Rolle's theorem, between each pair of consec- 
utive zeros of g'(x) the derivative g"(x) must vanish. 
Continuing the gir ss. we find eventually that the 
m-th derivative g‘™/(x) must vanish at some pointl 
between the least and the greatest of the numbers 
x*, X15 «5*5 Χρ» 50 that | 


(6) ο g(uq)-o. 


Since L(x) is a polynomial of degree m - 1, its 
m-th derivative vanishes identically, and by (L) the 
m-th derivative of R is identical with that of f(x). 
In the second term in (5), the denominator and the 
first factor of the numerator are constants, and the 
remaining factors in the numerator represent a poly- 
nomial with leading term x™. Therefore, 


(7) εἴπ)(κ) = επ) (x) - mn(x*)/(x* - x)... (x* - xy). 


If we substitute this in (6) and rearrange the terms, 
we obtain (3) and the theorem is established. 


If we know that the value of t9 (x) does not 
change greatly on the interval in which we are inter- 
ested, it is clearly to our advantage to make the 
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coefficient of the m-th derivative in the right member 
of (3) as small as possible, to keep the error R small. 
If we do not know how the m-th derivative behaves, it 
is still safest to keep this coefficient as small as 
possible. This we do, after having chosen the number 
m, by selecting the m points x4 nearest to the x*. 
For instance, in a table of a function tabulated 
against integer values of x, to estimate f(2.5) with 
the help of a third-degree polynomial (m = 4) we 
should select 1, 2, 3 and l for the χι; the coeff- 
icient of the m-th derivative is then 9/16. If we 
had selected 2, 3, l| and 5 instead, the coefficient 
would have been 15/15; and if we had chosen to extra- 
polate, using the table for x = 3, L, 5 and 6, the 
coefficient would have been 105/16. It is clear from 
this, or better from (3) itself, that extrapolation 
even for short distances can lead to far greater er- 
rors than interpolation in the same table. 


We now turn to the interesting special case of 
tables with equally spaced arguments, and begin by 
showing that 


(8) 6 M(x) = f(m(g)qn, 


where € is in the interval between x - m y and x. 
Let L(x) be the polynomial of degree m coinciding 
with f(x) at x, x = 0, ..., x - ng. Then f(x) - L(x) 
vanishes at m + 1 points, and by the reasoning used 
in establishing Theorem (2) its m-th derivative van- 
ishes at some point between the least and the greatest 
of these zeros, that is between x - πα) and x. From 
this and (1.15), 


(9) ε(π)(ξ) = ,(m(p) 5 o 724 M(x), 

But L(x) coincides with f(x) at all of the points 
X, X- Wy, -..,X- mq used in computing the differ- 
ence O™L(x), so S™L(x) = O™f(x). This and (9) 
establish (8). 


328 Ch. VI 


Google 


The point x* at which we wish to estimate the 
function lies between two consecutive tabular values 
of the argument. In order to simplify the notation 
somewhat, we suppose that the smaller of these tabular 
values of the argument is subtracted from all the 
values of the argument, so that the point at which we 
wish to interpolate lies between O and œ. It is also 
convenient to introduce the concept of the "phase" n, 
which is simply x/@. Then integer values of n corr- 
espond to tabular values of the argument, and we are 
interested in estimating the function for some non- 
integral n lying between O and 1, 


We can now establish a theorem which contains as 
special cases all the interpolation formulas that we 
shall need in trajectory computation. 


(10) Theorem. Let cio, C.l, ο «din e+. be a sequence 
e differences ο] - Cg; 


= are different from zero. Let f(x) be a function 
defined at the points 


(11) eq 95» (ου - 120, ..., (e, - mo. 


Then if re ia O the function 


m 
P(x) = Σ [Φιίχ-οι γω): T .,9)] 
j=o 
12) 
( ‘Lad fle) u) ) - Y541 ^ I tle 0)) 


is the polynomial of de 2: m which coincides with 
f(x) at the points (11). 


The first step in the proof is to show that in 
(12) each y, either is zero or is multiplied by zero. 
Suppose that for some integer k the number y, is not 
zero; then by hypothesis yy,j is zero, and so is 
Yk 1 unless k = O. In this latter case y, occurs only 
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in the first term of the sum, where it is multiplied 
by 01, which is identically zero. Otherwise y, occurs 
in two terms; first, in the term with j = k - 1, where 
it has coefficient 


- Qk.1(x - οι ο) AEf(c 0 ), 


and second in the term with j = k, where it has co- 
efficient 


* Qt i (x = ος 20) A*t(eqo). 
So in either case it is multiplied by zero. It there- 
fore makes no difference in (12) if we replace all 
non-zero yj by O, since this merely changes the number 
by which O'is multiplied. We therefore need only prove 
the special case of (12) in which all the y, are O. 


Let G(x) stand for the polynomial which coincides 
with f(x) at the points (11); our task is to show that 


m 
= - j 
(13) G(x) = Q(x - 64.30) &*f(c,0). 


The reasoning used to establish (1.13) can be repeated 
to show that there are numbers bo, ..., bg such that 


m 
(11) G(x) = pe b4Q4 (x - 0410). 
=0 


By taking the k-th difference and recalling (1.8,11) 
we find 


| m 
(15) δα (κ) - > b 495 (x - c4219). 
j=o 


Again by (1.8), the terms with j < k vanish and the term 
with j = k is equal to b,. In (15) we now set x = ΟΚῶ. 
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For each j > k, the argument of Qj-k is 
cy O9 - ο) 19 
= - e[(eg. 7 04:2) + (0312 - 033) * 
i (C41 = εκ)], 

and by the hypothesis concerning the numbers cy the 
quantity in square brackets is one of the numbers 
Ο, Ls 95999 j = k = L; But by (1.8), Qj-k vanishes 
when x has any of the values (16). So when we put 
x = cy O all the terms in (15) vanish except the one 


with j = k, and that one is equal to by. We have 
therefore shom that 


(16) 


(17) bk = Δ΄ (ος w). 
The ος involved in computing the dif- 
ference (ck ὦ) are 


οκῶ, (Ck - 1), 699499 (οι = k) @, 
and these are included in the set (11) at which f(x) 
and G(x) coincide. Therefore, 
(18) A ka(e 0) - akf(e, 0). 


Equations (1h), (17) and (18) combine to yield (13), 
and the theorem is proved. 


Às a first special case of this pir we take 
all the ys; equal to zero and choose c If we 
substituté these in (12), and also make lue ὃ change of 
notation 


(19) x= πω 
in the right member, we obtain 
P(x) = £(0) + n Alf( w) 
(20) + [π(η-1)/2ι]δΖτ(2ω) + ... 
+ [n(n-21)...(n-ke1)/kt]A Ke(kw) + .... 
This is the Newton-Gregory "forward" formula. 
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Next we select ally, = 0, c_p = C1] =" Cy = 0, all 
other c4 = 1. With the same substitutions as before, 
we obta 


P(x) = f(0) + n à!t( ω) +[n(n-1)/2!] Afl ω) + ... 
+ [(n-1)n.. .(nk-2)/kt]a Kf( 9) + .... 


This is the Newton-Gregory "backward" formula. Had 
we chosen all cj = 0, we would have obtained another 
formula, often called the Newton-Gregory "backward" 
formula; but it would have been an extrapolation 
formula for positive values of n. 


(21) 


If we select coy = Coy,j = k for all integers k, 
all y, again being set equal to O, equation (12) takes 
the form 

P(x) = f(0) +n Alf (0) +[n(n+1)/2t]a 2ρ(ω) tee 

"€ + [(n-k)... (n+k)/(2k+1) Ja 2 (Κω) 
22 
+ [(n-k})...(n-k+1)/(2k+2)! Ja 22 e( [ker] w) 


+ eo? oe 
This is the Newton-Gauss "backward" formula. 


Five more well-known interpolation formulas can 
be derived from the choice 


(23) Cok-1 = σ2]ς = k 


for all integers k. If we substitute these in (12) 
and use (19), (1.8) and (1.5), we find 


(2L) The term of (12) corresponding to j = 2k is 
[1/( 2k)! ](n-k+1)...(n+k-1)(n-k+ 2ky5,) 
[Gr y21,4) a Kf(ko) - Υρκεὶ a^ f([k«1] o) ], 
(25) The term of (12) corresponding to j = 2k + 1 is 
[ 1/(2k«1)! J(n-k). . .(nek-3) nek+ (2*1) yaq J 
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If we set all the y, equal to 0, (12) becomes 
P(x) = £(0) + nA τω) + [ n(n-1)/2!] A?f( w) + a.e 
+ [(n-X).. .(nek-1)/(2k)1 ] à δε(κω ) 


(26) + [ (n-k)...(n+k)/(2k+1)!] ^ 2t le Ekl] w) 


t (cc 


This is the Newton-Gauss "forward" formula. 


With the same choice (23) for the c;, let us choose 
οι * 1/2, Your] * 0 for all integers k. Then from (12) 
we obtain 


P(x) = £(0) + nf alt(o) + A'f( o)]/? * ... 
+ [1/(2k) ἢ [ n2-(k-32]. . [r2] A? Et(k ω) 
+ [(n-k)...(ntk)/2(2k+1)! ] 


‘Latk+le(kw) + alw] .... 
This is Stirling's formula. 


(27) 


Again with the same choice (23) for the € 3, let 
us choose 


Yo, " 0, Υρκ " - V2 
for all integers k. Equation (12) becomes* 
P(x) = [£(0) + £(0)]/2 + [n-à3] a!f( o) +... 
+ [(n-k)...(n*k-1)/(?2k)! J 
«[ ὁ 2kt(kw) + δὂΚε([κ:1} ω)]/2 
+ [(n-k)...(n*«k-1)(n-3)/(2k«1)1] 
ea ktle [k+l] w) 


+ 99909 


(28) 


This is Bessel's formula. 


The first term in (28) is rather easier to derive 
from (12) itself than from (οἱ). 
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Our next choice is 


You = Os Yousy = - (ntk)/(2k+1) 


for all integers k. By (25), the terms in (12) cor- 
responding to odd j all vanish. By (2h), the term 
corresponding to j = 2k is 


- (1/(2k+1)1) (n-k-1)(n-k). . .(nek-1) &2%¢(k o) 
+ [1/(2k+1)!] (n-kY(n-ke1). . .(n«k) A?Ke([k«1] o). 


This can be given a more symmetric appearance by de- 
fining 


(30) E, (n) = (n-k)(n-k«1)...(n*«k)/(2k*1)!. 


The coefficient of the second term in (29) is then 
E, (n), while that of the first term is - E5,(n-1). 
Bat Ερκ is an odd function of n, as its definition 
shows, so 


» Ej, (n-1) - E ,(1-n). 


It is customary at this point to introduce a symbol, 
say ñ, for l-n, 


(31) ñ = l-n. 


Then the expression (29) becomes 


ack 


Eo (8) a tk) + Eo (n) a^ e(xe1]0), 


and the entire expansion (12) takes the form 
P(x) = nf(O) + nf(w) + ... 
(32) + Eok(8) AF E(k w) 
+ Ej (n) ^ Ke((k+1] ω) + .... 
This is Everett's formula. 
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Our final choice is 


Yo * 0; Υρκιι " 0 


for all integers k, 


Yo. " (k-n)/2k 


for all integers k 40. By (2h), all terms corre- 
sponding to even positive values of j vanish, and (12) 
becomes | 


P(x) = £(0) + [n(1-n)/21] Aalf(o) 
+ [n(l+n)/2t Jate(o) + ... 
(33) + [1/2(k+1)(2k+1)! ](n-k)...(n+k-1) 
-[ (k+l+n) a ektle(r ke] w) 
+ (kelen) a*E*ie(ko )] e .... 
This is Steffensen's formula. 

Each of the eight formulas derived above from 
equation (12) can be written to as many terms as de- 
sired. In actual use they must be broken off some- 
where, and it is important to be able to tell when 
it is safe to stop. Let us suppose that we have 
selected a number €, for example half a unit of the 
last significant figure tabulated in the table of 
functional values, and that we wish to stop as soon 
as we can be reasonably sure that the remainder does 


not exceed €. If we stop the interpolation formula 
at a value of m such that 9 


Jm1 - 0; 
as required ín Theorem (10), tne first omitted term is 
A πε} _ m+2 
(31) Q, 4 (x-c,0 ) [A Ε(ο 1 0) - yA *f(c ,ρω)], 


This alone could not be depended upon to furnish 
a sufficiently trustworthy estimate of the error. 
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However, in all eight formulas the quantity in square 
brackets in (3h) is either the difference of order m + 1 
formed from the functional values corresponding to the 
values (11) extended one step forward or backward, 

or else is a weighted mean of two such differences 

By (8), each such difference is the product of w™ +1 
and the value of the derivative f\mtl) at some point ἕ 
between (cq + 1)ῶ and (cq - m - 1) ®, provided that 
the derivative in question exists; and the weighted 
mean of two such products also must have the same form, 
since the weighted mean of the two values of the de- 
rivative lies between the two, and is itself a value 
of the derivative at some intermediate point. Thus 
for each of the eight formulas we know that there 
exists between (cg + 1)w and (cQ - m - 1) a number 
ξῃ such that 


amtle(c η ὦ) - Υπερ AT*?f(c o) 


(35) - wl, (m1) (g), 


The first omitted term (3h) is then 
(36) Q(X - Cpo ) ωπ”1γ(πελ)(ξ.), 


By Theorem (2), there is a number ἔξ between (c, - m) ὦ 
and cQ ὢ such that the remainder R(x), which is the 
error in assuming that P(x) is equal to f(x), is 


(37) R(x) = Qney(x - c πω) on*lg(me1)(g), 


If & were equal, to δι, as in general it is not, we 
would have the τας equal to the first omitted 
term. If we know nothing at all about tne (m + 1)-th 
derivative of f(x), we likewise know nothing at all 
about the size of the remainder (37). But in most 
ballistic problems we are not in complete ignorance 
about f(x) and its derivatives. For example, if x 
stands for the time and f(x) for the range at time 
x, we may feel confident from the form of the equations 
of motion that any given derivative of f(x) will change 
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from increasing to decreasing at only a relatively 
few points, so that the trajectory can be cut into a 
few subarcs on each of which the given derivative is 
either steadily rising or steadily falling. Moreover, 
these arcs will ordinarily be considerably longer than 
the interval of time used in computing the trajectory, 
that is the interval between successive times at which 
the range is listed. Consequently, if we know the 
derivative of order m + 1 of f(x) at a number of points 
to each side of a given point x*, we may feel confident 
that at x*, the derivative in question lies somewhere 
between its greatest and its least values at the points 
where it is known. 


Suppose then that we compute the term (36), and 
then re-compute it with each of the differences in 
(34) replaced by that on tne line above; we would then 
obtain an expression like (36) but with a different 
number, say bo, in place of Li. We repeat this with 
the differences two lines above those in (3h), and so 
on until we reach m * 1 lines above those we started 
with. We repeat the whole procedure, going this time 
in the other direction. We thus obtain a collection 
of values of expressions like (36), but with £1 re- 
placed by an aggregate of numbers extending to both 
sides of the number € in (37). The numerically largest 
of the numbers thus found should exceed the quantity 
(37) in absolute value. 


Consequently, in interpolation we may be guided 
with reasonable safety by the following rule. It is 
safe to omit a given term (and of course all succeeding 
terms) in an interpolation formula if it is not only 
true that the value of this term is below the allowable 
amount e, but also that if the differences used in com- 
puting this last term are replaced by those on nearby 
higher or lower lines (as in computing f(x - o), 
f(x + @) instead of computing f(x)), the value is 
Still less than t. By "nearby" we mean not more than 
m+ 1 lines up or down, where m + 1 is the order of 
the difference involved in the term being tested. 
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For example, if we wish to interpolate for f(1/2) 
in the table 


x f(x) at a? Δ} 
-l -l 
0 0ο 1 
1 1 1 0 
2 8 7 6 6 
| 3 22 19 12 6 


by the Newton-Gauss "forward" formula, the coefficients 
of the first, second and third differences are 1/2, 
- 1/8 and - 1/16 respectively. The second of these is 
multiplied by 0, but this does not permit us to omit it 
and all succeeding terms if we wish errors to remain 
below 0.1; because only one line lower the second dif- 
ference is 6, whose product with the coefficient - 1/8 
exceeds the allowance. Nor can we omit the third- 
difference term. However, the fourth difference is zero 
on all lines exhibited (and would be on any others with 
the same law of formation f(x) = x3), so that the inter- 
polation formula may stop with third differences. 


The preceding rule applies to Bessel's formula if 
we are testing to see if we can stop with some dif- 
ference of odd order, but it does not apply at once 
if we wish to see if we can stop with a difference of 
even order, because of the hypothesis yg.] = O needed 
in the foregoing discussion. However, this is a trivi- 
ality. If, for example, we find that we can stop with 
the difference of order 5 by applying the rule, and 
moreover the term involving the fifth difference con- 
tributes a negligible amount, we may omit it too. 


The interpolation formulas based on differences 
have the slight disadvantage as compared with tne 
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Lagrange formula that the differences must be com- 
puted before the interpolation can be done. However, 
they have several important advantages. The terms in 
the formulas rapidly decrease, so that except for the 
first two or three the numbers involved are small, 
which helps to avoid errors. The rules just discussed 
allow a ready determination of the order of differences 
needed for a given degree of accuracy, while this is 
much less easy to see when using the Lagrange formula. 
And if at some stage it is decided that higher differ- 
ences are needed, these can be introduced without 
changing any of the work already completed, whereas 
increasing the degree of the polynomial in Lagrange 
interpolation requires making a fresh start. 


The discussion of the proper stopping place in 
using an interpolation formula showed that accuracy 
of the formula is essentially the same thing as rapid- 
ity of convergence of the coefficients to their limit 
0. The Newton-Gregory formulas fail in this respect; 
the coefficients decrease only slowly on the interval 
O< n «1l. The Newton-Gauss "forward" formula ending 
with a difference of odd order m uses the functional 
values at the nearest m+ 1 tabular points if O< n « 1, 
which by the remark after Theorem (2) ensures that the 
remainder is as small as possible for the given order 
of difference and a given bound on the (m + 1)-th 
derivative of f(x). Otherwise stated, the Newton-Gauss 
"forward" coefficients decrease rapidly. The Newton- 
Gauss "backward" coefficients are not as good in this 
respect (they would be at their best if we were inter- 
polating for - 1 <n «0 instead of for O< n< 1, so 
that the "backward" formula would be a good one for 
"backward" interpolation). The Bessel formula always 
uses an even number of tabular points, and these are 
always the nearest to x if O< n «1. It has the ad- 
vantage over the Newton-Gauss "forward" formula that 
the coefficients are slightly smaller, but the dis- 
advantage that an extra arithmetic operation of addi- 
tion is needed ín each term involving differences of 
even order. The Everett formula also uses an even 
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number of points, the nearest ones to x, but it is 
not generally regarded as being as convenient as the 
Bessel or Newton-Gauss "forward" formulas. The Stirling 
and Steffensen formulas always use an odd number of 
points, the nearest to x if - 1/2 <n <1/2, but are 
inferior to the Bessel and Everett formulas respec- 
tively if we are interpolating forO «n «1. So the 
two formulas which pass the test most successfully are 
the Newton-Gauss "forward" and the Bessel, and these 
are in fact the two most commonly used in practice. 


Ihe Newton-Gregory "forward" and "backward" for- 
mulas possess the apparent advantage that they can be 
used at the ends of a table, where the differences 
needed to use the Newton-Gauss, Bessel or Stirling 
formulas are not all available. But this advantage 
is illusory. Suppose that we wish to interpolate 
between the second-last and last lines of a table, 
using the Newton-Gregory formula to m-th differences. 
This would provide us with the value at the place x 
of a polynomial of degree m coinciding with the tab- 
ulated function f(x) at the last m + 1 tabular values. 
But if the last entry in the column of m-th differences 
is copied on the next m lines, and with the definition 
(1.5) the other differences and the functional values 
are built up from the m-th differences on all these 
lines, the functional values thus constructed will 
all be those of one and the same polynomial of degree 
m, since the difference of order m+ 1 is identically 
zero. Thus the polynomial of degree m passing through 
the last m + 1 tabular entries is extended on for m 
more lines. By any of our interpolation formulas 
carried as far as m-th differences this polynomial will 
be evaluated at the place x, so that the number found 
will necessarily be identical with what the Newton- 
Gregory formula would have given us. So the Newton- 
Gauss or Bessel formulas work just as well as the 
Newton-Gregory at the ends of the table, and do better 
in the interior of the table; and therefore there is 
no real need of ever using the Newton-Gregory formulas. 
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2. Quadrature formulas. 


If a function f(x) is approximated by any one of 
the polynomial formulas of the preceding section, the 
error remaining less than some number € throughout an 
interval xj = x = χο, the integral of f(x) between the 
limits xj; and xo can be estimated by integrating the 
απο and the error will be less than ε(χο - x). 
As in the preceding section, we shall use the notation 
x = nw, and we shall be interested in formulas for 
the integral of f(x) between O and œw, or between 
- @ and w. 


Suppose first that we have approximated f(x) by 
means of Stirling's formula (2.27). On integrating 
from - ὦ to ὦ, and replacing dx by ὦ dn, we find 


g) , 
| f(x) dx = o[2f(0) + (1/3) a*t( w ) 
(1) το 
- (1/90) a'r(2 o) πρ 


Replacing the second difference by (1.5) changes this 
into 


| 9 a(x) dx = (ω/2[εί - ὦ) + LECO) + £( ὦ) 
(2) 


- (1/30) a" r(20) + ...]. 


By discarding the terms involving differences of order 
four and higher, we obtain Simpson's formula. The 
term involving the fourth difference serves to furnish 
some sort of estimate of the size of the error made 
by using Simpson's rule. 


Next we approximate f(x) by Everett's formula, 
(2.32), wherein it is now convenient to replace fi 
by l- n, which is the same thing by definition. 
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On integrating from O to q@ (the integration being 
facilitated by the substitution n@ = v in the terms 
containing Es,(n) and the substitution (1 - n)? = v 
in the oihebs) we obtain 


Q 
| f(x) dx 


ο 
(3) = ω((1/2/ (0) + £( w) ] 
- Q/aj ὁ ἕτ(ω) + A?r(29)] - 
+ (nao) [a^r(2o) + O4e(3w) J+... ). 


If we omit all the terms involving differences, this 
simplifies to the "trapezoidal rule." If we retain the 
second difference terms, we have a quadrature formula 
comparable with Simpson's rule. On the whole, it is 
less convenient than Simpson's rule; for one thing, it 
involves values of the function lying outside of the 
interval of integration. If the fourth difference is 
nearly constant, the errors in (2) and (3) respectively 
introduced by omitting fourth and higher differences are 
of oprosite sign, and the error in (3) is roughly 11/8 
as great in absolute value as the error in (1) or (2). 
Nevertheless it has one advantage. If a function is to 
be tabulated by the process of quadrature of another 
function, the use of Simpson's rule alone has the diffi- 
culty of segregating the even-numbered lines from the 
odd-numbered lines. The accumulation of small errors, 
such as rounding errors, will cause the even-numbered 
and the odd-numbered lines to wander independently from 
the correct values, so that the first differences of the 
integrated quantity are alternately too high and too 
low. This does not happen with (3). Consider therefore 
the situation, such as occurs in the computation of a 
trajectory, in which a quadrature is an essential part 
of a long computation scheme, the quadrature requiring 
only a small part of the entire computing time. Both 
for accuracy and for detection of errors in calculation 
it would be wise to compute each entry both by Simpson's 
rule and by (3). If the fourth differences are under 
LO the two results should not differ by more than 1, in 
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units of the last figure carried. Rounding errors may 
easily increase this discrepancy to 3, and occasionally 
even to l. A larger discrepancy should call for a veri- 
fication of the computation. If the discrepancy is not 
too large, the number entered should be the average of 
the two results, throwing the .5 toward the result of 
Simpson's rule if the discrepancy is odd. 


Suppose next that F(x) is obtained from f(x) by 
quadrature, and G(x) in turn obtained from F(x) by 
quadrature, so that 


x 
(L) F(x) = F(O) + | f(x) dx, 
ο 
x 
(5) G(x) = G(0) + | F(x) dx. 
ο 
Then 
ο Ww 
Δ10(0) = | F(x) dx, Δ α(ω) = | F(x) dx, 
= 0 ο 
(6) 5 s 
A G(w) - | F(x) dx + | F(x) dx. 
ο ο 
By integration by parts, using (L), this becomes 
ω 
Δδ20( 0) - | (w - x) f(x) dx 
ο 


(7) 


- (D 
:| ( - o - x) f(x) dx, 
ο 


and by substitution of variable of integration in the 
last term (changing x to - x) we obtain 


ω 
(8) A% ωὦ) = | (o - x) [ε(χ) + f( - x) Jdx. 


ο 
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Let us replace x by nœ and approximate f(x) and f( - x) 
by means of Stirling's formula, (2.27). All differences 
of odd order vanish from the integrand, since they are 
multiplied by coefficients which are odd functions of 
n. The remaining terms are even functions of n, so 
that in these terms the contributions of f(x) and of 
f( - x) are equal. Hence 


Δ 6(w) 


1 
: T4 (l-n) (£(0) + (n2/2) Δξεί w) 
(9) 0 


+ [n2(n2-1)/hga 4e(2w ) + ... } ἀπ 
- o? (f(u) + (1/12) aPe(w) 
- (1/240) a'it(20 ) + ...]. 


By integration by parts, the second of equations (6) 
becomes 


o u) 
(10) δαί w) = (x - o)F(x) - | (x = $o)f(x) dx. 


9 ο 


In the second term on the right we replace x by no 
and approximate f(x) by means of Bessel's formula, 
(2.28). If we make the substitution v = n - 4 in the 
coefficients of the differences of even order, these 
are seen to be the integrals of odd functions of v 
between limits - $ and $, and therefore the inte- 
grals are zero. The remaining terms are 


δ *c( ω) 
-ω[ Ῥίω) + Ε(Ο)]/ 
1 
- ὦ | { (n4)? a!f( ὦ) 
(11) O 
+ [n(n21)(n-32/3! Jà?t(20 ) * ... } an 
= o[F(0) + Είω}/2 
- (e?/2) ( dte( o) - (1/60) d3£(2m) * ... }- 
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If the terms involving differences of third and higher 
orders are omitted, this simplifies to 


(12) δΊα(ω) 5 (ω/2)[Ε(0) + F(o) - (w /6) ate(@)], 


a formula devised by C. B. Morrey in 1943. (The authors 
find no earlier reference to this formula. ) 


Formulas (9) and (12) are useful when an iterated 
quadrature must be effected. This happens, for in- 
stance, in trajectory computation when y' and y are 
to be deduced from y". If y! is first found from 
y" by a quadrature, using either or both of (2) and 
(3), it would be possible to use the same formulas 
to compute y from y'. But it is quite advantageous 
to use (12) instead. If we apply (3) to several suc- 
cessive intervals between multiples of @ and take 
differences, we see that the fourth difference of y' 
is approximately @ times a mean third difference of y". 
The error term in (12) is approximately (ω{/720) 
times a third difference of y". If the tabular inter- 
val were halved, the error in Simpson!s rule would be 
(09/90) times the new fourth difference of y', which 
is about (0/1Ll0) times a fourth difference of y' 
with the original interval, or about (0*/1hlO0) times 
a third difference of y". Thus Morrey's formula (12) 
has only about twice the error of Simpson's rule with 
intervals half as long. Moreover, it does not develop 
the oscillations which occur with Simpson's rule, 
discussed after (3). 


It is not so easy to compare (12) with (9). The 
error in any one line is smaller when (9) is used. 
But since (9) gives the second difference, an error 
on any one line enters the corresponding first dir- 
ference and remains there permanently, being added 
in in every later term. Thus the errors in using 
(9) accumulate; an error on any line causes an error 
m times as great in the value of y, m lines below. 
After a number of trials of the two formulas, it was 
decided that the most satisfactory procedure was to 
rely on (12), retaining (9) as a check formula. 
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One more important quadrature formula will be re- 
corded here without proof, although it will not be used 
in the methods of this chapter. This is Weddle's rule, 


6 
(13) | f(x) dx 5 4 [r(0) + δε(ω) + f(20) + 6f o) 
ο 


+ f(Lw) + 5f(50) + £(60)]. 


This is correct as far as fifth differences. For 
details, the reader is referred to L. M. Milne-Thomson's 
Calculus of Finite Differences (London: MacMillan and 
Company , Ltd., 1933). 


Equation (9) can be used to obtain a variant form of 
Everett's (or, alternatively, of Bessel's) interpolation 
formula which has a certain advantage in connection with 
trajectory computations. When a second-order differen- 
tial equation has been solved by numerical integration, 
a set of values of the solution-function and of its 
second derivative are obtained in the process of solu- 
tion, and the first, second and perhaps the third dif- 
ferences of the second derivatives are also tabulated. 
Differences of the solution, of order higher than the 
second, will not ordinarily be at hand. Hence there is 
an advantage in having an interpolation formula which 
uses only the differences automatically available. In 
the notation of this section, G and f are tabulated for 
values - ὦ» 0, ©, 20, ... of the independent variable 
If we first replace f by G in Everett's formula (2.32) 
and then substitute (9) in the result, we find that the 
polynomial approximation to G is 


P(x) 
= 1G(0) + πα ὦ) 
+ o? ( EJ(R)f(0) + Ἐρίη)εί ὦ) 
(11) + [Ει(ᾶ)'ξοίβ)/12 ]Δδε( ω) 
+ [Ἐμία)»Ερία)/ι2 ]Δ6τ(2 ω) 
+ [πε(ᾶ)»Βι(Βλ/12-Εο(β)/2ιο] s4e( aw ) 
+ [Ερία)»Βμ(α)/1-Ερ(πι)/2μο]Δὂγ(3ω) * ... }. 
3h6 Ch. VI 


Google 


The intervals must be small enough to be usable 
with the process of numerical integration, and this 
will insure that the contribution of the fourth dif- 
ferences of f is negligible. For n between O and l, 
we find that R (ñ) + Ε2(Π)/19 and E,(n) + Eo(n)/12 
differ from each other by less than .000l. Therefore 
if we denote their mean by Mj,", when we replace both 
of them by 14," we introduce an error less than .0002@ 2 
times the thırd difference of f, which is about a five- 
thousandth of the fifth difference of G. Hence we 
have the approximate formula 


G(x) = AG(U) + nG( w) 
(15) + a? (EA(R) £(0) + Eo(n) f( ω) 
* M," (n) [A EC ω) * b*f(20)] ): 


In the following table the values of Eo are exact; 
those of Mj" are rounded to the fourth decimal place. 


n n Eo(n) Eo(n). Mj"(n) = Mj"(R) 
0.0 1.0 0.0000 0.0000 0.0000 

2l 9 - .0165 - .O285 . 0020 

.2 8 - .0320 - .0L80 . 0039 

.3 M. - 0455 - .0595 0053 

Jn .6 - 0560 - .0640 . 0062 
0.5 0.5 -0.0625 -0.0525 0.0065 

n n E (ñ) E (n) M, "(1) 5 Mj" (n) 


This shows that we have gained an incidental advantage; 
Mj," is only about half as large as Ej. Consequently the 
term with Mj" as factor in (15) may often be omitted, 
simplifying the computations. 


As an application, we perform an interpolation in a 
column of the trajectory sheet which furnished the num- 
bers designated by "Ch. VI" in the tables in Section 10 
of Chapter V. For G we take x, and for f we take X. 
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Part of the computed results are as follows: 


t x X n4 
16 3949. 38 -3.18 

18 4292.72 -2.88 

20 L624.52 -2.65 -7 
22 4945.69 -2.50 -8 


To find x when t = 18.2, we use n = Ο.1, and by (15) 
and the table we obtain 


x = (.9)(h292.72) + (.1)(L62L.52) | 
+ (i) [( - .0285)( - 2.88) + ( - .0165)( - 2.65) 
+ (.0020)( = .15)] 


= 1326.12. 


Since the second differences of x must be (by (9)) 
about four times - 3 with tabular interval 2 seconds, 
when we cut down to tabular interval .2, the second 
difference would be a hundredth as great, or about 
.19. This is well within the limit (eight) permitting 
linear interpolation, so for t between 18 and 18.2 
we can interpolate linearly for x. In particular, 
since the angle of departure of the trajectory was 5°, 
corresponding to slant range L * 20,000 feet we have 
x = 14142.05 feet or 4310.51 meters. By linear inter- 
polation this corresponds to time t = 18.106 seconds, 
as was already listed in the comparison table in 
Section 10 of Chapter V. 


All our quadrature formulas so far have applied to 
integrals f f dx. However, the Stieltjes integrals 
J £(+) dg(t) studied in Chapter I also have to be esti- 
mated numerically, especially in the computations of 
differential effects which are to be discussed in Chap- 
ter VIII. Suppose then that both f(t) and g(t) are 
known for three values of t, say tj, to, and t3, where 
Ὦ « to« t3. To condense the notation, we write 
fy, fo, f3 for f(t1), f(t2), f(t3) respectively, 
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and likewise for g. We shall suppose that g] < g2 < 83, 
but the resulting formula will also be applicable if 
E4« Ep < Ej. The equations x = g(t), y = f(t) are the 
parame ric equations of a curve in the (x, y)-plane 
which passes through (gi, f1), (go, fo) and (£3; fr). 
Assuming that g is steadily increasing from tj to 2 9 
this curve can also be written in the form y = Y], 
where to find Y(x) we first solve x = g(t) for t and 
then substitute this value of t in f(t). The integral 


t2 

I = | f(t) dg(t) 
ty 

which we seek is the same as the integral of Y from gi 


to g4. As an approximation, we shall compute the inte- 
gral (from gi to g3) of the quadratic function of x 


which agrees with Y(x) rt gl» go, and g3. If g(t) is 
quadratic, having second derivative q" and assuming 
values q(a), q(b) at a and b respectively, its equa- 
tion is τ 


q(t) = (t - a)q(b)/(b - a) + (t - b)q(a)/(a - Ὁ) 
+ (q"/2)(t - a)(t - b), 
and so its integral is 


b 
| alt) dt = [α(ο) + α(α)](ο - a)/2 - (q'/12)(b - a). 
a 


Now the quadratic function q(x) which agrees with Y(x) 
at gi, 62 and g} has slope (fo - f1)/(go - Ε1) halfway 
between gj and go, and has s ope £4 - Γο)/ίβη - £o) 
halfway between go and E35 SO the rate of change of 
slope, q", is 


fy -f, f5,-1fi 


eae 6; 827 8] 
£3 - €i 
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We substitute this in the preceding formula. If we 
first integrate q(x) from gj to go, and then integrate 
it from g, to 83» and add the results, the sum is the 
following approximation to I: 


I 4 (go = g1)(f4 + f5)/2 + (85 i g2)(f> * f£4)/? 


(g> - 8)? + (g4 - 62)2 5 -f, f,- Ἡ 


ιο å ee ee o RET? απ E L——— d 


6(84 x Ε1) 


In the last term, we factor the sum of cubes and re- 
place the denominator by (g, - Bo) + (Zo - ΕΙ). The 
result can be written in thé form 


f, +f r-]1 * l/r 
1 2 


TIED 
(16) 


3 


f4 + f, r-l+ l/r 
+ (83 - £2) * (f, a e 


where r is the ratio of the smaller of Bo - 81 and 
63 - Bp to the larger of them (or vice versa! ). 


It is clear that if we discarded the terms with 
the factor r - 1 + 1/r we would have the trapezoidal 
formula. If g3 and go - gj] are equal, then 
r-1l1*1l/r21 dnd (1 16) αρα Simpson's rule. For- 
mula (16) is at its best when the intervals g5 - gj and 
&3 - & are fairly nearly equal. In any case it may be 
expected to be considerably more accurate than the 
trapezoidal rule. 


The auxiliary computation of r - 1 + l/r in (16) can 
be advantageously done with a slide rule. If go - 61 
on the Cescale is set against 61 - ϐρ on the D-scale, 
the numbers on each of these scales opposite the "1" 
of the other scale will be r and l/r. 
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lh. The existence theorem. 


In order to avoid irrelevant analytical complexities, 
let us assume that the functions f(X, yi, «..» Yn); 
(i = 1, ..., n) are continuous in all variables for x 
in an interval a Sx S b and for all y, and moreover 
that these Pontianus, possess partial derivatives with 
respect to the variables y; for the same range of argu- 
ments, and that these partial derivatives remain less 
in absolute value than a constant M on the entire range 
of the variables x, yi just 1 mentioned. Let ξ be a num- 
ber in the interval a $x Sb, and let ni, ..., Πῃ be 
any n numbers. We shall prove* that there exists a 
solution of the differential equations (1.1) which at 
x = b has the values (1), ..., 1). 


The central feature of the proof is the construction 
of a sequence of successive approximations 


(1) y 6053); vip yq x:3), j x0, 1.2; o 


(The enumerating index j has been written inside the 
parenthesis merely in order to avoid complicated sub- 
scripts.) The first approximation, consisting of the 
n functions y,(x;0), ..., yn(x;0), consists of any n 
functions defined and continuous on the interval 
a Sx 5 b and taking on the sequence of respective 
values 74, ..., nat x = E. The later approximations 
are defined inductively, each in terms of the preceding 
one, by the equation 


y,x;j*1) 
x 
(2) - n. * |. ne y1(x:3), ους) yy x53)) dx, 
ll, ος Ih 


*The proof below is essentially the same as that in 
G. A. Bliss' Lectures on the Calculus of Variations 


(Chicago: The University of Chicago Press, 1936), 
p. 27h. 
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In order to discuss these functions, we first notice 
that for any two sets of n numbers, Yi» 2299 In and 
Yi, ..., YQ, the theorem of mean value tells us that 


(3) £,(x, Y; eeey Yn) - f(x, Ji» ο... Yn) 
= (8£, Py, )(Ty - y1) + ... + (8f,/0y,)(Y, - Yn)? 


the partial derivatives being evaluated at τ point on 
the line segment joining (γη, ..., yg) to (Yl, ..., Υπ), 
But by hypothesis all these partial derivatives have 
absolute values less than a constant M, so by (3) 


| £4 (x, 1, 9999 Yn) - £,(x, 31» 9999 Yn) | 
n 


If we add these η inequalities for i running from 1 
to n, we obtain 


n 
Σ | fí4(x, Τι, .... Y) - f(x; Τι» eee Ση)] 


(5) n | 
Ξ Mn 2 |Ik - σκι. 


From (2) and (5), 


n 
i | 34(:351) = σι(α»4) | 


n x 
- Σ | |; [f4(x, 316053), ...» Τῃ(π13)} - falx, y1(x:1-21), ».., γρίκ1ἠ-1)}}4 
(6) -— 
s Σ |; | f4(x, γγ(κ13}ν coos 340930) - falx, y3(5221), ..., yg Gn3-17) E 
x n 
Mn |; Σ lya) - σιία;}-1)} ἀκ]. 
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Since both y,(x;0) and y4(xj1) are continuous functions, 
the 3nagaaiity 


n 
(7) Σ | y4(x:1) - yy(x50)| < K 


is satisfied for some constant K, as x ranges from a 
to b. We can now show that 


n 
(8) Σ | 34(3351) - y4(x;3) | S KQtn)J| x - 4/41 


for all x in the interval from a to b and all non- 
negative integers j. For j = O this follows at once 
from (7). For other j we prove it by induction. If (8) 
is true for a value k - 1 of j, then by (6) and (8) for 
j = k - 1 we have 


a. 4 
22 | η (x3k+1) = y, (x;k) | 
= | Mn |; Κίνα) ]κ - E X - 1)! d 


= Küfn)*| x - £| (ια), 


so that (8) holds for j = k also. This completes the 
induction. 


As a consequence of (8), 
7 j j 
(9) T | yy (e551) - y4(53) | S Κα) (0 - a)“/j! 


for all x in the interval from a to b and for all non- 
negative integers j. But the right member is the 
general term of a convergent series of positive terms, 
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so the left member of (9) is also the general term of 


a convergent series. In particular, for each one i of 
the integers 1, ..., n the sum 


Σ |Υ1(κ11’1) - γι(χ13)} 

150 
converges. It still converges if we remove the abso- 
lute value sign. Therefore 


Σ [y4(x:;3*1) - y4(x:3) J= y4(xim*1) - γι(κ;0) 
j= 


has a limit as m increases without bound, and conse- 
quently y4(x;m*1) tends to a limit as m tends to ©, 
Let y4(x) denote this limit. If € is a positive 
number, we can select an m so large that the sum of 
the right members of (9) from j = m to œ is less than 
€/Mn. Then for every pair of numbers p and q > p both 
greater than m we have 


q-l | 
[σι (κϱ) - γι(κ1α)| Ξ E | 405351) - »40383)| 
| =p 


eo 
(10) S Y k(Xn))(» - a)J/j1 
j*u 
< ¢/Mn. 
We now let q tend to o, holding p fixed, and find 
(11) | x4Gop) - σι(α)| Ξ ελίη. 


From this and (L), 


| fa(x,y4 (xp), 9549 yn(x: p)) 
(12) - f(x, y1(x); 9.59} Yn(x)) $ e. 


If we invegrate this from È to x, we find that the 
values of the integrals from to x of the func- 
tions inside the absolute value sign in (12) differ 
by at most & x - &|, which cannot exceed «(b - a). 
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Therefore 


x 
lim | fi(Ox, yqGo p), ..., yg GG p)) dx 
preys 

(13) x 

= |, fi(x, yq(x), ee., Υρίχ)) dx. 


Now in (2), as j tends to œ the left member tends to 
y4(x), while by (13) the right member tends to the 
right member of (13). Therefore y4(x) equals the right 
member of (13), or in other words equations (1.2) are 
satisfied. These are equivalent to the differential 
equations (1.1), and the theorem is proved. 


It can also be shown that the solution thus obtained 
is unique. Suppose that there were two solutions of 
(1.1), which we denote by y4(x) and Y4(x), both having 
the values η at x = € We assume that there is a 
point c in the interval from a to b at which they dif- 
fer, and arrive at a contradiction. To be specific, 
we suppose c between a and €. Define 


n 
(14) r(x) = 2 (Y;(x) - y 4x)Y*. 


This vanishes at § but not at c. Let d denote the point 
between c and ἕ which is the closest point to c at which 
r(x) vanishes. This may be Eitself. Then r(x) is 
positive forc < x < d and vanishes at x = d. Since 
both γι and Y, satisfy the differential equations (1.1), 
the derivative of r is 


n 
r'(x) = 2 2 [X4() - y4(00][4' = γι'(χ) J 


n 
(15) -2 » [Υι(χ) - x40] 


: fi(x, Yi 6569 Υῃ) - Γι(χ, yl» (555 yp). 
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If we replace the second factor by means of (3), we find 
r'(x) 


(16) n 
= an (8 £5/8 y 4) [Y (x) - yi (x)] [Y5(x) = y4(x)] , 


the partial derivatives being evaluated at some point on 
the line segment joining (yi, ..., Yn) to (11, ..., Yn). 
The absolute values of the derivatives cannot exceed M, 
by hypothesis, and each of the other factors is at most 
equal to the square root of r, by (1h), so from (16) we 
conclude that 


(11) | r'(x)] = oun@r(x). 


Next, for all x between c and d (not including d) we 
define 


(18) v = log r(x). 
Then by (17), 
(19) | v'| S am. 


By the theorem of mean value, for each x between c and d 
| v(x) = νίο)| = |(x - e)v'(x*)| 


(20) 
Ξ 2Mn*(x - c), 

where x* is some point between c and x. As x ap- 

proaches d, we see by (20) that v(x) remains bounded. 

But as x approaches d we know that r approaches O, 

so that v = log r cannot remain bounded. This is the 

contradiction that establishes the theorem. 


If we try to apply the existence theorem just estab- 
lished to the normal equations of the trajectory, we 
find that the hypotheses are not satisfied. The right 
members of the equations are defined only for v below a 
certain number, the upper limit of the table of the drag 
function; and moreover the partial derivatives are un- 
bounded because of the presence of the exponential H(y). 
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However, this is not really a serious matter. We can 
redefine H(y) at all points where it exceeds, say, 3, in 
such a way that it is bounded and has a bounded deriva- 
tive with respect to y. And we can extrapolate the drag 
function beyond the upper limit of its experimentally 
determined range in such a way that both it and its 
derivative with respect to v remain bounded. The equa- 
tions then satisfy the hypotheses of the existence theo- 
rem, and therefore have a solution. This solution will 
not, under anything like reasonable conditions, enter 
the region in which H exceeds 3. If it enters the re- 
gion in which v is above the upper limit of the experi- 
mentally determined values, the solution has no physi- 
cally trustworthy meaning. But this is unavoidable; the 
trouble lies not in the mathematics, but in the lack 
of physical information about the drag. In any ordi- 
nary application of ballistic theory, the solution 
lies within the region in which the drag function is 
known to some degree of accuracy; if this were not so, 
further experiments.would be performed to increase 
our knowledge of the drag. 


The choice of the first approximation y4(x;O) was 
quite arbitrary, except for the requirements that the 
functions be continuous and take on the values n, at 
x= & If we wish to obtain this first spproxieatica 
by guessing the values of the functions f4 and inte- 
grating these guesses, it is our privilege to do so. 


The procedure by which the existence theorem was 
proved furnishes a logically sound, though not very 
convenient, method of solving differential equations 
of the type (1.1) by numerical methods. Let us choose 
a sequence of equally spaced values of x, including 
among them the initial value &, the interval between 
successive tabular x's being small enough so that the 
integrations (2) can be performed by numerical quad- 
rature with no more error than we have decided to 
allow. We could then make any sort of first estimate 
for the functions y,(x) or for the right members f,, 
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and begin the process of successive approximations 
specified by equations (2). Eventually the columns 
of values of y4(x) will begin to repeat themselves, 
‘showing no change (to the number of decimal places 
retained in the solution) from one approximation to 
the next. At this stage we have obtained a solution 
of the differential equations, accurate to within a 
certain error dependent on the number of decimal places 
retained in the process and the number of lines needed 
in the computation. 


Suppose, to make the notation specific, that the 
initial value of x is 0, and that the interval in 
x is O. We wish to integrate the differential equa- 
tions from O to some point b. The procedure of the 
preceding paragraph would call for an estimate of Yi 
all the way from O to b, this estimate being then 
replaced by a sequence of improvements converging to 
the solution desired. An obvious but important im- 
provement in this procedure results rrom observing 
that the successive approximations to the y4 on each 
line x = m o depend only on the earlier approximations 
on the lines from x = O to x = m@ and do not involve 
the values of the γι on line x = (m + 1)o and suc- 
ceeding lines. This gives us the privilege of com- 
pleting the approximation on each line before starting 
work on the next line. For instance, on lines x = 0 
to x = (m - 1) πε can calculate successive approxima- 
tions until we reach final values. Now by examining 
the column of values of each y4,, corresponding to the 
values x = O, ὦ, ..., (n- 1) à,we can extrapolate to 
form a good first approximation to y, on the line 
x = ma» Having a good first approximation, the later 
approximations will rapidly approach the final values, 
so that usually after one or two stages the final values 
are reached. This, in essence, is the whole of numeri- 
cal integration of differential equations. There re- 
mains a certain amount of room for choice, in the manner 
in which the extrapolations are made and in the selec- 
tion of quadrature formulas; but these are matters of 
detail rather than of basic principle. 
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5. Application to an example. 


Although the methods of numerical integration that 
form the subject of this chapter are being discussed 
primarily because of their applications in ballistics, 
it will be easier to see the processes involved if we 
apply them to an example exhibiting the steps needed, 
but not requiring long computations. We shall discuss 
the equation 


(1) y'--y,; 


the initial conditions being so chosen that we obtain 
the solution 


(2) y = sin x. 


Thus we can check our results against a table of the 
natural sine with argument in radians. 


The formulas of the preceding sections involved 
differences of order higher than the first, and these 
are not available at the beginning of the computation. 
So starting a solution is a special problem in itself, 
which we shall postpone for a while. Here we start 
in medias res, supposing that somehow or other we have 
managed to obtain several lines of the computation, 
and we shall show how to proceed to obtain more lines. 
The computations will be based on the four quadrature 
formulas of Section 3. 


Let us then suppose that the computation has pro- 
ceeded for a number of lines at interval œ = 0.1, the 
last three lines being exhibited in the following table: 
x y ΔΙ A? y! y" A 
.5 .h79h3 9001 -389 .87758 -.47943 -9001 389 9L 
«ὁ 56464 3521 -4y8u .82534 -.55h6l -8521 480 91 
ο] 6422 7958 -563 .76L8L -.6LL22 -7958 563 83 
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The value of y' for x = .6 was obtained by Simpson's 
rule, and after the line x = .7 is complete can we 
check it by (3.3). According to this formula, 

y'(.6) = .87758 + (0.1) (( - «Το - .56L64)/2 
(3) - (1/24)(.00480 + .00563) ] 

= 82533. 


slightly "plus." This is an acceptable check. We 
leave the entry .8253l unaltered. 


Next we start the process of successive approxima- 
tions by making an extimate of y" for x = .8. This we 
do by extraprlation of the third difference by guess- 
work. We shall guess that the third difference on line 
x = ,B will be 73. (As is usual in entering differences 
we omit the decimal point, expressing them in terms of 
units of the last decimal place carried in the main 
colum, which in this case is y".) This leads to the 
entries 


y" al δν δ) 
(4) 
-.717hh -7322 . 636 13 


(Here we have wasted some energy, since all we need at 
the moment is the last pair of entries, the third and 
second differences.) Now by (3.1) we compute 


y'(.8) = .8253l 
(5) + (0.1)[2( - .64422) + (1/3)(.00636) ] 
= .69671 
Now by (3.12) we find 
&ly(.8) = (0.05)[.76u8l + .69671 
(6) - (1/60)( - .07322) ] 
= .0731l 


(Ordinarily the decimal point would be omitted from 
before each five-figure entry in this equation.) 
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From this first difference and the entries on the pre- 
ceding line we find that y(.8) is .71736, and its second 
difference is - 64h, in units of the fifth decimal 
place. As a computational check we apply (3.9): 


— &?y(.8) = (0.01)[ - .6ἰμι22 + (1/12)(.00636) ] 
(7) νο. | 
agreeing to five decimal places with the other result. 


The first phase of the process is now finished, and 
we go on to the second approximation. We have just 
obtained the approximation .71736 for y at x = .8, so 
the corresponding value of y” is the negative of this 
by (1), and we obtain the entries 


-. 71736 -7134h 6hh 81 


Our guess at the value 73 for the third difference 
was not a very good one, since this better approxima- 
tion gives the third difference the value 81. We now 
repeat the whole sequence of operations, except for 
the verification of the entry for y' on line x = .6. 
The right member of (5) is amended this time by having 
0064 in place of .00636; but to five decimals the 
value of y' 1s unchanged. The right member of (6) is 
amended by having - .0731) in place of - .07322; but to 
five decimal places this leaves y unaltered. So the 
second approximation yields the same values for y' and 
y as the first approximation did, and the process is 
complete. Line x = .8 now has its final values, and we 
are ready to go on to the next line. 


(8) 


It will be noticed that the first approximation 
did not look particularly accurate, since the extra- 
polation of y" was in error by eight units of the last 
decimal place. Nevertheless, it turned out that this 
was actually good enough. Re-computation did not alter 
the nid of y' and y, and therefore was unnecessary. 
Sec. 
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But we had to go through the computation of the second 
approximation in order to find this out. In other 
words, the re-computation was unnecessary, but was 
nevertheless necessary in order that we could be sure 
that it was unnecessary! This is a rather undesirable 
state of affairs. Clearly it would be convenient to 
have some sort of reasonably simple test by which we 
could be sure that re-computation would not change the 
values of the functions without having to go through 
the whole process merely to verify that they do not 
change. This will be discussed further in Section 7. 


The general type of second-order differential equa- 
tion would have the form y" = f(x, y, y'). The problem 
we have been discussing belongs to the special sub- 
class in which the right member happens to be inde- 
pendent of y'. We did not choose to exploit this 
peculiarity in the preceding paragraphs, because we 

wished to exhibit the processes that would be used 
in solving a general second-order differential equa- 
tion. However, now that that has been done, it is 
useful to point out that second-order equations in 
which the right member is independent of y' can be 
treated especially expeditiously. Let us return to 
the tabulation just before equation (3), and again 
guess that the third difference of y" on line x = .8 
will be 73. We again obtain (hl), except that as re- 
marked we have no need of the values of y' and its 
first difference, so they need not be computed. By 
(3.9) we compute A?y( .8)5 this is identical with (7). 
With this we compute the entries | 


y al a? 
«71736 7314 ES 


This gives us (8) for the second approximation to 
y", and as before we see that the second approxima- 
tion to y is the same as the first, so that the line 
is finished. The amount of numerical work involved 
is considerably less than in the general process. 


362 Ch. VI 


(9) 


Google 


There is a disadvantage in that there is no check for- 
mula. But this can be repaired in part by carrying an 
extra column in which the running sum of the values of 
y" is entered and using on each line the following 
check, obtained from (3.9) by summing: 


Aly(m o) - Aly(o) 


-1 
(10) » eir y"(j o) 
j=0 


+ (1/12)[ d4y"(mw) - Aly"(0) 1 . 


For use in checking, this would be more convenient if 
rearranged into the form 


Aly(m®) = [ aly(0) - (w 2/12) dty(0) J 


(11) m-l 
+ oE y"(jæw) + (1/12) oyna), o 


The first term in the right member does not change 
with m. 


6. The start of the solution. 

When beginning the numerical integration of a dif- 
ferential equation we lack the differences that played 
an important role in the quadratures, and must use some 
special device as a substitute. The simplest possible 
device is to start with an interval ὦ so small that 
the trapezoidal rule is accurate enough for computing 
the first derivative by quadrature of the second deriv- 
ative, assuming that we are still discussing second- 
order equations. There is much less chance of any 
trouble in obtaining the function itself from its deriv- 
atives, since if y! and y" are known with sufficient 
accuracy on two consecutive lines, equation (3.12) can 
be used to obtain an estimate of y whose error is a 
small multiple of the third difference of y". 
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The process can probably be more clearly under- 
stood from inspection of an example than from a dis- 
cussion in general terms. So let us suppose that we 
are again trying to solve the differential equation 
(5.1), but that now we are to start from the initial 
conditions 


(1) y = 47943 and y' = .87758 at x = .5. 


We shall attempt to use ὦ = .05 as interval at the 
start. By the differential equation (5.1) itself, we 
have y! = - .lh7953 at x = .5. As a first approxima- 
tion, we suppose that y" is still equal to - .79l3 at 
x = .55. By the trapezoidal rule ((3.3) with all dif- 
ferences omitted) we find that y' is «95361 at x = .55. 
By Morrey's rule (3.12), which since aly" = 0 is 
merely the trapezoidal rule at this stage, we find 
Aly = .04328, so that y = .52271 at x = .55. Now we 
start the second approximation. By the differential 


equation itself, we have the second approximation 


y" = = .52271 at x = .55. Again we use the trapezoidal 
rule to obtain the second estimate y' = .85253 at 
x = .55. Now formula (3.12), which is no longer the 
trapezoidal rule because we have a first difference 
of y" to use in it, gives us y = .52269. This dif- 
fers little from the preceding approximation .52271, 
and we find, as we might expect, that the third approxi- 
mation starting with y" = - .52269 gives us y = .52269 
back again, so that the process is closed, and we have 
reached final values. Whether we have reached correct 
values is quite another matter. We have used the 
trapezoidal rule in computing y' from y", and thereby 
have disregarded the second-difference terms in (3.3). 
We will not be able to learn if we were justified in 
doing this until the computation has gone at least a 
line or two further, so that some second differences 
are available to furnish an estimate of the error that 
we have made. 


The information so far attained is that in the 
following table. 
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x y at ae y! y* al A? 
«5 «93 «81756 — -.57953 
255. «59969 326 085253 =-.52269 -4326 


We can now abandon the trapezoidal rule. Lacking any 
information about the second difference of y", we assume 
as a first approximation that the first difference of y" 
is still equal to - 1,326 on the line x = .60. Then by 
(3.1), we find y' = .82531, and by (3.12), y = .56465. 
We now proceed to the second approximation. By the 
differential equation, y" = - .56l65 at x = .60, so that 
the first difference of y” is - 1196 and the second dif- 
ference is 130. Again using (3.1) we find y' = .82533. 
and by (3.12) we obtain y = .56165 again. (The trigo- 
nometric table has .56h6l, instead, but our value is 
actually almost a half unit of the fifth decimal place 
less than .56165, so the agreement is good.) 


From this point we may proceed in either of two ways. 
We may go on at once to the line x = .7. To do this we 
would extrapolate y" to the line x = .7, find y! by 
Simpson's rule using the values of y" on lines x = .5, 
.6 and .7, and then find y by (3.12), as first approxi- 
mation; then use this first approximation with the dif- 
ferential equation y = - y” to obtain a second approxi- 
mation to y", and so on. A difficulty with this pro- 
cedure is that we are rather likely to make a poor ex- 
trapolation, lacking the higher order differences to 
guide us. Some help can be obtained from the second 
difference formed from the values of y" on lines x = .5, 
.55 and .6; we could assume as a first approximation 
that the second difference is constant and thus extra- 
polate y" to line x  .7. Nevertheless, it is still 
fairly likely that we would have to go through several 
approximations before the final values of y", y' and y 
are reached. As an alternative to this process, we 
could be less valorous and more discreet, computing two 
more lines at tne shorter interval (that is, computing 
lines x = .65 and x = .7), then extrapolating y" to 
line x = .9 and proceeding from this point using only 
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lines x = .5, .6, and .7, as in the preceding section. 
This procedure would call for computing one line, 
x = .65, which is ignored after it serves its purpose 
of guiding the extrapolation to x = .7. But in practice 
it often turns out to be a net saving to do this; if one 
re-computation of the line x = .7 is avoided, this extra 
line has paid for itself. 


We now investigate a second method of starting the 
numerical integration which is quite advantageous when- 
ever it. happens to be easy to compute the third deriv- 
ative y'''. In fact the advantage of this method is 
not at all bound up with the order of the equation; 
it is equally useful with a system of first-order 
equations like (1.1), provided that the derivatives 
y4'' can be easily computed. By (2.8) we see that a 
knowledge of the first derivative of a function at 
x = O can furnish us with an estimate of the first 
difference of the function at x = œ. But this is by 
no means all that can be done with the help of the know— 
ledge of f'(O). Let us imagine that f(x) has been 
approximated by a polynomial P(x), for which we choose 
to use formula (2.27), which is Stirling's formla. 
Then we can obtain an estimate of f'(0) by differen- 
tiating the right member of (2.27), and setting x = O. 
Recalling that x = nw, so that dn/dx = 1/w, we obtain 


o f'(0) = [ate(o) + alti o)]/2 
(2) ~[a3f(w) + àA2f(209)]/12 
+ [o>f(2m) + 4?£(30)]/60 + ..., 


the succeeding terms involving means of differences 
of odd order greater than 5. 


An immediate consequence of this equation is 


(3) If differences of order 2 and higher are ignored, 
alf( o) = wf'(0). 
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Next we replace. Alf(0) by Sfl ω) - δ3( Q), as we 
may by definition of the second difference. Solving (2) 
for the second difference yields 


(h) If differences of order 3 and higher are ignored, 
Δ2{(ω) = 2[Δ]τ(ω ) - ωτ'(ο)]. 


If differences of order li and, higher are to be ig- 
m may consider that APf( w) may be replaced 
AA (2 ὦ) ω) in (2). Moreover, the relation 


ate(o) = ote(w) - A?t(20) + δ22(2ω) 


is an identity, by (1.5). Making these substitutions 
in (2) ylelds | 


(5) If differences of order l and higher are ignored, 
a?t(20) = (3/2) { a2e(2) - Aate(w) - of'(0)]]. 
By use of (5) and the identity 


A2f(2w) = A?f(20) - A?f( ω) 
we obtain 


(6) If differences of order and higher are ignored, 
2[ att(w) - of'(0)] = (2/3) δξε(ω) + (1/3) &*f(2 o). 


It will be observed that (3) and (L) are immediate 
consequences of (6). 


We shall now describe the application of these for- 
mulas to the start of the solution of a single second- 
order differential equation. The application to sys- 
tems of second-order equations requires only the use of 
the procedure for each of the variables; and the appli- 
cation to systems of first-order equations requires only 
the omission of the steps needed to pass from y! to y. 
As soon as the first line is filled out, the knowledge 
of the value of y''' on this line enables us to estimate 
the first difference of y'' on the next line by (3); 
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hence we have a first approximation for y" on the second 
line. Now by the trapezoidal rule we compute y' on the 
second line, and by (3.12) we compute y on the second 
line. This gives us the second approximation to y" on 
the second line, and also furnishes us with a better 
estimate of the first difference of y". So (hl) gives us 
a first estimate of the second difference of y" on the 
second line. In order to compute the second approxi- 
mation to y' on the second line, we need no longer use 
the trapezoidal rule. The estimate of the second dif- 
ference of y" will serve also as an approximation to the 
second difference of y" on the third line. So we can 
use (3.3) with these estimates for the second differ- 
ences, obtaining a more accurate value of y' on the 
second line than the trapezoidal rule would furnish. 
We re-compute y by (3.12), and repeat the process until 
final values are reached. 


Now we proceed to the third line. Since we have an 
accurate first difference and a good estimate for a 
second difference of y", we may hope to make a better 
extrapolation than if we knew the first difference 
alone. We make the extrapolation and compute y' on the 
third line by Simpson's rule, which for this purpose is 
conveniently expressed in the form (3.1). We next com- 
pute y on the third line by (3.12), checking the second 
difference by means of (3.9). This process is repeated 
until final values are reached. We now have the value 
of the second difference of y” on the third line. We 
also still have the value of the estimate (4) of the 
. second difference of y" on the second line. We could 
estimate the third difference of y" on the third line by 
subtracting the latter of these from the former. But 
(5) tells us that we should not enter the result of this 
subtraction as the third difference of y". Instead, 
we should enter 3/2 of its value. Then for consistency 
we must revise the estimate of the second difference 
given by (lh) and already used; it must be replaced by 
the result of subtracting the third difference just 
computed from the computed second difference of y" on 
the third line. 
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The most inaccurate step in this process is. the 
first approximation to y' by use of the trapezoidal 
rule. But this is of no importance, since this esti- 
mate is later replaced by a more accurate one. Of 
the steps left in the final computation, the one most 
open to doubt is still the computation of y' on the 
second line by use of (3.3), in which tne approxima- 
tion (4) is used for the second difference on both 
the second and third lines. In the notation of (L), 
we have used the approximation 


ω 
| f(x) dx 
(7) Jo 


= wf [£(0) + £(0)]/2 - (/6)L aa£(o) - o f'(0) ]) 


as a substitute for (3.3). If fourth differences are 
ignored, the difference between (7) and (3.3) can 
easily be shown to be only 


(8) (o /72) a?f(2 o). 


If this amounts to less than half a unit of the last 
significant figure, the formula error committed by using 
(7) may be neglected. Otherwise we must carry out an- 
other improvement. After the third line is complete, we 
have an accurate second difference of y" on the third 
line and a good estimate on the second line. It is thus 
possible to re-compute y! on the second line by means of 
(3.3) witnout having to fall back on the approximate 
form (7). If tne third difference of y" is too large to 
let us ignore the error (8), this revision should be 
made, and all subsequent revisions which it may imply. 


The application of this method of starting the solu- 
tion to the particular problem we have been using as an 
example will be sufficiently clearly shown by means of 
the following table. In this table the first, second 
and third approximations to the quantities on the 
second and third lines are all shown; in practice all 
but the final values would commonly be suppressed. All 
quantities other than the final values are underlined. 
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The subscripts show the order in which the numbers are 
computed. The quantities in square brackets in the last 
three columns are those furnished by the formulas (3), 
(L) and (5) respectively. The entry [508 Jin the final 
approximation to line x = .5 is that furnished by (L); 
the entry 180 below it is the result of correcting it 
with the help of (5), which yields the entry 85 as the 
third difference of y" at x = .7. Two of the entries 
have two subscripts. The value of y' for x = .6 was 
computed at the eighteenth step by formula (7) and veri- 
fied at step li2 by (3.3). In fact, since the third dif- 
ference of y" is only 8l we see that the error (8) is 
negligibly small. The second difference of y for x = .7 
is computed at step 36 from the first difference given 
by (3.12) and verified immediately by (3.9). The ini- 
tial conditions are those in (1), but we begin with 
interval .l instead of with the interval of .05 that 
was used with the other method of starting. 
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7. The tolerance. 


It has already been remarked that there is a rather 
considerable amount of waste effort in the procedures 
outlined in preceding sections, because the last approx- 
imation merely duplicates the values found in the 
"approximation before it, and serves no other purpose 
than to confirm that the preceding approximation had 
already furnished the final values. Clearly there 
would be an advantage in knowing at some stage that 
although the approximation completed did not repeat the 
values of the stage before it, another approximation 
would repeat the values just found. This would allow us 
to omit the last, merely confirmatory, approximation. 


Let us return again to the example we have been 
investigating. Suppose that the difference between the 
values of y" furnished by two consecutive approximations 
is t, There is then the same difference between the 
first differences of y" furnished by the two approxima- 
tions, and likewise for the second differences. Then 
in computing y' by (1.1) we find a difference of we/3 
between the values obtained in the two approximations. 
The corresponding difference between the two values 
of y, by (1.12), is 


(o/2YIoc /3 - (o /6) e] - w?e/12. 


It would not seem that this could be applied to the 
second line, since there we must use (6.7) if we adopt 
the starting process based on the derivative of y"; 
but it happens that (6.7) leads us to the same result. 
Thus we see that if the values of y" at approximations 
η - 1 and n differ by €, the values of y will differ 
by w ?&/12 , and so the values of y" at approximations 
n and n + 1 will differ by - ὠξε/12, 


No matter how small this quantity is, we can never 
guarantee that it will not affect the last significant 
figure of y" when rounded off to some preassigned number 
of decimal places. For it may happen that the first 
omitted figure in y" at stage n is very nearly a 5, 
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so that a very small change would alter it from just 
below to just above 5, and thereby change the digit in 
the last exhibited decimal place by a unit. However, 
as long as we are rounding off all our entries to a 
certain number of decimal places (five, in the example) 
we are signifying our willingness to accept errors of 
half a unit of the last decimal place carried. Thus, it 
is not unreasonable to augment by a little the size of 
the error we are willing to accept, and agree that we 
shall stop the process of successive approximations as 
soon as we know that the next stage would not affect any 
entry by more than half a unit of the last decimal place 
carried. Then we KW willing to stop the process as 
soon as the error ¢/12 of the next step does not ex- 
ceed half a unit ot the last decimal place carried. In 
our example, the permissible error is 


ὠ2ε/12 = .5 units of the fifth decimal place, 
with © = .1. Hence 
ε = 600 units of the last decimal place. 


In the calculations exhibited in the preceding sec- 
tions, the discrepancy between first and second approxi- 
mations was never as great as 600 units of the fifth 
decimal place. Hence in every instance the application 
of this criterion would have marked the values obtained 
in the second approximation as final, and we would never 
have gone on to a third approximation; whe"eas in every 
instance we did go on to a third approximation merely to 
confirm the fact that the second approximation gave 
final values. However, this is a slight overstatement. 
In the tabulation at the end of the preceding section it 
will be noticed that the first and second approximations 
both on line x = .6 and on line x = .7 differed from 
each other by less than the tolerance of 600 units just 
suggested. Yet in each case the second and third ap- 
proximations to y" differed from each other by a unit of 
the fifth decimal place. This is particularly striking 
in the case of line x = .7, where the first and second 
approximations to y" differed only by 57 units of the 
fifth decimal place, much less than the permissible 600. 
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It happens that on both the lines the phenomenon 
mentioned in the preceding paragraph occurred. For 
instance, on line x = .7 the first difference, whose 
final value is recorded as 7958, is actually almost 
exactly halfway between 7957 and 7958, and the small 
change in y" from first to second approximation was 
enough to throw it over the halfway-mark. It happens 
that on both lines the final value of the first dif- 
ference. of y is just about half a unit of the fifth 
decimal place too large, so that in fact «6ἱμιδὸ would 
be a more accurate final value for y(.7) than the 
final value recorded, .6h423. (In fact, .6lh22 is 
the value shown in the table of natural functions.) 


However, this same example of the table at the con- 
clusion of Section 6 serves to show us that we are at 
the edge of a deeper problem than the one we have been 
investigating. Certainly there is an advantage, as we 
have said, in knowing when to stop the process of suc- 
cessive approximations, without having to go on until 
two successive approximations are duplicates. But, to 
State it somewhat superficially, it is hardly enough to 
know when the final values have been reached with error 
not over half a unit of the last decimal place carried. 
If the entire solution is to have error nowhere greater 
than some preassigned bound, we must also know at the 
least how many decimal places should be carried. 
Clearly it is not sufficient to carry five decimal 
places on each line if the whole table is to be accu- 
rate to five decimal places. In the table at the end of 
the preceding section, each of the first differences of 
y is less than half a unit of the fifth decimal place in 
error. Yet their sum is nearly a unit of the fifth 
decimal place in error, because the errors of the two 
first differences happen to be nearly half a unit each 
and are of the same sign. Thus an error has already 
occurred in y(.7) which will persist, unless by chance 
an equal and opposite error occurs later; and this is no 
more likely than that an equal error of the same sign 
will occur later. So we have before us an example of 
the effects of the accumulation of rounding errors. 
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The simplest, but not the most useful, way of at- 
tacking the problem of setting a bound on the error 
would be to fix a tolerance on each line so stringent 
that even if the greatest possible error occurred on 
each line and all were in the same direction the total 
effect would still be within the allowable amount. 
But it is evident that in a computation extending 
through a fairly large number of steps it is extremely 
unlikely that all the errors would be of maximum amount 
and of the same sign. Consequently we shall set our- 
selves the more difficult, but more realistic, problem 
of finding the limitations that we must set on the 
errors in each separate line in order that their cumu- 
lative effects shall remain under a preassigned bound, 
not with absolute certainty, but with a probability of, 
say, 99 per cent. 


Let us suppose that an equation of the type 


y" * F(t, y, y!) 


has been solved by some selected process of numerical 
integration, the solution being computed for certain 
values t9, ..., ty = T of the time t. On each line 
there will be some error in y", due to two causes. 
First, the y" written will be given to only a certain 
number of figures, being rounded off to a selected 
number of decimal places. From the values of the 
entries on preceding lines, by use of the formulas of 
the integration process being used, there would follow 
a value of y" on the line t = t, which would ordinarily 
be an unending decimal. This is rounded off to the 
nearest multiple of 10-k, where k is the number of 
decimal places carried. The change introduced by this 
rounding error will be called the rounding error in 
y" on the line t = ty, and will be denoted by the 
symbol r"(t4). Observe that this is not the differ- 
ence between the number entered on the i-th line and 
the accurate value of y"(ty). It is the difference 
between the number entered and the number which would 
be accurately deduced from preceding entries, which 
themselves are already in error because of rounding. 
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The second kind of error in y"(t4) arises from the 
fact that the process of computation involves making 
a first approximation and improving it by successive 
approximations. No matter how far this process is 
carried, there will always remain some departure from 
the true value, depending on the error in the original 
extrapolation and on the number of stages of improve- 
ment. This remaining error will be called the extra- 
polation error. It is of course not the same as the 
error in the first extrapolation, but is the (usually 
much smaller) error in the final stage which is caused 
by the original error in the first extrapolation. We 
shall denote this extrapolation error in y" on the 


line t = ty by e"(t,). 


Each of these errors will produce some resulting 
error in the last computed value of y, that is y(T). 
The error in y(T) caused by, say, r"(t,) may be assumed 
proportional to r"(ti), since tne error is small and the 
error in final value will be closely enough represented 
by its differential, which is línear. The quantity of 
prime interest to us is the sum of all these errors in 
the last value of y. We shall study this with the help 
of the Laplace-Liapounoff theorem (see Section 22 of 
Chapter I). But this theorem presupposes that the 
errors are independent. At first this might seem to be 
meaningless in the present situation. One objection is 
that it is meaningless to speak of the "probability" 
that the error in a specific computation shall be less 
than a certain amount; in one single computation, it is 
or it is not greater than this, and no probability is 
involved. This objection is superficial; if it really 
had any weight, it would indicate that no life insurance 
policy should be sold to any one man. However, it does 
raise a reasonable question. Probabilities should be 
discussed relative to some specified population. What 
is the population with which we are concerned here? A 
second objection is perhaps a bit deeper. Ignore for 
the moment the extrapolation error. With given initial 
conditions and function F, the rounding error on any 
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one line is not necessarily forced upon us; we can 
select a different number of decimal places. But when 
this is done, the errors up to and including a given 
line determine the values of y", y' and y on that line, 
hence determine the values of y", y' and y on the next 
line which follow from these data, and thus finally 
determine the rounding error on the next line. In 
what sense can we then say that the rounding errors 
on successive lines are independent? 


Let us denote by y* and y'* the initial values 
of y and y' used in computing the trajectory which 
we are studying. In this computation we may suppose 
that F was found from a table in which F was listed 
against closely spaced values of t, y and y:. We 
shall denote this tabulated function by F*(t, y, y'). 
Given a positive number €, we could consider the en- 
tire aggregate of solutions which could be obtained 
by replacing y*, y'* and the tabulated values of F* 
by other numbers differing from the originals by not 
more than €, This would give us an aggregate of so~- 
lutions depending on a very large number of parameters 
(say N of them), each varying independently over an 
interval of length 2€. Here we have a situation re- 
sembling that of the n roulette wheels discussed in 
Section 17 of Chapter I. 


There is a "cube" in the space of N dimensions 
having each edge of length 2€. Each point in this 
"cube" characterizes one solution of the differential 
equations. The probability measure of an interval 
lying in this cube will be taken to be the ratio of 
its N-dimensional volume to that of the whole cube, 
just as was done with the n roulette wheels. Now we 
have a specific population and a probability measure 
over it. To each individual member of the population 
corresponds a uniquely determined number which is the 
total effect of all rounding errors on the value of 
y(T). For each preassigned positive number e there will 
be a certain subcollection of the population on which 
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this total error does not exceed e. The probability 
measure of this subcollection is the probability that 
the total rounding error does not exceed e. As always 
in probability theory, for any given solution we can- 
not be certain in advance that the rounding error is 
less than e. But if we have found that the probability 
is .99 that the total rounding error is less than e, 
then we may feel reasonably confident that if we com- 
pute ten thousand such solutions, about 9,900 of them 
will have errors less than e. 


In order to discuss the independence of the individ- 
ual rounding errors r'(t4), we assume that enough 
decimal places are carried so that as the parameters 
vary over the "cube" in N-dimensional space, each error 
r"(tį) goes many times through its cycle of values. 
Assuming that we are rounding to the nearest multiple of 
a, this cycle of values consists of going from - α/ὸ 
to + 4/2. We are thus assuming that the surfaces of 
discontinuity of each r"(y4) in the "cube" are numerous. 
It is safe to assume that the correct values of the 
y"(t,) are linear functions of the parameters, since 
they may be replaced by differentials with respect to 
the parameters without serious error. For each i, we 
can find a parameter which affects the value of y"(t4), 
but does not affect y"(t4) for j « i; for instance, 
any parameter which changes F(t, y, y') at a value 
of t between ty.) and t4 produces this effect. So it 
is possible to replace the original parameters by 
new ones, linear combinations of the old ones, with 
the property that changing the parameter q3 changes 
Υπ) but does not change any y"(t4) with j< i, for 
i = O, ... Nne There will also be N - (n + 1) other 
parameters qq,], »..; Qy.j Which may affect all the 
y"(t;). These new parameters will vary over the image 
of the original "cube" under the change of parameters. 
This image will be a parallelopiped Q. Since volumes 
are all multiplied by the same factor under a linear 
mapping, the probability measure of a set is still equal 
to the ratio of its volume to the volume of the whole 
set over which the parameters range, namely, vol Q. 
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If we write the N parameters in the order 


(1) Qn? 4/15 °°°2 30» Apel? c Wh 


the interior of this parallelopiped is defined by a 
sequence of inequalities 


(2) ak < a < by 


where each ay and by are functions of all the para- 
meters which follow q, in the arrangement (1). If f(q) 
is a function integrable over the parallelopiped, its 
mathematical expectation is (1/νοι Q) times its inte- 
gral, which can be evaluated by integrating first with 
respect to q, between a, and b,, all other variables 
being fixed, then integrating the result of this with 
respect to q, 4 between a, 4 and b& 4, and so on. 


Consider now a sequence of inequalities 
(3) h, S r"(t,) « Κι (i= 0, 525m), 


where - 4/2 Shy < ky S a/2 for each i. Let S, be 
the set of values of the parameters q on which the 
i-th of the inequalities (3) is satisfied, and let 
K,;(q) be its characteristic function, that is, the 
function which is equal to l at all points q in 5, 
and is equal to O elsewhere. For each i, the para- 
meters αι preceding q4 in the arrangement (1) have no 
effect d the entries on lines t = tg, ..., ty of the 
solution, and therefore have no effect on r"(ti). 
Conséquently K,(q) is independent of the parameters 
preceding q4 in the arrangement (1). Let S be the 
set of parameters q at which all the inequalities (3) 
are satisfied, and let K(q) be its characteristic 
function. Then K(q) is equal to 1 if and only if all 
inequalities (3) are satisfied, which is true if and 
only if each K (q) has the value 1. It follows that 
K(q) is the product of the K,(q) for i = O, ..., n. 
The probability measure of the set S is (1/vol Q) 
times the integral of K(q) over the parallelopiped Q. 
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Since K is the product of the K; and K; is independent 
of the parameters preceding qi in (1), this probability 
measure is 


| 1 ὈΝ-1 bn«1 (o 51 
p(s) = | eee | Κοία) Ki(q)... 
vol QJay. i 8n+1 ὁ 8o 8] 


(L) 
bn 

| K (a) dane 9 -dq,94,41° ο day 1. 
an 


In the innermost integral, as the variable of integra- 
tion q, varies from a, to bp the function y"(tp) varies 
linearly between certain limits, and except for a small 
set of values of the q; with i 4 n this function will 
run through a range considerably longer than «o, Cor- 
respondingly the difference between y"(t,) and the 
nearest multiple of a, which is r'(t4), will run many 
times through its full cycle of values. In each cycle, 
the fraction of the total length of the cycle during 
which (3) is satisfied is (kp - hg)/a. So if y"(ty) 
ran through an integral multiple of a, K,(q) would 
have the value 1 on a subset of the interval 


an € dn < bn 


with total length (ky - πῃ)/α times the length bn - an 
of the interval. On the rest of the interval it has 
value 0. In general, y"(tQ) will not run through a 
range whose length is an integral multiple of a, but 
if we ignore the fractional part left over we shall 
not be greatly in error in our estimate of the ratio 
of the part of the interval on which K, = 1 to the 
length of the whole interval. Thus with small error 
we may replace Kp by 1 in (L) if we simultaneously 
write a factor (k, - πη)/α in front of the integral. 


This being done, we can rearrange the order of the 
integrations in (L) so that the innermost integration is 
with respect to q4 31. The same argument can be repeated 
to show that there is small error if we replace Ka | by 
l, at the same time writing a factor (kn. j - hg. 1)/a 
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in front of the integral. This process can be repeated 
until all the K4 have been replaced by 1. But then the 
integral is the integral of 1 over the parallelopiped Q, 
and its value is vol Q. Hence (lh) reduces to 


(5) ρί8) = (ky - hp)... (k, - h4)/oP. 


In particular, if for some 1 we choose hy and ky to 
be arbitrary numbers satisfying - a/2 Shy < k Sa /2 
but for all other numbers j from 1 to n we choose 
h, = - a/2 and Κι = a/2, the set S, on which these 
1351 inequalities hold is the whole population. So 
the common part of the sets 34, ..., Sn is simply 
5; itself, and (5) reduces to 


(6) p(S, ) = (Κι - hy )/a. 
Comparison of (5) and (6) shows that 
(7) p(S) = ρ(51)...ρί8ῃ), 


apart from the small error made by ignoring fractions 
of cycles of rounding, and so the functions 


r"(t4), i36 r"(t,) 
may be regarded as independent. 


The independence of the extrapolation errors e"(t4) 
is a rather different matter. Here we have no chance 
of constructing a proof like that in the preceding 
paragraphs, because the extrapolation error is the 
residual effect of the computer's inability to guess 
without error at the value of y" on the next line. 
In some computation processes a formula is used to 
guide the extrapolation from each completed line to 
the next line. If this is done, the extrapolation 
errors cannot be considered independent. There will, 
for example, be long stretches of consecutive lines 
on each of which the formula will give too large an 
estimate. But experience indicates that a computer 
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of any ability, faced with this situation, will show 
sufficient independence of action to refuse to accept 
the results of the formula, and will introduce an ad 
hoc correction so as to make the extrapolated value 
more nearly equal to the final value. As soon as the 
computer introduces this element of guesswork, the 
rigidly predictable nature of the extrapolation has 
been done away with. In the process described in pre- 
ceding sections the computer is expected to make an 
extrapolation according to his best judgment from the 
values and differences available. In this case there 
is no question of predictability of extrapolation on 
one line from that on the preceding line. However, 
it may still be argued that the extrapolation errors 
are not independent, since a computer who has made an 
error in excess on one line may be inclined to make an 
error in defect on the next line in overcompensation. 
This cannot be readily refuted. An examination of some 
trajectory computation sheets does not seem to indicate 
that there is such a tendency, but a long and careful 
analysis would be needed to settle the point. However, 
it hardly seems to be worth the trouble to make such an 
analysis. For it is very unlikely that the effect 
of an erroneous guess would persist beyond the next 
line, so that the sums of extrapolation errors on 
consecutive triples of lines would presumably be in- 
dependent, or very nearly so. The possible interre- 
lation between consecutive lines might conceivably 
affect the total error somewhat, but it is unlikely 
that this effect would be large enough to disturb the 
following discussion to any serious extent. 


Having now decided that the errors r'(t4) and e"(t4) 
may be treated as independent, we need to find the 
error in y(T) produced by either of these errors on 
line t = ty. Here the example we have been considering 
is somewhat deceptive. In this example it happens to be 
very easy to compute y" from y, since the equation is 
y" =-y. Ordinarily, and in particular in trajectory 
computations, this is the hardest part of the compu- 
tation; in order to find x" and y" from x!, y and ΥῚ 
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it is necessary to find vé and use both the G-table 
and the air density table. So it is usually the case 
that the last part of the computation is not the find- 
ing of a value of x" or y", but is rather the compu- 
tation of y' and y from the final values of the second 
derivatives. We shall assume that this is the case 
henceforth. We shall suppose, to be specific, that 
the computation process is that presented in the 
preceding sections of this chapter. A similar ana- 
lysis would apply to any other method, and in fact the 
numerical results would be only slightly different 
for any other method in use. 


Let us suppose that the computation is first carried 
out without error, and is then repeated, but the sec- 
ond time an error € is made in the value of y"(t4 ). 
This error affects the values of y' and y on this and 
subsequent lines, and thereby affects the values of 
y" on the subsequent lines. However, in practice the 
process of successive approximations must be rapidly 
convergent if the computation is to be feasible, and 
as a result a small error in y"(t4) can produce only 
a very small error in y'"(t4,1) and y"(t4,2). Hence 
we may suppose that on the two or three lines following 
the line t = ty there is no appreciable error in y". 
The application of the quadrature formulas to the 
erroneous column of values of y" is straightforward. 
If we suppose that at each step the values of y' given 
by the two formulas (3.2) and (3.3) are averaged, we 
find that apart from a very small error, the values 
of y' computed on line t = tj+2 and the next few lines 
are in excess by (€, while the values of y on lines 
t = t142; b = ti+3, etc., are in excess by approximately 
w “€,2 WFE, etc. Thus the effect of the errore in 
y"(t4) is almost exactly the same as though the com 
putation were started again at t = ty with the same 
value for y(t4) but with a new initial value for 
y'(t4) which is we too great. 


If we imagine the solution to be re-computed with 
initial value t, for the independent variable, the same 
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initial value for y at time t4 as on the original solu- 
tion, but with various values of y'(t4), the value found 
for y(T) will be a function of y'(t4). Let us denote 
the derivative of this function y(T) with respect to 
y'(t4) by the symbol 


a) 
(8) dy' (ty ) 
t 


which may be safely abbreviated to dy(T)Ay'(t,) as 
long as it is understood that the value of y at the 
particular value t = T is being investigated as a func- 
tion of y'(t4). Then the effect of a small change we 
in y'(t4) will produce a change 


(9) [ &y(T)/ey' (t4) Jwe 


in y(T), except for an error of the second order of 
small quantities. Thus if the rounding error in y" 
on line t = ty is r"(t4) and the extrapolation error 
is e"(t4), the total effect on y(T) produced by all 
these errors is 


n 
(10) ὁ y(T) = 27 Ley (roy (ty) Ee) + e"(t1)] o, 


since we have already shown that the effect of the 
error r'(t4) + e"(t1) is almost exactly the same as the 
effect of a change [r"(t4) + e"(t4)] o in y'(ty). This 
formula remains valid even if Ὁ is permitted to vary 
during the computation, provided that r"(t4) + e"(t4) 
is multiplied by the interval « being used just after 
the i-th line, that is, t44] - ty; the truth of this 
statement is evident from the discussion in the pre- 
ceding paragraph. 


The quantities r"(t4) and e'"(ti) are independent, 
and so are their constant multiples appearing in (10). 
As stated immediately after (1.21.10), the variance 
of the sum of these independent functions is the sum 
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of their variances, so that 


V[ ay(T) ] 


(11) n 
: Σ w *?[6y(T)/5y' (t4 ) {vf rn(ty)] + ν[ο"(οι)] 1, 


where V [ ]denotes the variance of the expression in 
the square bracket. 


Let us suppose that a number t, has been selected 
as a "permissible error," in the sense that we are 
willing to accept a probability of not over .Ol that 
the error in y(T) will exceed tp: From the central 
limiting theorem of probability theory (see Section 22 
of Chapter I), if n is large we may assume that the 
error 4Sy(T) is approximately normally distributed; its 
variance as given by this theorem is the same as that 
already computed by (11). In order that the probabil- 
ity of having error greater than ©, shall not exceed 
«01, it is necessary that €, shall be at least 2.585 
times the standard deviation of Ay(T); that is, 


(12) v[4y(t)] Ξ (e,/2.585)?. 

But in (11) the left member of (12) is expressed as the 
sum of two sets of terms, one set involving the rounding 
errors τς) and the other involving the extrapolation 
errors e"(t;). If we ignore all other rounding errors 
(this will discussed later) we can insure that (12) 


is satisfied by selecting two numbers cj and co, the sum 
of whose squares is 1, and then requiring that 


"M 
(13) Σ w 2[ay(T)/oy' (ty) J'v[r"(*,)] Ξ (οιε/2.585)2, 


n 
1h) ?reg(T) ey! (t,)]?v[e(t,)) S ( 2.585)2. 
( Σ ω *[Sx( T) ey! (ta) J^ VL en(t4)] S (ege,/ 
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The function V[r"(t4)] changes only slowly from 
line to line, except at the places (relatively few in 
any one computation) at which the number of decimal 
places is changed. Similarly V[e"(t4)] changes only 
slowly from line to line, except where the tolerance 
set on the agreement of last and second-last lines is 
suddenly changed. We may therefore regard V rr ) 
as the value at t = ty of a function V[r"(t)] which 
has a few discontinuities and is slowly changing 
between them; and likewise for V[e"(t4 ) ]. Also, the 
tabular interval ὦ is constant except at a few places 
where the interval is changed, and therefore may be 
regarded as a function @(t) which is constant except 
at a few jumps. If in the left member of (13) one of 
the factors w is replaced by its value tį] - t4 and 
the other factor ὦ is replaced by G(t), the left mem- 
ber of (13) takes the form of a sum such as is used in 
defining a definite integral, by means of a passage to 
the limit. Therefore we see that there will be little 
error in replacing this sum by the integral of the 
slowly varying function which forms the coefficients, 
so that (13) is only slightly different from 


T 
(15) | wl δγίτ)/δγ'(υ)]2γ[τ'(υ)] at S (e, € /2.585)*. 
(e 


This will be satisfied if the variance of r" satisfies 
the condition 


(16) v[r"(t)] Ξ (εε»/2.585)ἑ/ϑω (t), 
where for brevity 


T f 
(17) J a f sy(T)/oy'({t) ]? at. 


In the same way (1h) is nearly equivalent to an ex- 
pression similar to (15), with r" replaced by e" in 
the left member and cj by co in the right member. 
This is satisfied if 

(18) V[e"(t)] 5 (e5€,/2.585)2/2o (t). 
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Since the standard deviation tet) of r"(t) is the 
square root of the variance V[r"(t)], (16) is equiva- 


lent to 

(19) o[r"(t)] S οιερ/2.685 / Jo (t), 
while (18) is equivalent to 

(20) o[e"(*)] S c2cp/2.5854/ Jo (t). 


In order to make proper use of (19) we must observe 
that the hitherto neglected rounding error in y'(t4) is 
in fact replaceable by an equivalent rounding error in 
v"(t.). For we haye alreadv shown that the effect of an 
error of © in y"(t;) is essentially the same as the 
effect of an error of we in y'(t4). Hence a rounding 
error of &' in y'(t4) can be replaced by a rounding 
error of ε!άο in y"(t4). Furthermore, no serious 
trouble arises from the fact that tne rounding errors in 
y' are usually not uniformly distributed between their 
least and greatest values. The use of Simpson's rule 
with its denominator 3 will cause all rounding errors in 
y' to belong to a finite set, which in the extreme case 
will consist of three values, namely, 1/3, O and - 1/3 
units of the last decimal place. (For instance, in 
applying Simpson's rule to a column of figures each 
written to the nearest unit and with tabular interval 1, 
each entry in the column of the integral will end in 
0, .3333... or .6666..., and each rounding error will 
be 0, 1/3 or - 1/3 after the integral is rounded to the 
nearest unit.) But the variance of this distribution is 
easily shown to be 222/27 if figures are rounded to the 
nearest multiple of a, as compared with the variance 
32/12 for the distribution in which all values between 
- a/2 and a/2 are equally likely. So for the present 
purpose we may safely treat the rounding error in y' as 
though all values between the least and the greatest 
were equally likely, and replace the error in y' by an 
equivalent error in y". Thus if y" is rounded to the 
nearest multiple of a" and y' is rounded to the nearest 
multiple of a', we may consider that y" is subjected to 
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two independent rounding errors with the respective 
variances qg'2/12 and a'2/129?, so that the variance in 
y" due to rounding may be taken to be 


(21) V[r"(t4)] = (a"? + a'?/%w 2)/12. 


By this artifice we avoid having to make a special 
allowance for the rounding error in y'. 


As an example, suppose that we wish to construct a 
table of the natural sine with argument in radians from 
O to 21, the tabular interval being 0.1, and that we 
wish to have no more than one chance in a hundred that 
the error in the last entry will exceed one unit of the 
fifth decimal place. In order to avoid having to con- 
sider extrapolation error, we suppose for the present 
that each line is re-computed until no further change is 
found, so that the extrapolation error may be supposed 
to be zero. The solution of the equation y" = —- y 
with value y(t4) and derivative y'(t4) at t = ty is 
y(t4) cos (t - ty) + y'(t4) sin (t - ty), so 


dy(T) /oy' (ts) = gin (T = tà). 
With T = 27, (17) yields J = fi, Since we have conducted 
the computation in such a way that the extrapolation 


error vanishes, we may take cj = 1 and có = 0. Now (21) 
and (16) yield 


(a"? + 100α!2)/12 S €,2/(2.585)*(. 31116), 
or 
an? + 100o!? Ξ (5.72)10-10, 
We can satisfy this by taking a" = 10-? and a! = 10-9. 
So we see that in solving this equation in Section 5, 
if we wished to have a probability of .99 that the 
error would not exceed .00001 at t = 27, we should 


have carried six decimal places rather than five in 
the column of values of y'. 
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If in integrating this equation we had chosen to 
exploit the absence of y! from the differential equa- 
tion, using the process described at the end of Sec- 
tion 5, there would have been no column of values of 
y'. But in this method the first differences of y are 
in effect the integrals of y' between successive 
tabular values of t, and thus are nearly the same as 
Qy'. Thus the requirement of six decimal places in 
y' would be replaced by the requirement of seven 
decimal places in Ay. 


The discussion of the requirement (18) or (20) re- 
quires a closer inspection of the peculiarities of the 
equation or equations being integrated, and so it will 
be postponed until we are ready to apply it to the 
differential equations of the trajectory. 


8. Application to the normal equations. 


The method of numerical integration demonstrated 
in the example in Section 5 could be applied with very 
Little change to the normal equations of motion of a 
projectile. The formula for deducing x" and y" from 
y, x' and y! is more complicated, and there are two 
variables x and y to solve for instead of one, but the 
alterations of procedure needed to take care of these 
changes are quite evident. However, the normal equa- 
tions have two individual features that permit us to 
make other small amendments in the computation pro- 
cedure and thereby save some work. First, x" and y" 
are independent of x, so it is possible to leave the 
computation of x to the last, after the whole column 
of values of x' is completed. Second, the dependence 
of x" and y" on y is less sensitive than their depend- 
ence on x' and y'. An error in extrapolation of y" 
will affect both y and v, and thereby affect both the 
factor H(y) and the factor G(v) in the formulas for x' 
and y". But ordinarily the per cent of change in H is 
very much less than the per cent of change in G. Asa 
result, we can afford to permit the extrapolation errors 
in y to accumulate tor two lines, verifying y(t4) only 
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after x'(t4,1) and y'!(t4,1) have already reached their 
final values. 


The equations to be integrated are 


Y= -EX 
(1) 
y--E$-& 
if the y-axis is positive upward, and are 
Z=s-E k, 
(2) : 
y=-Eġ+g 


if the y-axis is positive downward, as shown in equa- 
tions (IV.1.2h, 25) and (IV.2.7). For artillery tra- 
jectoríes it is usual to make use of (1), with 


(3) E = H(y)a(y)G(v/a(y))/C = yH(y)aly)G(v/aly)). 
(See (IV.1.2h)). For bomb trajectories it is usual, 
for reasons explained in Section 2 of Chapter IV, to 
choose the y-axis positive downward and to assume. 
constant temperature and exponential density, in which 
case E is given in (IV.2.7): 

(L) E = ,eG(v). 
The columns of the computation are to be headed 
t, x, Al, ΔΈ, J» Al, 2, x, y, H(y)/C, a, a?, 
v?/100a2?, G,E, X, al, ΔΖ, Δόξ extrapolated, wz; 
y; al, δὲ, δὲν extrapolated, OF, x tentative, 
y tentative, tolerance, 
provided that (1) and (3) are to be integrated. If 


(2) and (4) are to be integrated, the columns a and 
82 are omitted, v2/100a2 is replaced by v2/100, and 


H(y)/C is replaced by y, exp (hy). 
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Suppose that lines t = ty_y t4 5, ὮΙ} are complete, 
and that line t = tį is also complete except for the 
final values of x, y, and X and y. It is desired to 
proceed to the computation of line t = Ὦ γι. The 
first stage is to extrapolate the second differences 
of X and Y to line i + l. These estimated values are 
entered in the columns headed A?X€X extrapolated and 
A EF extrapolated, respectively. Next we compute a 
tentative value of A ?y(t441) by means of (3.9), which 
in the present notation has the form 


(5) A?y(t,,4) = wL¥(ty) + (1/12) ^23 (5,,4)]. 


A similar tentative value of A? y(t, ) is already on 
the line t = ty, left there from the preceding stage 
of the computation; and on line t = t, 4 there are 
verified values of y and Aly. So we can form an 
estimate of y(t4,1) by using the equation 


y(t441) | ` 
= y(t4-1) + 2A }γίυ 1) + 2 A (54) + A y (5401), 


which is a simple consequence of the definitions of 
the first and second differences. With this estimate 
of y(t4,1) we can find H(y) or exp (hy) according as 
we are integrating (1) or (2), and appropriately we 
can enter H(y)/C orf exp (hy). Also, with this same 
estimate of y(t4,1) we can find a and aĉ if we are 
integrating equations (1); this is unnecessary if we 
are assuming constant temperature. 


The extrapolated second differences of X and Y are 
also used to find the tentative values of x and y on 
line t = t;,4. The formula used is (3.1), which in 
the present notation takes the form 


(1) $0440 = 304) + OL (ty) + (1/3) 7904,42], 


together with a similar equation for x. These tentative 
values of the first derivatives are entered in the ap- 
propriately headed columns, and from them we compute 
the value of 


(8) ν2/100 = (£/10)? + (3/10)?. 
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If we are integrating equations (2), this is used to 
enter the G-table to find aly ). If we are integrating 
(1), it is first divided by a? and the quotient used to 
enter the G-table. Now E is computed by- (3) or (l). 
This permits us to compute X and y by (1) or (2), which- 
ever is πρ, and we can then form the differ- 
ences AlX, A4?€, Aly and A?y. ; 


At this stage we make use of the tolerance. We 
compute very roughly the discrepancy between the sec- 
ond differences just found and the extrapolated values 
with which the computation was begun; that is, we make 
a rough estimate of the quantity 


(L ΔΎ (011) - (427 (64,4) extrap.)]? 
+ [422 (4,4) - C 02% (4,4) extrap.)]2)3. 


If this exceeds the tolerance listed in the last col- 
umn, the line should be re-computed, using the values 
of the second differences just computed as replacements 
for the extrapolated values; and so on until computed 
values of the second differences are reached which dif- 
fer from the preceding estimates by an amount which 
does not exceed the tolerance. The question of finding 
the tolerance has been discussed to some extent in the 
preceding section, and will be further investigated 
in Section 10. 


Suppose now that the computation, or if necessary, 
the re-computation, has proceeded 88 far as indicated, 
so that the final values of X and Y have been found. 
With these final values of Y and A¢¥ on line t = ty4 ] 
the value of $(t4) is computed by (3.3), which in the 
present notation has the form 


04) 
(10) -3(4 Ὁ) τω σον τῇ) + Ht,)] /2 


- [4?23(t4) + at] /2h}. 
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This value is not yet entered. Instead, as a check 
the left member of (10) is also computed by (7) with 
i+ 1 and i replaced by i and i - 1 respectively, 
and of course with the final value of the second dif- 
ference instead of the extrapolated value. If the 
results of these two computations of y(t4) differ by 
more than four units of the last decimal place, it is 
extremely likely that a computational error has been 
made. Otherwise, as remarked in the discussion after 
(3.3), the average of the two computed values should 
be entered as the final value of y(t4), the odd half 
unit of the last decimal place being thrown toward 
(7) 1f the results of (7) and (10) differ by one or 
three uníts. 


By a similar process we compute, verify and enter 
the final value of i(t,). 


Having the final value of y for t = t4, we can use 
(3.12) to obtain the final value of y, ). In the 
present notation, this formula is 


aly(t,) = (o /23( 1) + 3(54)] 

- (02/12) Aly (t4). 
From this first difference we readily find y(t4) and 
the second difference A?y(t4). This last is verified 


by (5) with i and i + 1 replaced by i - 1 and i respec- 
tively. 


(11) 


Finally, after the last line has been reached, we 
compute the values of x by the analogue of (11), with 
x in place of y, verifying each entry by the analogue 
of (5). 


An example of a trajectory computation (integration 
of equations (2)) by tnis process will be found at the 
end of Section lO. 
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2. The start of a trajectory. 


In Section 6 we explained a method of beginning the 
integration of a differential equation which is a 
considerable time-saver when it happens to be easy to 
compute the derivatives of order greater by 1 than 
those involved in the differential equation. These 
derivatives would be the third derivatives of x and y at 
t = O in the case of the computation of a trajectory. 
Accordingly, we shall now find the expressions for these 
third derivatives. To be specific, we shall first con- 
sider the equations in the form (8.1). 


If we differentiate the second of equations (8.1) 
and then replace y by using (8.1) again, we find 
y = - y(dE/dt) - ES 
(1) ae 
= Eg + y(E* - dE/dt). 
Similarly, from the first of equations (8.1) we obtain 
(2) X = X(E2 - dE/dt). 
In order to carry out the differentiations, it is con- 
venient to transform E from the form (8.3) to the form 
involving B, by means of (IV.1.16). Since we are assum- 
ing that H(y) = e-hy, we have 
(3) E "Ye" yB(v/a(y)). 
Hence 
(L) Ey = - hE -y [a(y)]7? (aa/ay)e7PYv?B'(v/a(y)), 
(5) 8E/0v = ve-hYB(v/a(y)) + Ye-hyvB'(v/a(y)). 
From (IV.1.16) we readily deduce that 
vG'(v)/G(v) = 1 + vB'/B. 
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It is customary to add 1 to this common value and call 
the result the "Mayevski n" for the given drag function. 
The resson is that the drag vG(v) for standard tempera- 
ture was represented by Mayevski in an approximate form, 
by splitting the interval of velocities into parts on 
each of which the drag was, assumed to have the form Av", 

This would give G = Avh-l, whence vG'/G = n- 1. So, 
in accordance with tradition we shall define 


(6) n(v) 51 + vG'(v)/G(v) = 2 + vB'(v)/B(v). 
In particular, for the argument v/a(y) this yields 


(7) n(v/a(y)) - 2 = ey, A 


If we substitute this in (l4) and (5), and write a! 
for da/dy, we obtain 


(8) 8E/6y = - E(h +[n(v/a(y)) - 2Ja'(y)/a(y)}, 
(9) 8E/0v = [n(v/a(y)) - J E/v. 
Also we have 
(10) dv/dt «(4 8 + $ 9))/- -E v - ϱ)/ν. 
From this with (8) and (9), 
dEAt = (8EAy)(dy/dt) + (BE/8v)(av/dt) 
(11) = - E[$Ín + [n(v/a(y)) - 2]a'(y)/a(y) } 
+ [n(v/a(y)) - 1J(E + gv?) | o 


The function h + (n - 1)g/v? has been tabulated, at 
least for the Gâvre drag function, under the name f(v): 


(12) f(v) =h + [n(v) - 1]g/v?. 


By substituting this in (11) and rearranging terms we 
obtain | 


- dE/dt 
(13) = E (En(v/a(y)) 

e$ Ε(σ/ε(Υ)) + [n(v/a(y)) - 2]a'/a(y)) | l 
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Henceforth we shall assume that 
(1h) aly) = exp ( - ay)» 


so that a'/a = - aj. If this and (13) are substituted 
in (1) and (2), these reduce to 


ἃ = - 2(m(v/aly)) 
+ ¥{f(v/aly)) - ad n(v/a(y)) - 2] )J , 
Q5) 9 -Ε E 
+ $ (m/s) 
+ $ (G/a()) - ad n(v/a(y)) - 2] 1) | i 


These apply only to the case (8.1) in which the y-axis 
is positive upward. If the positive y-axis is down- 
ward, all the equations are altered by having - aj, - h 
and - g in place of aj, h and g respectively. 


It is debatable whether there is any gain in using 
these formulas to start the trajectory computation. 
Even if tables of n(v) and f(v) are available, the 
effort of computing the quantities (15) may be greater 
than the saving effected by their use in the method 
of Section 6. However, there is one important case 
in which equations (15) simplify considerably. If 
the computation is started from the summit, so that 
y 0at t = 0, equations (15) take the form 


9 
X a - nEX, 


(16 ) ΓΩ 


y = Eg, 


when the y-axis is positive upward; if it is positive 
downward, these are replaced by 


(17) n 
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If a table of the function n(v) is available, these 
are quite easily computed, since E and X have to be 
calculated in any case. 


It has already been explained in Section 6 how these 
derivatives can be utilized to obtain an estimate of 
the first differences of X and y before the second line 
is computed, an estimate of the second differences as 
soon as the second line is complete, and an estimate 
of the third differences as soon as the third line is 
complete. The technique of Section 5 applies here with 
no change, and the explanation need not be repeated. 


10. The tolerance in trajectory computations. 


In Section 7 it was pointed out that the final error 
in the value of the solution was the combined effect 
of the accumulated rounding errors and the accumulated 
extrapolation errors. The effect of the accumulated 
rounding errors was treated fairly completely in Section 
7, and the results can be taken over and applied to tra- 
jectory computations with little change. If we denote 
the rounding errors in x" and y" on the line correspond- 
ing to time t by the symbols rx"(t) and ry"(t) respec- 
tively, and denote the extrapolation errors in x' and y" 
on the same lines by ey"(t) and ey"(t) respectively, we 
see readily that (7.11) is replaced by 


Vla x(T) } 
n 
(1) - Zailak OC J sWe (η) 1) 


+ (bx(T)/O9(t,))*(VEr "(ty )]+vley"(t4)])}, 


with an analogous expression for the variance V[A y(T)] 
in the y-coordinate at time T. However, it is usually 
true that the range at altitude Y, or y(T), is of 


considerably more ballistic interest than the time 


Sec. 10 397 


Google 


sors ar tE TYIN a Anir 


erary? 


EY VEIT HT 


at the same altitude. This is clearly true for gunfire 
at stationary or slowly moving targets; and even in 
anti-aircraft gunfire and bombing an investigation 
will show that computation errors in time of flight 
are less likely to be significant than those in range. 
If this point of view is taken, it follows that the 
quantity of primary interest is the error AXvey in 
the range at altitude Y. This will be abbreviated to 
^ x(Y). The rate of change of this quantity with re- 
spect to change of X(t) will be denoted by 


(2) = 
6x(t) y- 


which may be abbreviated to 


(3) 6 x(Y)/dx(t). 

Analogously, the rate of change of range x corresponding 
to altitude Y with respect to change of velocity compon- 
ent y at time t will be abbreviated to 5x(Y)/5y(t), or 
written in full by an expression analogous to (2), with 
$ in place of X. The equation (7.11) or equation (1) 
above, will be replaced by 


V[Ax(Y)] | 
n 
(L) = pi c *((6x(Y)/63(5., ) (vir (t4) eL eg (t4) 1) 


+ Cix(Y)/63 C64 )) Cur nC )] ev [e (81 )). 


As in Section 7, we select a "permissible error" 
ερ, "permissible" in the sense that we are willing 
to accept a probability of not over .0l that the error 
in x at altitude Y shall exceed €. Then, as in 
(7.12), we must require that the variance in the error 
of range at altitude Y shall satisfy 


(5) vV[Ax(Y)]s (ερ/2.585)2. 
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We allocate part of the permissible error to rounding 
error and part to extrapolation error, by selecting 
two numbers cj and co the sum of whose squares is 1 
and requiring that 


n 

Σ e?((x(Y)/sx(t4 )) ?V[ry"(t4)] 

(6) i-0 
+ (ex (Y)/6$(04 )) VL zr 7(84)]) 
$ (e16,/2.585)?, 
n -- 
Σ wey ( &c(¥)/o%(t4))2HLe "(t,)] 
(7) i=0 
+ (ex (Y)/6$ 084)? vIe "(t;)]} 

« 2 

5 (60 §,/2.585) ; 

In Section 7 we saw that the effect of rounding 
errors in X and y can be accounted for by regarding them 
as equivalent to certain errors in the second deriva- 
tives. If X and y are both rounded to the nearest mul- 
tiple of a", while x and y are both rounded to the 


nearest multiple of a', by (7.21) we see that the vari- 
ances in the rounding errors are to be taken as 


(8) V[r,"(t,)] = Wry "(ts )] a (at? + 92/?)/12. 


As in Section 7, the sum in (6) can be approximated by 
an integral; if we define 


T 
(9) J= | [(5x(Y)/8x(t))? + (5x(Y)/53(t))*] at, 
ο 


we see as in (7.16) that inequality (6) holds if 
(10) (an? + at®/w2)/12 Ξ (οι 6 /2.585)2/Jw. 
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If the permissible error ce, and the portion of it al- 
lotted to rounding error have been decided on, and some 
estimate of the integral J is available, this inequality 
furnishes an estimate of the number of decimal places 
needed in the first and second derivatives. 


Next we investigate the extrapolation error. The 
sum in the left member of (7) is certainly not de- 
creased if we replace each of (6x(Y)/éx(t)) 
(&x(Y)A 3(t))* by the greater of the two; this then 
becomes a common factor, the other factor being the 
sum of the variances. As. before, the sum can be approx- 
imated by an integral. We find that in order to insure 
that (7) be satisfied, it is sufficient to require that 


(11) V[ey"(t)] T Vley"(t)] Ξ (c2€5/2.585)2/21 0 , 
where |. 


T 
(12) 4 = [. max [(6x(Y)/5&(t))*, (6x(Y)/5$(t))*] at. 


In order to make use of this we need estimates for the 
left members of these inequalities. We shall suppose 
that the process of successive approximations is con- 
tinued entil a stage is reached at which the sum of the 
squares of the changes in x and. y from the values 
the preceding stage is less than some selected value R^; 
this number R is the "tolerance." As a first step in 
estimating the left members of (11) and (12), we wish 
to find a bound for the error remaining in this last 
stage of the approximation. 


Let us denote the errors in X(t) and y(t) at one 
stage of the approximation by the letters q, r res- 
pectively, and their values at the next stage by q', r' 
respectively. The computation of.this next stage begins 
with an estimate of y(t) by (8.5), wherein i is replaced 
by i -1 as it will be in the other formulas we shall 
refer to in Ara connection. The resulting error in 
y(t4) is ro 2/12. This causes an error in the density 
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ratio H whose amount is, to first-order terms, 
e-h(y + rw*/12) _ e-hy = e-hy( — nr w2/12), 


or the negative of this if the y-axis is positive 
downward. Next the components of velocity are come 
puted by (8.7) and its analogue for x. The resulting 
errors in x and y are q@/3 and r@/3 respectively. 
To terms of first order in q and r, the resulting 
error in the velocity is 


(x + qo /3)* + (y+ rw /3)* - | x? + 3? 
= (1/v)(qk + ry)w/3. 


Therefore the resulting error in G(v) is 


[G'(v)/v] (qk + ry) w/3. 


If temperature changes are being ignored, the error q' 
in the re-computed value of X is given by 


q' 


a - Ce (1 - nro?/12) 
(13) 
«[Ω(ν) + Gt(v)(qk + ry)w /3ν](. + qw /3) 


+ CleWa(v) å, 


wherein h is to be replaced by - h if the y-axis is 
positive downward. We expand the product in the right 
member of this equation and discard all terms of degree 
higher than 1 in the small error terms. At the same 
time we replace x and y by v cos ϐ and v sin 9, where 
09 is the angle made by the tangent to the trajectory 
with the positive x-axis; and we also replace G' by 
means of (9.6). The result is 


q' 
= C7le-Wo(v $nro2/12 - q0/3 
(1h) 
- (n - 1)(q cos?0 + r cos @ sin 9«/3]. 
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In'the same way, the error r' in the re-computed value 
of Υ is 


r' 


! f p^ e Vo( v fnr 02/12 - ro/3 
15 
- (n-1)(qcos O sin@ +r sin*gko/ 3 ]. 


As before, if the y-axis is positive downward we should 
replace h by - h. 


Equations (1h) and (15) assume simpler forms if we 
resolve the vector (q, r) into its components (τ, n) 
respectively parallel and perpendicular to the line 
tangent to the trajectory, and likewise resolve (q', r') 
into components (t', π'). The equations of transforma- 
tion are 


T = q cos O + r sin 0; 
(16) 


Tma ~ q sin 6+ r cos 6, 


with similar equations for τ! and π'. With this nota- 
tion, (14) and (15) yield 


t! a ( - nwE/3)r + (ho?vE/12)r, 
(17) 
πι = ( - ὠξ/θ)ι, 


where as usual E = C7le-hya(v), and h is to be replaced 
by -h if the y-axis is positive downward. 


However, instead of using (17) we shall replace v 
and ™' by the still simpler approximations +* and n* 
defined by 

ct = - (nO E/23X, 
w * = = ( @E/3). 
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In order to estimate the error caused by using the 
estimates (18) in place of (17), it is convenient to 
introduce a symbol for the length of a vector. If 
(a, b) is any vector, we shall denote its length by 
|(a, b)|. Since the transformation (16) is a rotation 
it leaves lengths unaltered, so that 


(19) ία, r)| = | (v; π)ὶ, 


and likewise for all the other vectors. The differ- 
ence between the vectors (¢', 4') and (t*, n*) is 
the vector (hrw@vE/12, 0) by (17) and (18), so by the 
triangle inequality the difference in the lengths of 
these two vectors cannot be greater than the length 
of their difference vector. Thus the error in using 
| (1*, πᾶ)| in place of |(t', 1!')| is at most 


| hr o? vE/12 | 
(20 
Sh wevE|(q, r)|/12 = no? vE|(c, π)|/12. 
Since the Mayevski n is always greater than l, it is 
clear from (18) that 


(τὰ, a) | 2 (o E/3) (e, π)|. 
Combining the two preceding inequalities, we see that 
error/ |{τ᾽, 5*)| S hwv/h. 


Since h = .0000316, this shows that for v < 3160 
feet/second andw = 8 seconds the ratio of the error 
to the length |(«*, *)| is less than 0.2. Usually 
the velocities and intervals are considerably smaller 
than these values. so that it is safe to use t* and 
Tf as estimates for t' and w' in studying the conver- 
gence of the successive approximations. 


If we had been taking temperature changes into ac- 
count, there would have been another small term in the 
analysis, but the effect of an error in altitude through 
resulting error in temperature is smaller than the ef- 
fect produced through error in density, and this latter 
we have just shown to be small enough to be ignored 
safely, so the temperature effect can also be ignored. 
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αλλ... 


At any one stage of the computation the errors q, r, 
etc., are not available; the quantities that we know are 
the amounts by which the estimates of the second deriva- 
tives have changed from one approximation to the next. 
Thus q, r, q' and r' are not known to us, but tne change 
in X can be seen by comparing the re-computed value with 
the preceding estimate, and this change is the same as 
q'-q. Likewise the value of τ! - r is easily obtained 
being the amount by which the re-computed value of ¥ 
differs from the value obtained at the preceding approx- 
imation. We therefore wish to find an upper bound for 
the error |(q', r')| in terms of the easily obtained 
quantities q - q' and r - r'. From (18) we easily com 
pute that 


E 
QU. ως 1), 


—. 3 * noE 
(21) 
κ w E x 
n * 33 oF (n -π)' 


Since the Mayevski n is greater than 1, these equations 
imply that 


IC, n*)| < (nwE/3)|(¥* - c, π -π)| 


(22) 2 2 
= (nwE/3) γι" - τ): (m - uw). 


Returning to the original x- and y-axes, we find 
from (22) that 


(23) (a's r| < (πω B/3) γία' - 9)? * (Gt - r)? 


Let qo and rg be the errors in the original extra- 
polation of X and Y respectively. After a.certain 
number of successive approximations (possibly at the 
very start) it will be found that the re-computed 
values differ from the preceding by less than the 
tolerance R, and these are then the final values. : 
Their errors are, as above, q' and r' respectively. 
If many slightly differing trajectories are computed, 


Oly Ch. VI 


Google 


the original errors (qo, Το) will have a certain prob- 
ability distribution over the plane. Concerning this 
probability density we assume only that along any 
line through the origin, small errors are more prob- 
able than large ones. This can be symbolized as fol- 
lows. Let us introduce polar coordinates s and φ in 
the (q, r)-plane, and let f,(s, 6) be the probability 
density of the original error (qda, rg). We assume 
that for fixed angle $, the function fo(s, 6) de- 
creases or remains constant as s increases, It can 
be shown (but we omit the proof) that in any small, 
sector lying between angles $ and $ + d$ and between 
two values of s, and for any given value of the integral 
of fg over this sector, the greatest value of the 
integral of s?f6 for all functions of the type de- 
Scribed is assumed when f, is constant. 


We shall suppose that the errors at any stage are 
deduced from those of the preceding stage by (18) 
(mich is slightly in error because of the ignoring 
of the density effect) and that the line is re-computed 
if the error |(q, r)| exceeds R; this is slightly 
pessimistic, since (21) shows that there is a small 
chance that the line will be re-computed even though 
the error is a little less than R. Consider the dis- 
‘tribution of the errors in a sector between 4 and 
$ * dé. Those for which| (qo, rg)| does not exceed 
R are not re-computed; for these the final values 
have an error | (q', τ!) | which cannot exceed (nwE/3)R. 
The second moment of the distribution about the origin 
cannot exceed that of a distribution with the same 
total probability and with uniform distribution over 
a sector reaching out to distance (n OE/3)R. This 
in turn is less than the second moment of a uniform 
distribution, with same total probability, in a sector - 
between two circles with radii (nO E/3)?R and (nwE/3)R. 
Next, the part of the original distribution which needs 
two stages of approxitation is first mapped on a sector 
reaching out as far as R from the origin, and then the 
final errors lie in a sector between two circles whose 
radii are at most (nWE/3)eR and (nWE/3)R respectively. 
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The second moment of this distribution cannot exceed 
that of a uniform distribution in the same sector, with 
the same total probability. Continuing the process, 
we see that the second moment of the final distribution 
of errors, taken about the origin, cannot exceed that 
of a is ga lying between the circles of radii 
(n@E/3) ?R and (nWE/3)R respectively and having den- 
sity independent of distance s from the origin, along 
each radius. Thus the distribution of the final errors 
(q', r') is described by a probability density whose 
second moment cannot exceed that of the following dis- 
tribution: the probability density is a function {(Φ) 
of angle alone, when s lies between (nO E/3)*R and 
(no E/3)R, and is zero elsewhere. Since the integral 
of the probability density must equal 1, we have 


(nOE/3)R 2x 
l | | f($)s ἀφ ds 


(n wk/3)°R Jo 


2 
-ὲ ή (9 Moon - R2(nw E/3)h). 
ο 
The second moment of the distribution of (q', r') about 
the origin satisfies the inequality 
(25) Second moment of (q', τ!) 
= (nwE/3)R δ 
| | f(4) s3 ἀφ ds 


(nwE/3)°R Jo 


2 
ai i| f( $) 2 {RU(nwE/3)4 - Ri(noE/3)8). 
ο 


If f' is the probability density of the distribution 
of (g^; r'), the variance of q' is the integra, of 
(q')*f!' and that of r' is the integral of (r')?f'. 
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Their sum is the integral of s?f', which is the second 
moment of the distribution of (q', r'). By this, (2h) 
and (25), we find 


(26) V[q' ] + Vir'] 5 8?(no Ε/3)2[1 + (noE/3)2] /2. 


If the process of successive approximations is to work 
at all successfully, the convergence factor n@E/3 must 
be fairly small, say less than 0,2. If this is the 
case, we may omit the term (nO E/3)* in comparison with 
tne lin the square bracket. Furthermore, the final 
extrapolation errors, here denoted by q' and r', are the 
same quantities as were previously denoted by e,"(t) and 
ey"(t) respectively. So (26) can be written in the form 


(21)  V[ex"(t)] + V[ey"(t)] Ξ R2(nw Ε/3)2/2. 


If we compare this with (11), we see that the latter 
is surely satisfied if 


(28) R°(nwE/3)2/2 Ξ (cpe J2.5859/2, ω, 
whence | 


(29) RS (1.6l1)c5 &/nE / 103. 


To recapitulate the meanings of these symbols, Ep is 
the permissible error, in the sense that we are willing 
to accept a chance of not over 0.01 that the accumulated 
error will exceed €£,; cE, is the portion of this 
error allotted to ext apofation errors; n is the May- 
evski n, defined in (9.6); E is the function which 
appears in the computation of the normal trajectory; 
Q is the interval at which the computation is being 
made; and J4 is the quantity defined in (12). 


The most serious difficulty in using (29) is the 
estimation of the integral J4. If we have already 
computed a number of trajectories without use of the 
tolerance, it may be possible to use these to form a 
crude estimate of Jj with little computation. Suppose, 
for example, that it has been found that the use of 
two decimal places in the first and second derivatives 
is not quite adequate; we would like to have only half 
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the probable error in the results that we obtained 
with two decimal places. We shall suppose that through 
most of thé computations the interval ὦ was 2. Since 
the probable error due to rounding was about twice as 
great as desired, the variance was four times as great 
as desired, and instead of (10) we had, roughly, 


[(.01)? + (.01)2/1]/12 = 1( /2.585)2/J o. 


Here we set ci = l and co = O, since all the error was 
rounding error. If we now decide to carry three decimal 
places, the rounding error will diminish to a tenth 
of what it was, or a fiftn of what we can allow, Thus 
in the new system we shall have cj * 1/5, so that 
C2 = /21,/5 = .98. The difference between this and 1 
is negligible. Since Jj cannot exceeg J, the right 
member of (28) is at least (ερ/2.585) /Jy ὦ, and by 
the preceding inequality this is about .000002. We 
therefore wish to have R*(n WE/3) /2 < . 000002, or 


R 5 .006/noE. 


If the accuracy of the collection of trajectories had 
been just acceptable, instead of the error being twice 
as great as desirable, we could have used twice this 
tolerance, carrying three decimals. If the accuracy 


had been quite satisfactory, we could have been satis- 


fied that the rounding error was well within the per- 
missible amount, and used the tolerance .012/nwE 
without increasing the number of decimal places. How- 
ever, this increase in the number of decimal places 
is not nearly so troublesome as might be anticipated. 
Ordinarily, an increase in the number of decimal places 
from two to three would demand that on each line the 
successive approximations be carried on until ten times 
as great an accuracy is reached, since ordinarily the 
successive approximations are continued until the last 
line agrees with the second last to the number of 
decimal places carried. But when a tolerance is used, 
the successive approximations are continued only until 
the agreement between consecutive approximations is 
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within the tolerance. If the tolerance is, say, .O71, 
the agreement must be to within seven units of the 
last decimal place if we are carrying two decimal 
places, but to within seventy-one such units if we 
are carrying three decimal places. So the additional 
labor involved in carrying the extra decimal place 
amounts to not much more than the trouble of pressing 
an extra key on the computing machine and writing 
one more digit on the computing sheet. 


In general, it would seem that the use of the 
tolerance is precluded by the fact that R cannot be 
found without some estimate for Jj, and this in turn 
requires some knowledge of the data of the trajectory. 
However, if even a few trajectories have been com- 
pleted these can be used to find some values of J}, 
which in turn will furnish estimates for use in com- 
puting later trajectories. Suppose then that a tra- 
jectory has been computed; we wish to find, a pos- 
teriori, what Ji is for this trajectory. This can 
be done with great accuracy by the methods of dif- 
ferential corrections, to be explained in the fol- 
lowing chapters. But great accuracy is not needed 
in estimating Jj. The formula (29) for the tolerance 
is a cautious one, and a fifty per cent error in Ji 
would probably be harmless; certainly an error in 
excess could do no harm other than making the tol- 
erance somewhat smaller than necessary. So it is 
profitable for us to consider simple ways of esti- 
mating Ji. In the case of gunfire, for example, it 
might well be profitable to use the Siacci approxima- 
tions in estimating Ji, even when they are not nearly 
good enough to use on the trajectory itself. The case 
of bomb trajectories for level bombing we shall now 
consider in some detail. 


Consider a trajectory to have been completed. Along 
this trajectory the coordinate x satisfies the differen- 
tial equation | 


(30) X - - EX. 
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Suppose that at some instant t* the x-component of ve- 
locity is increased by an amount e, the y-component of 
velocity and the position being unaltered. Then at each 
subsequent instant x will be increased by an amount E(t) 
and will satisfy a new differential equation 


(31) Z+ ἕ- - (E+ AEX +È). 


The initial value of ξ is L(t*) = 0 and of its deriva- 
tive is E(t*) = e. It is easily seen that if e is 
positive, E(t) will be positive for all t > t*. The 
change AE arises from two causes. First, the x-com- 
ponent of velocity is increased, so v is increased, and 
therefore G is increased. Second, this increase in G 
produces a small secondary effect, since the added re— 
sistance slows down the fall of the projectile and 
thereby decreases the drop y at times t » t*, which in 
turn causes a decrease in air density at time t. But 
this latter effect is a small one, and we shall ignore 
it. That is, we shall assume that the effect of a pos- 
itive change e in the x-component of velocity at time t* 
is to increase E at all subsequent times. Then by (31) 


«FS-s(k«£) 
and so by (30) 
(32) ξ ς - εξ. 


Let us divide È and integrate from t" to t. If 
we recall that G(t*) = e, we obtain 


t 
(33) E /e S exp b | JE 
t* 


Treating (30) similarly yields 


"E 
(3h) x(t)/x(t*) = exp | = | Ε 2 E 
t* 


Hence 


(35) ξ/ο S x(t)/x(t*). 


4,10 Ch. VI 


Google 


Integration from t* to the time of impact T yields 
(36) E(T)/e S[x(T) - x(t*) ]/x(t*). 


But the left member of this inequality is the ratio 
of the change of range at height Y to the change in 
x(t*) causing it, and its limit as e tends to zero 
is by definition the quantity 6x(Y)/óX(t*). So if 
we let e approach Ο in (36) we obtain 


(37) 6x(Y)/6X(t*) S [x(T) - x(t*)]/x(t*). 


The quantity in the right member of this inequality 
is easily computed from the trajectory sheet. Inci- 
dentally, it will be seen in Chapter IX that this 
same quantity is needed in order to compute the effects 
of cross winds on the trajectory. 


If we can be sure that δχ(Υ)/οϑ(υ΄) does not ex- 
ceed the right member of (37), we can form a safe 
estimate of Ji by squaring and integrating the right 
member of (37). After the trajectory has become steep, 
some seconds after release, we may feel confident of 
this, for when the angle of descent is considerable 
a change in the y-component of velocity has little 
effect on the point of impact, while a change in x- 
conponent alters the direction of motion and thereby 
causes a more noteworthy change in the range. So, 
without making a really rigorous investigation, we 
may feel satisfied that the right member of (37) is 
an overestimate for óx(Y)/óy(t*) along the whole tra- 
jectory if it can be shown to be an overestimate at the 
beginning. But at the beginning of the trajectory it is 
easy to find the value of 4x(Y)/y(t*). For at the be- 
ginning y has the value 0. If this is increased by an 
amount e, since y * g the velocity is the same (to 
first-order terms) as though release had occurred with 
y = O at time - e/g. To first-order terms, this leaves 
the altitude of release unaltered, while the x-coordin- 
ate of release is altered from 0 to - vge/g, so that the 
range is increased by this amount. To first-order 
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terms, the ratio of the change of range to the change in 
Ψ(Ο) which causes it is - vo/g, and by definition this 
is «x(Y)/s¥(0). Therefore perhaps we may proceed on the 
assumption that 5x(Y)/éy(t*) is numerically less than 
the right member of (37) whenever the inequality 


(38) vo/& S x(T)/x(0) 


is satisfied. This can be written in the somewhat 
more convenient form 


(39) © Xv /6, 


where as usual X denotes the total range, that is, 
x(T). This condition is rather easily satisfied. 
For bombs with ynear zero, it holds as long as the 
trajectory is long enough so that the angle of descent 
exceeds l59. Even withy as large as 2 and νο as great 
as 500 miles per hour, it is still satisfied if Y 


exceeds 20,000 feet. 


By (37) we can estimate J], but we still need an 
estimate for J, as defined in (9). For safety, we 
wish to have an overestimate of J. But by comparing 
(9) and (12), we see at once that J cannot exceed 
2J1. 5ο, summarizing the results attained, we have 
the following: 


(LO) For trajectories with y(0) = O in which (39) 
is satisfied, we may safely use the estimates 


T 
J = NE - x(t)]/X(*)? at. 


J = δη. 


From (lO) we can deduce an even simpler and even 
more cautious estimate, which is close to (LO) for 
projectiles with small y. Since x(t) diminishes as 
t increases, the horizontal distance X - x(t) travelled 
between time t and time T cannot exceed the product 
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of the time elapsed T - t by the horizontal component 
of velocity x(t) at the beginning of the time interval. 
Thus the integrand in the estimate (LO) for Jj cannot 
exceed (T - t) 4, and from (LO) we obtain the corollary: 


(Ll) For trajectories with y(0) = O in which (39) 
is satisfied, we may safely use the estimates 


Jy > 12/3, 
J = 273/3. 


Finally, we shall suggest an estimate less cautious 
than (hl), and as yet almost untried in practice, which 
nevertheless seems to be serviceable for bombs of low 
ballistic coefficient. If the range X were known in 
advance, we would know the ratio at time t = O of the 
integrand in (LO) to that in the integral basic to (Ll); 
it is X? /νο eT2, These integrands will not have a con- 
stant ratio, but in the early part of the trajectory we 
may presumably anticipate that the ratios of the inte- 
grands will not change very rapidly; and it is this 
early part of the trajectory which contributes most 
heavily to the integrals. So we may expect that a rough 
estimate to the integral in (0) will be found multi- 
plying the estimate in (Ll) by the ratio X¢/v,¢T¢. Thus 
it is probably safe to use the following estimate: 


(42) For trajectories with j(0) = O in which (39) is 
satisfied, we may use the estimates 


J, = X2T/3v,¢, 
J - 244, 
where X and T are estimates (for 5 afety's sake, over- 


jectile. 


For bombs with small y, estimates (LO), (hi) and 
(42) are nearly identical. 
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If we combine estimates (L2) with (10) and (29), 
we find that for trajectories with y(0) = O on which 
(39) is satisfied the number of decimal places should 
be selected according to the inequality 


(L3) Jf a"? + a'?/ œw? 5 (1.62ο]1ε Y/N T) w , 


where a" is the value of a unit of the last decimal 
place kept in X and y (for instance, a" = ,01 if the 
second derivatives are rounded to two decimal places) 
ana αἱ is the value of a unit of the last decimal place 
in X and y. The tolerance R is furnished by the formula 


lil ο e P εν 
ea . nE 


Since the computer usually has more trouble in getting 
an adequate extrapolation than in merely writing an 
extra figure, it is reasonable to allot more of the; 
total error to extrapolation than to rounding. In| 
particular, the values cj = .6 and co = .8 would seem 
to be satisfactory all-round choices. 


We now illustrate the use of the methods of this; 
and preceding sections by means of a numerical example. 
We wish to compute the trajectory of a bomb droppe 
horizontally from 30,000 feet at 240 miles per ho 


( = 107.290 meters per second). The summital ballistid - 


coefficient of tne bomb, with respect to the Gâvre dra 
function, is .39811. We shall suppose that because w 
have already had some experience in such computation 
we feel confident that the time of flight will not ex 
ceed 90 seconds, and that the range will not excee 
3000 meters. The permissible error €, will be chosen t 
be 2 meters, and as suggested above we shall choos 
ο) = .6, co = .8. Then by (43) we have 


/ a"? + q!2/o? S .0070// oa. 


This is amply satisfied if we use three decimal place 
in the first and second derivatives. The quantit 
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ι 2 al a? ay 
“ (extrap. 
( 9.300 
( 9.610 -190 10 
] 9.428 -182 8 8 
-372 36 
( 9.03L -3Lhh 28 32 
-716 158 
| 8.135 -6ἱ9 61 6 
7.166 | -6h9 0 0 
i 7.106 -680 -31 -30 
1 6.386 -720 -ἰιο -LO 
M 5.642 -7hh -2L -30 
1] L.885 -757  -13 -15 
h.lhl -ηι 13 e 
A 2.757  -668 L8 50 
οἱ 2.152 -615 53 lil 
A 1.589 -553 62 60 
Æ 1.103 -h36 67 70 
4% .68h -L19 67 75 
X «305 -355 6l 70 
.032 -297 58 60 
-.211 -243 54 50 
-.407 -196 47 LS 
-.561  -15h L2 ho 
-.821 2 25 25 
-.875 . -Lh8 1h 16 
-.900 -25 23 15 
-.917  -17 8 10 
94 -.920 -3 lh 9 
si -.917 3 6 -ὑ 
-.910 7 4 ? 
-.399 19 5 6 
-.877 21 9 5 
-.859 18 -3 ο 
-.839 20 2 5 
-.821 18 22 L 
-.798 23 5 2 
-.775 23 0 3 
-.155 20 -3 3 
-. 135 20 ο 3 
-.712 23 3 2 
-.695 17 -6 3 
-.670 25 .8 L 
-.652 18 -7 -6 
-.630 22 4 -b 
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105.193 
103.164 


99.290 


92.091 
85. 33L 
78.974 
12.150 


66.700 
60.836 
55.171 
49.752 
4.625 


39.807 
35.331 
31.21) 
21.139 
21.027 


20.945 
18.204 
15.747 
19.593 
11.687 


y 


tentative tentative 


4.851 
9.611 


18.367 


36.319 
52.608 
67.505 
81.002 


93.027 
103.558 
112.572 
120.137 
126.311 


131.194 
134.919 
137.603 
139.382 
1110. 38h 


1L0.733 
150.515 
139.918 
138.943 
137.699 


136.252 
134.655 
132.95} 
131.169 
129.358 


127.513 
125.675 
123.855 
122.043 
120. 263 


118.536 
116.830 
115.178 
113.550 
111.98) 


110.156 
108.963 
107.512 
106.115 
10L. 736 


103.22 
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tolerance 


«68 


«ΟΥ 


.05 


«Οἱ 
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2.85c2 e vo /X VT in (hh) has the value .017, so that the 


tolerance is 
R= ,017/nE // o3. 


Now we use the starting process of Section 9 and the 
computation method of Section 8 to obtain the results 
here presented. 


After the trajectory is completed, we can compute the 
estimate (lO) to see if our tolerance was well chosen. 
The integral in (lO) can be computed easily by Simpson's 
rule, using values every ten seconds. It turns out that 
R is about 2.5 times as great as necessary, or, stated 
in another way, there is less than a chance in a hundred 
that the error is as great as «Ὁ meters. Even this is 
pessimistic, since the remaining errors are mostly much 
less than the tolerance. Nevertheless, in this parti- 
cular computation little would have been gained by in- 
creasing the tolerance, since only one or two lines had 
to be re-computed. The tolerance served its purpose ad- 
mirably, since without it many of the lines would have 
had to be re-computed. 


ll. Morrey's method of integration of the normal 
equations. 


A method of trajectory computation has been devised 
by C. B. Morrey which is capable of furnishing quick 
solutions of the equations of motion for artillery 
projectiles. The central feature of the method is 
the use of the Siacci S-function to determine the 
values of vy as a function of x, from which the slope 
and altitude and time are obtainable by quadratures. 


If in equation (V.1.13) we choose c = 1, equations 
(V.1.15) furnish us with 


(1) dx/dvy = - 1/E. 


On substituting the definition (IV.1.2h) of E and 
rearranging factors, this becomes 


(2) Y a(y)H(y) dx = - dvy/G(v/a). 
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Let us define 
| x 
(3) X(x) = | a(y(x))H(y(x)) Y dx. 
ο 


If at horizontal ranges xj and χο the horizontal com- 
ponent of velocity hes the respective values vy) and 
Vxo, We find by integrating both members of (2) that 


dv. 


(h) x(x2) = X(x,) - | “al , 
vxo G( v/a) 


As in the Siacci method, we wish to replace the argu- 
ment v/a in the denominator of the integrand by a* 
"pseudo-velocity" u = cv, in such a way that the right 
member of (L) is only slightly changed in value. Let 
€ denote the change in the value of the right member 
caused by replacing v/a by cvy; then by definition 


(5) ΚΙ l -—i— | ax. 
2 G(cvx)  G(v/a) x 


V. 


Since cv, will remain near v/a along the arc from xj 
to xo, we can use Taylor's development to linear terms 
to obtain 


1 1 G (cvy cvy - v/a ] 


G(ev,)  G(v/a) G(evy)G( v/a) 
6 
(6) [πίον.,) Š 1] (ev, - v/a) 


cv,G( v/a) | 


We substitute this in equation (5) and change variable 
of integration to time t, by means of the equation 
dv. = - Evy, dt; we thus obtain 


to | 
Ea. | (cv, - ν/8)(1/9) frHal n(ev,) - 1)]) dt, 
t1 
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where tj and to are the times corresponding to xi 
and xo respectively. If we replace v by vy sec 6, 
where as usual © is the inclination of the tangent to 
the trajectory, we find 


- | | 
(7) οε/Υγ- -= | É [c - (sec 8)/alta[n(cv,) - 1 ] dax. 
X 

In order to make this error vanish, we should choose c 
so that 


[ [ (sec ϐ)/α]Ηα[π(ονκ) - 1] dx 


(8) ο - " 


[7 Ha[n(ev,) - 1] ax 
X1 l 

This determines c in an exact, but useless, manner; 
for in order to compute the integrals in (8) exactly 
we would have to have the trajectory completed. What 
we wish is a simple expression which will approximate 
the quantity c given in (8). Since H, a andn - 1 
are always positive, by the theorem of the mean for 
integrals the value of c is between the greatest and 
the least values of (sec 0)/a. Morrey selects the 
arithmetic mean of these two values, so that 


(9) c = $[(sec Θι)/α(γῃ) + (sec θο)/α(γο) | 


Once c is chosen (by this formula or any other), equa- 
tion (L) is replaced by the approximate form 


X(x5) = x(x) = | 


MT, dv, 


(10) vx] O(evy) 


= (Y/e)I[s(u5) - S(u,)], 
where u has been defined as 


(11) u * CV, 
and S(u) is the Siacci function defined in (V.2.8). 
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Equation (10) will be used in the form 
(12) δ(12) = S(u) + c AX. 


The other ballistic formulas needed in the process are 
obtained from (11) and (V.1.3). They are 


ο! = c/u, 
(13) 

u = c/t', 
(1h) πι = = gt'?, 
(15) y' =n, 


where the prime denotes differentiation with respect 
to x. The integration.of X'(x) will be accomplished 
by use of the quadrature formula 


o 
| f(x) dx 


ο 
(16) = &e[f(0) + Γί ὦ) - (1/6) δὲε( o) 
- (aa2)9f(o ) - (1/19 )a4e(w) :...], 


which is obtained from (3.3) by replacing a?f(2 w) 
by A°t(w) + 4 2f(2 W) and so on. 


After several lines have been completed, the pro- 
cedure for obtaining a given line x = x4,j from the 
preceding lines is as follows. Each line (or more 
properly stage) of the computation occupies two ruled 
lines of the computing sheet. The first of these we 
shall call the "upper line"; it contains among other 
things the extrapolated values. We first estimate the 
slope m,,] corresponding to x44) by extrapolating 
the second difference of m' = - gt'? and using (3.1). 
(Morrey suggests the formula 


(17) M4) " 5m, 3 - hm, + 20m, η! + hom', 

which gives the same result as assuming the second 
difference of m' to be the same on line i + 1 as on 
line i.) Next γι} is computed by Simpson's rule, 
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(3.2), and entered on the upper line. With the help 
of the tables, this y determines H and a for x » X441* 
These are entered in the appropriate columns, as final 
values on the lower line. From πῇ 11 the values of 
l+ πη +1? and its square root are computed; the latter 
is sec 0}. These are also entered on the lower line. 
From H and a the value of X,,1' = YH(yy41)alyye1) 
is computed and entered on the second line. Now the 
n ht member of (16), with X' in place of f, gives 
+1» Which is entered on the upper line. By (9), 
c is computed and entered on the upper line. By (13), 
is computed and entered on the upper line, and 
likewise the corresponding value of S. Next S(u44,1) 
is computed by (12) and entered on the lower line. 
The corresponding u4,] is found from the tables and 
entered on the lower line. Now Ὦ 1! is computed by 
(13) and entered on the lower line. From this m,}' 
ü computed by (1h) and entered on the lower line; by 
(16), m,,1 is also computed and entered on the lower 
line. "Fils inally, y4,; is computed by (3.12) and entered 
on the lower line. The quadrature of t' can be left 
until last, and effected by any good quadrature formula. 


As usual in numerical integrations, the first step 
requires special methods. It is of course possible to 
use several steps at such short intervals that quadra- 
tures can be performed by the trapezoidal rule. How- 


ever, by differentiating the third of equations (V.1.8) - 


we obtain 
(18) m" = — 2gEt!-, 


Thus the value of m"(0) can be obtained at the cost 
of computing E,, which is not so great since 


(19) Eo - X'0(vo/a(0)), 


and X' has to be computed in any case and some S-tables 
also provide a column of values of 1/8. From (18) 
we obtain the approximation 


(20) | πη ' = πο) + wm". 
Now mj is computed by the trapezoidal rule, and yj by 
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(3.12). Likewise, recalling that H and a are respec- 
tively the exponentials of - hy and - ayy, we obtain 


(21) Xo" = - (h + aj) moX,'. 


This furnishes an estimate of X4', by (20) with X in 
place of m, and by the trapezoidal rule we compute Xj. 
From this point on the computation proceeds_as already 
described, with the minor exception that Ali is best 
obtained by computing Xo with the help of Simpson's 
rule. 


12. A modification of Morrey's method. 


We now develop a modified form of Morrey's integra- 
tion method which seems to have some advantages over 
the original, presented in the preceding section. The 
first modification concerns the choice of the constant 
c. In order to keep the notation reasonably simple, 
we shall denote the values of H, a, n, O corresponding 
to a point x* by the symbols H*, αἴ, n*, 6* respec- 
tively. By the theorem of the mean for integrals, 
there is a point x* between x, and x such that 


x 

(1) | e H(n - 1) dx = | H*(n* - 1) dx. 
xi x) 

From this we deduce 


p sec 0 H(n - 1) dx 
m 
(2) [7 sec θ H*(n* - 1) dx 
x 


κ (sec © - sec G*)[B(n - 1) - H*(n* - 1) ] dx. 
x) 


If either sec O or H(n - 1) were constant, the second 
integral in the right member would vanish. We now show 
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that unless sec O and H(n - 1) both undergo considerable 
changes, the second integral in the right member is 
much smaller than the first. On an arc short enough 
to use in numerical integration, we can form an ade- 
quate estimate of the second integral by approximating 
sec θ and H(n - 1) by linear functions. If we define 


4 sec © = sec 02 - sec 8], 
(3) 6 [H(n - 1) ] = Β(γρ)[π(ονχρ) - 1] 


- H(y, ){n(ev,,) - 1], 
the approximations 


sec © = $ec © + (x - x*) Asec O/(x, - χι), 
H(n - 1) = H*(n* - 1) + (x - x*)- ABi(n - 1)]/(x, - x) 


will be accurate enough to give a rough value for the | 


last integral in (2). We thus find that this integral 
is approximately equal to 


(1/3) dsec ϐ 


-O[H(n - 1) 1 [(x2 = x*)? + (x* - χι)}]/(κο - x1). 
But if H(n - 1) is roughly linear, x* will be roughly 
halfway between x] and xo, and the integral will be 
roughly 

(1/12)(x, - χι) ^ sec © S[H(n - 1)]. 


The first integral in the right member of (2) is roughly 
equal to 


H*(n* - 1) sec 0* (x, - x), 


so the ratio of the second integral to the first is 
about 


(1/12) (^ sec 0/sec 6*){ Δ [H(n - 1)]/B*(n* - 1)). 


So if we restrict ourselves to arcs along which sec 9 
changes by less than ten per cent and H(n - 1) also 
changes by less than ten per cent, the second integral 
in the right member of (2) will be less than a thou- 
sandth of the first. 
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A similar analysis can be carried through with a 
in place of sec 8. Here the result is even more ex- 
treme, since the variation of a along an arc small 
enough to use in numerical integration is unlikely to 
be as much as one per cent. We thus find that to a 
high order of accuracy 


Χ2 X2 

(L) | aH(n - 1) dx = aH*(n* -- 1) dx. 
x) xl 

A further approximation is permissible here. Since 

a is nearly constant, and even more nearly linear, we 


may safely integrate the right member of (L) by the 
trapezoidal rule, obtaining 


of” aH(n - 1) dx = z(a, + 81) H*(n* - 1) (Χρ - X). 
x) 


Here too we may safely anticipate that the error will 
be well under one part in a thousand. 


According to (11.8) the value of c which we seek 
is the ratio of the integral in (2) to that in (5). 
If in (2) we discard the last integral and replace 
sec @ by ds/dx, where s is arc length along the tra- 
jectory, we find that (11.8) becomes 


cs p (ds/dx) dx cece 
| n | Tags ayaa =D} 


(6) 
1 (length of arc from x, to x9) 


(8) + a, )/2 X> - xl 


This formula is very accurate. It would seem pos- 
sible to base an improved form of Siacci approximation 
on it, using for example a parabolic approximation to 
the trajectory to obtain estimates of the length of 
arc and of the integral X(x). But we shall not inves- 
tigate this possibility. Instead, we replace (6) by a 
somewhat less accurate but more convenient expression, 
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substituting the length of the chord from (x, yi) to 
(xo, Yo) in place of the length of the arc. If the 
arc curves not more than eight degrees, so that the 
angle between tangent and chord does not exceed about 
four degrees, this approximation is in error by less 
than one part in & thousand. We thus obtain the esti- 
mate 


2 
"S. NE γ Yo 511. 
(1) ο (a, * ap)/2 1 { "woe z) 


The proposed modification of Morrey's method uses 
two lines for each stage of the computation as his 
does, and also uses the same column headings; however, 
after the second line nothing is entered in the column 
headed m. If the slope is desired for any reason, it 
can be obtained by quadrature of m' after the end of 
the trajectory is reached. If it is not desired it 
can be simply omitted. 


The start of the computation can be essentially the 
same as in the preceding section. The quantities m," 
and X9" are computed by (11.18) and (11.21) respective- 
ly, and are used to estimate mj and Xj! respectively 
by means of (11.20) and its analogue for X'. Now 
is computed by the trapezoidal rule and entered on the 
upper line, and y, is computed by (3.12) and entered 
on the upper line. This value of y} is used to com- 
pute H and y, which are entered as final values on 
the lower line. Also it is used to compute c by (7). 
Having c and t,' = sec θρ/το, we find u, by (11.13), 
determine the corresponding S(u,) (these are entered 
on the upper line), determine S(u4) by (11.12) and 
look up the corresponding uj (these are entered on the 
lower line), and by (11.13) we find tj' and enter it 
on the lower line. With this we compute mj' by (1111) 
and enter it on the lower line. | 


At this point we depart somewhat from the procedure 
of the, preceding section. We now have an accurate value 
for à'mj'. We also had already found the estimate © mo" 
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for this same quantity. By (6.1), we can enter double 
the difference A“m!' - wm," as an estimate for A m'e 
This permits us to obtain πη by (3-3) with A2mo' taken 
equal to the same estimated A‘“m,'; as we showed in 
(6.8), the resulting integral is in error only by the 
small amount œ A 3m9'/72. The final value of yj is now 
computed by (3.12) and entered on the lower line. 


The first step being completed, the third, fourth 
and subsequent steps are obtained by the procedure now 
to be described; so is the second step, except for two 
minor features which will be pointed out at the proper 
time. First, the second difference of m' is extrapo- 
lated to the new line x = x41,j whose computation is just 
beginning. From this the first estimate of ΔΤ. 
is computed by (3.9), and A 1741 and y4,] are ο 
computed and entered on the upper line. As in the step 
already described, these are used to compute the final 
values of H, a, X* and c; with this c and the value of 
t,' we compute αι by (11.13), find S(u4) and enter it 
on the upper line, add c A^X to find S(u4,1) and enter 
this and the corresponding u4,] on the lower line. Now 
we compute t44]' by (11.13) and m4,]!' by (11.111), and 
we difference m'. We now compute the final A*y44] by 
(3.12), using this time the computed second difference 
of m' instead of the extrapolated second difference. 


The two distinctive features of the second step are, 
first, that it is best to compute Xo by Simpson's rule 
instead of by (11.16), since the differences are not 
yet available to sufficiently high orders to use the 
latter formula; and, second, as soon 88 πο! is computed 
the third difference A-mo' can be estimated by (6.5). 
As was previously pointed out, the easiest way to use 
this last formula is to compute Amo’ as usual, sub- 
tract the estimate for 6m ' which is already entered 
on the preceding ling and write 3/2 the difference as 
an estimate for A~mo'. The previous estimate for 
ô 2m ' should be revised to be consistent with this 
newly estimated third difference. 
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Chapter VII 
DIFFERENTIAL CORRECTIONS 
TO TRAJECTORIES COMPUTED 

BY THE METHOD OF SIACCI 
1. Differential corrections. 


The two preceding chapters have been concerned with 
methods for integrating the normal equations of the 
trajectory, and thus have dealt with trajectories 
along which all conditions were assumed to be stand- 
ard. But this is only a part of what is needed. We 
have already seen, in the beginning of Chapter IV, 
that it is also essential to have methods by which the 
effects of departures from standard conditions can be 
found. For example, the main part of a firing ta- 
ble for a certain combination of gun and projectile 
will consist of a table showing the range as a func- 
tion of the elevation under standard conditions. But 
in the field the conditions will not be standard, and 
the artillery officer must be provided with some means 
by which he can make the necessary allowances for the 
effects of the various departures from standard con- 
ditions. Moreover, unless tbe organization construct- 
ing the firing table has some rapid calculating de- 
vice permitting the rapid computation of trajectories 
for various ballistic coefficients under the non-stand- 
ard conditions prevailing at the time of the experi- 
mental firings on which the table is based, it will 
also be necessary to have sane method of allowing for 
the effects of those departures from standard condi- 
tions in order to find what the range and time of flight 
would have been in the experimental firings had the 
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conditions been standard. Thus some method of making 
corrections for departures from standard conditions 
may be needed in the preparation of the firing table. 


The simplest deviations from standard conditions 
are those which are capable of being expressed by a 
single number, such as a change in initial velocity 
or in ballistic coefficient, a constant percentage of 
deviation from standard density or normal temperature, 
or a range wind (following wind) which is the same 
at all points of the trajectory. The more complicated 
type of deviation from standard conditions requires 
the specification of a function. For example, we may 
need to find the effect of a departure from standard 
density which is different at different altitudes, or 
Ol a wind whose strength varies with the altitude. 
These more complicated departures will be studied in 
Chapters VIII and IX. In vhis chapter we shall cone 
sider only the simpler type, which can be expressed 
by a single number. Also, except in this section we 
shall consider only trajectories which have been com- 
puted by the Hitchcock-Kent modification of the Siacci 
method (Section 2 of Chapter V). When methods of 
Siacci type have been used to compute the trajectory, 
only the simpler departures from standard conditions 
can be treated with any facility. 


Suppose then that we have selected some independ- 
ent variable, for example t, and by using the appro- 
priate system of equations we have computed two tra- 
jectories. One of these is a normal trajectory, with 
certain initial conditions and with standard density, 
temperature and ballistic coefficient and with no 
wind. The other trajectory is a "disturbed" trajec- 
tory, in which there is a constant wind with compo- 
nents w., Wys W,, the ballistic coefficient is in- 
creased from C toC, + Δ Cg, the relative air den- 
sity is increased from H to (1 * *)H, the relative 
velocity of sound from a to (1 + a)a, the coordinates 
at time O are increased by 4x(0), Ay(0) and As(O) 
respectively, and the components of velocity at time 
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0 are increased by Av, (0), ôv (0) and 4v,(0) re- 
spectively. Then, for example,’ the x-coordinate at 
time t on the disturbed trajectory will depend on έ 
these disturbances, and thus will be a function 


x(t, πε, Wys Wzs Cy, Ks a, δχ(ο), Sy(0), 42(0), 
Sv,(0), ô vy(0), à v, (0)) 


of all these variables. Along the normal trajectory 
the x-coordinate will also be a function of time t, 
and may be denoted by the same symbol as above with 
the last twelve of the thirteen arguments set equal 
to zero (denoting that there is no departure from 
standard conditions). Similar functional symbols will 
stand for the values of y, z, vy» etc. l | 


An obvious question to ask is this: How much has 
the value of x been changed because of the presence 
of the disturbances w,, etc.? An obvious answer is 
that it has been changed by the amount 


(1) òx = x(t, πχ» ...; Δ v,(0)) - x(t, O, wens ος 


But this is quite superficial. If we had used a dif- 
ferent independent variable, say vy, we would have 
given a similar "obvious" answer, but it would not 
have been the same number as in (1). So we must re- 
flect a bit. When we ask how much x has been changed, 
we are asking for the difference between the x of some 
point on the disturbed trajectory and the x of a core 
responding point on the normal trajectory. But this 
is meaningless until we decide what the corresponding 
points are. In giving the "obvious" answer (1), we 
tacitly assumed that "corresponding" points on the 
two trajectories are those which correspond to equal 
values of t. Had we used v, as independent variable, 
the "obvious" way of defining corresponding points 
would be to say that they are points which correspond 
to equal values of vy. In field artillery, neither 
of these is an important as the correspondence set up 
by saying that corresponding points are those with 
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equal values of y. For the x corresponding to y = 0 
is the range of the projectile, and what the artillery 
officer wants to know is the effect on range produced 
by the various disturbances. 


Thus it is clear that the notation for the changes 
in x, etc., produced by the disturbances should in- 
dicate the manner in which the correspondence between 
points of disturbed and normal trajectories has been 
set up. It should also indicate in same way the dis- 
turbances that have produced the effect. Accordingly 
we introduce the symbol 


5 x([w,, ..., ^ v,(0)]] t) 


= x(t, Wey ..., v,(0)) = x(t, 0, ..., 0). 


(2) 


The first symbol in the parenthesis will designate the 
departure from standard conditions. The letter after 
the vertical bar will designate the variablé used in 
setting up the correspondence between the two tra- 
jectories. The left member of (2) could be read "the 
change in x at points of equal time t produced by 
disturbances w,, ..., Av,(0)." Analogous symbols 
will be used for the other variables and other methods 
of setting up correspondence also. For example, 
ô vx (Wl y) will be the difference between the x-com- 
ponents of velocity at the point of the disturbed 
trajectory with y-coordinate y and the point of the 
normal trajectory with the same y-coordinate, the 
disturbance being a range wind w,. 


If we are interested in some point of a normal 
trajectory and the nearby points of a disturbed tra- 
jectory, we always have tne privilege of using any one 
of several different variables as independent vari- 
able on an arc containing the given point. Any one 
of these same variables can also be used to set up 
the correspondence between the two trajectories. For 
by using it as independent variable we automatically 
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set up such a correspondence. On the other hand, at 
certain points some of the variables may not be per- 
missible choices as independent variable. For exam- 
ple, if the point in question is the summit of the 
trajectory, we cannot use y as independent variable. 
Such variables are also not capable of being used to 
set up the correspondence between the trajectories. 
For example, if near the summit we try to set points 
of equal y in correspondence, we find that for each 
number y between the maximum ordinates of the normal 
and the disturbed trajectories there are two corres- 
ponding points on one trajectory and none at all on 
the other. 


In order to define the concept of a differential 
effect, it is convenient to introduce some sort of 
measure of the "amount" or "norm," of a disturbance. 
This can be done in any one of many ways. For exam- 
ple, we might define it to be the sum of the absolute 
values of wx, ..., Vg(0), or we might define it to 
be the square root of the sum of their squares. In 
any case, this "norm" is to have the following prop- 
erties. The norm of the zero disturbance is zero; 
all other disturbances have positive norms. Ifa 
disturbance is multiplied by a number k, its norm is 
multiplied by |k|. The norm of the sum of two disturb- 
ances is not more than the sum of their norms. (Thus 
the norm is a generalization of the length of a vec- 
tor.) The norm of a disturbance [wx, ..., AVgo] will 
be denoted by the symbol N[wx, ..., Avgo]3 or, in 
case there is no danger of misunderstanding, we may 
abbreviate this to N. 


Each of the functions x(t, wy, ..., ὁ Veo), etc., 
is for fixed t a function of the disturbing variables 
Νχ» «»»,; ÓVzgo.» According to the definition standard 
in the calculus, the function x(t, wx, ..., dVgo) 
has, for fixed t, a differential with respect to the 
remaining variables at (0, ..., 0) provided that there 
is a linear function 


(3) : Απ. t ο t Ay» οσο 
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which approximates the right member of (1) to within 
an error which tends to zero more rapidly than first 
order in N as the norm N tends to zero. That is, the 
ratio 


(L) 


approaches O when N approaches 0. Whenever this dif- 
ferential exists, we shall designate it by a symbol 
analogous to the left member of (2), namely 


dx([w,, ..., ô ερ] t). 


Because of the assumptions we have made concern- 
ing the differentiability of G(v), H(y), etc., it 
follows from standard theorems on differential equa- 
tions that x(t, w,, ..., A Vgq) has continuous partial 
derivatives of first and second (and in fact higher) 
orders with respect to all the variables. By the 
theorem of mean value, 


x(t, wy, ..., 5vgQ(0)) = x(t, O, ..., 0) 
= [dx/ow, Jw, + ... + [0x/0^ v,(0)] ^ vo CO) 
(5) + & { [02x/dw,,2 ]*w, 
+ [2°x/ow,dny ]"wxw, + ... 
+ [a%/a dv,(0)2]*( a v,(0))2) , 


wherein the first-order partial derivatives are eval- 
uated at (t, 0, ..., 0), and the asterisk on the 
second-order partial derivatives indicates that they 
are to be evaluated at a point (t, W”, ..., Avg(0)*) 
on the line segment joining the point (t, O, ..., O) to 
the point (t, wx, ..., Av,(0)). But if we confine 
our attention to any finite part of the normal trajec- 
tory and to bounded'disturbances, these second-order 
partial derivatives all remain below some finite bound. 
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Since the number of terms involving second-order par- 
tials is also finite (there are 78 of them) and each 
one also has two other factors each at most equal to 
N, the.sum of all the terms involving second-order 
partial derivatives is at most equal to some finite 
multiple, KN“, of the square of N. This shows, first, 
that the linear function constituting the first terms 
in the right member of (5) approximates the left mem- 
ber with an error of second order in N, and is by 
definition the aifferential of x with respect to 
(wx, ..., vg(0)). Second, it gives us the specific 
form of this differential; 


(6) dx([w,, ..., Av,(0)]|t) 
= [ ox/ow, Jw, + ... + [δχ/ϑ ^v,(0)]^ v,(O). 


(Here, however, we insert a word of caution. Equation 
(6) is valid only because t was used as independent 
variable on the trajectories. If, for example, the 
Siacci pseudo-velocity p were the independent varia- 
ble, the x-coordinate along the disturbed trajectory 
would be a function x(p, w,, ..., ὁ v,(0)), and the 
linear expression formed out of its partial deriva- 
tives with respect to the variables wy, etc., as in 
the right member of (6), would be the differential 
ἀχί[π.,, ..., Vg(0)]| pj.) Third, from (5) and (6) w 
see that 


|ἀχ([π., ..., ¥,(0)] |t) - Ax(Lwy, «..» v,(0)]| 9] 
< mê, 
This is stronger than the requirement that the ratio 


(h) should tend to zero with N, as required in the 
definition of a differential. 


(7) 


It would be ambiguous to denote the value of, say, 
ax(w,|t) at t = O by the symbol dx(w O). We could 
not distinguish this from the result of setting y = 0 
in the differential dx(wxJy), which is quite a dif- 
ferent thing. Hence the result of setting t = 0 in 
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dx(wx|t) will be written more explicitly in the form 
ax(wy It = 0). 


It is the accuracy of the approximation (7) that per- 
mits us to use the differential effect dx as a sub- 
stitute for.the actual effect Ax. For by (7), by 
making N small enough we can make the difference be- 
tween dx and 4x less than any preassigned multiple 
of N, however small. The virtue of the differential 
effect, as compared with Ax itself, lies chiefly in 
the fact that it is usually much easier to compute. 
An additional virtue is that differential effects are 
superposable. Thus, for instance, the differential 
effect of a wind w, and a change of density AH act- 
ing simultaneously is the same as the sum of their 
differential effects when acting separately, as is 
evident from (6). This permits us to compute the 
differential effects of the disturbances one by one 
and then to find their accumulated differential ef- 
fect by simply adding the separate results. 


Usually it will happen that the differential ef- 
fects are desired for equal values of som variable, 
for example, y, whereas it is much easier to use same 
other variable as independent variable in computing 
the trajectory. Therefore it is important to have 
 & method by which differential effects at equal val- 
ues of one variable can be deduced from differential 
effects at equal values of some other variable. Here 
we have a multitude of different quantities; there is 
the variable used as independent variable in comput- 
ing the trajectories, which may be any one of several; 
there is the variable at equal values of which we are 
asked to find the differential effects; there are the 
quantities whose changes are sought; and there are the 
various disturbances causing the changes. Therefore 
we shall introduce a sort of generic notation to cover 
&ll these possibilities. Let P be a point of a normal 
trajectory. Let A and B be any two variables which 
can be used as independent variables on an arc of 
trajectory including P. (Thus A and B may each be 
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any one of the variables x, t, the Siacci pseudo- 
velocity p, the slope m, the inclination 0, y unless 
Pis the summit, and v unless dv/dt is zero at P.) 
Let C be any of the quantities determined along the 
trajectory; it i$ not necessary that C should be ca- 
pable of use as independent variable. Let q be any 
disturbance. Then, as we are about to prove, the dif- 
ferential effect on C at equal values of A and the 
differential effect on C at equal values of B are re- 
lated to each other by the equation 


(8) ἁο(α|Β = By) = dC(qlA = Ao) = (dC/dB)dB(q|A = Αρ), 


where the derivative dC/dB is to be evaluated at the 
point P of the normal trajectory. 


We will now prove this statement. Let Ay, Bos C, 
be the values of A, B, C respectively, at the point P 
of the normal trajectory. It the norm N of the dis- 
turbance is sufficiently small, there is a point Q 
of the disturbed trajectory at which A has this same 
value Ag. Then, according to the definition of the 
à symbol introduced in (2), we have 


A= Ao, 
(9) B = Bo + ^B(qlA κε Λο), 
C=C, * A C(q|A = Ag), 


at this point Q. Likewise, if N is small enough there 
is a point R of the disturbed trajectory at which B 
has the value B,. At this point R we have 


As Ao + δλ(α |Β = Bg); 
(10) B = Bos 
C=C, + ^C(qlB = Bj). 


If we consider B as the independent variable we ob- 
serve that on the disturbed trajectory, from beginning 
to end of the arc QR, the value of B changes by 


= & B(q|A - åo)» 
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while the value of C changes by 
A C(q|B = B9) - AC(ql^ = Αρ). 


By the theorem of mean value, there is a point B* be- 
tween Bg and Bg + AB(q|A = Ag) such that 


A C(q|B = Bg) - A Οίᾳ | = Ag) " 
(11)  ————————— = (aC/dB)^, 
- SB(q|A = Αρ) 


the derivative in the right member being evaluated 
at B = B*. 


From (5) we readily see that as long as N remains 
under a finite bound, Ax will not exceed a finite 
multiple of N. For the linear terms each consist of 
a bounded expression times a factor at most N, and 
the remaining terms do not exceed (KN)N, which is a 
bounded multiple of N, if N remains bounded. This 
applies equally well to AB and to A(dC/dB). In 
particular, the values of dC/dB at the points of norm- 
al and disturbed trajectories with B = B differ by 
at most a bounded multiple of N. But B differs from 
Bg by at most a bounded multiple of N, so the values 
of dC/dB at the points ot the normal trajectory cor- 
responding to B = B* and to B = Bo also differ by at 
most a bounded multiple of N. Hence | 


(12) (40/48) = (dC/dB), + eqN, 


where the subscript o indicates that dC/dB is evalu- 
ated on the normal trajectory at the point P, and all 
that we need to know about e] is that it stays under 
some finite bound. From (11) and (12) it follows that 


SC(q|B = B) = Δία Δ = Αρ) 
(13) - (dC/dB),4 B(q|A = A,) 
- ciNÀ B(qlA = Αρ). 
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According to (7), 


AC(qjA = Ag) = dC(q|A = Ag) + coN^, 
^ B(q|A = Ag) " dB(q|A = A,) + εηΝ, 


where €5 and €4 remain under some finite bound. If 
we substitute these expressions in (13), and recall 
that OB(q/A = Ag) itself remains under some finite 
multiple of N, we see that (13) yields 


^ C(q|B = Bg) = dC(q |A = Ας) 

- (40/4Β)ρἀβία!Α = Αρ) + ejN*, 
where tj remains under some finite bound. But now 
the first two terms in the right member of (15) are 
linear in the disturbance q, and this linear function 
approximates ὃ C(q|B = Bg) to within an error which 
is of second order in N. Hence by definition this 
linear expression is the differential dC(q|B = B 


)e 
But this statement is exactly the equation (8) which 
we were to prove, and the proof is complete. 


(1h) 


(15) 


The methods discussed in the preceding section 
will now be applied to trajectories computed by the 
Hitchcock-Kent modification of the Siacci method. Howe 
ever, we shall not consider exactly the disturbances 
listed in the preceding section. For one thing, if 
the x and y of the muzzle are changed, everything else 
remaining fixed, the trajectory will merely be trans- 
lated by the same amount as the muzzle. So changes 
in the initial values Οἱ x and y will be ignored, and 
we shall always assume that x and y both are zero at 
t= 0. For another, we shall postpone consideration 
of effects of winds until Section 4, because by con- 
sidering wind effects separately we can arrange the 
work so that much of it will be useful later, not 
merely for Siacci trajectories. Finally, we shall 


also consider the effects of change in the value of g. 
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Equations (V.2.9, 10, 11, 12) give the approximate 
solutions of the equations of motion furnished by the 
Hitchcock-Kent modification of the Siacci method. We 
change the form of these equations slightly by replac- 
ing po by Vo (which is equal to it) and by substitut- 
ing (V.2.10) in (V.2.12); the result is 

t = t(p, Cas Vos 995 as g) 
=C, [T(p/a) - Τίνρ/α)]/α, 
x = x(p, Cg» Vo» 9o» ἃ, €) 
= Cs cos 6, [S(p/a) - S(vo/a) ], 
(1) m = mp, Cs» Yo» Qos ἃ, g) 
= tan 0, - C, sec θρ[](ρ/8) - I(v,/a)] /2αξ, 
y “σίρ, Css Vo» 90» a, g) 
= Cg[sin 05 + CSI(vg/a)/2a^] [S(p/a - $(vo/a)] 
- Ορ. A(p/a) - A(vo/2)]/2a*. 
According to (1.6) and the remarks following it, 
dx( [AC,, ^ νο, 48, da, ^ g]lp) 
= [8x/8C4]ACS + [óx/8vo]^ το 
+ [3x/06, ]^05 *[8x/8a]^a 
\ + [?x/og]^ g, 


with similer equations for the differential effects 
on t and y. In computing the last term it must be 
recalled that g, although apparently absent from (1), 
is actually present as a factor in I and A. We can 
now compute the fifteen partial derivatives which 
appear in (2) and its analogues for t and y (differ- 


(2) 


 ential effects on m could be computed too, but are 


not particularly important), and simplify them by use 
of (1); the results are the following, using (1), (2) 
and (V.2.8). 


(3) Differential effects of change ACg in ballistic 
coefficient at muzzle: 
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dt( A Cs|p) = t(ACg/Cg), 
dx(4 C,|p) = x(4 09/09), 
dy(4 06/9) = (2y - x tan θᾳ)(8 C,/C,). 


(L) Differential effects of change 4 vg in initial 
velocity: 


dt(d vgl p) = [C,/v,aG(v,/a) ] b vo, 
dx(4 volp) = [C4 cos 65/aG(vo/a) ]^v,, 
ἁγί 4 vulp) 
- [Cs/aG(vo/a) J(gx sec θο/το’) + sin Oo Jd vo. 


(5) Differential effects of change ô Og in angle of 
Geparture: 


dt(4 Θθο|ϱ) = O, | 
dx( ô @9|p) = = (x tan θο)δ θο, 


(6) Differential effects of change 4a in relative 
velocity of sound: 


dt( ^ al p) PUE 
= | - t + C,{[1/a0(p/a) ] - [1/2 (vo/a]] ) CA a/a), 
dx( ^a|p) 

= ([p/a3(p/a)] - [v,/aG(v,/a) ]] Cg cos e5( A a/a), 
dy(^ al p) 


= (2(x tan θο - y) 
+ Ce[ (gx sec θο - vo? sin 9)/vo8G (vo/a) ] 


+ Cs[(p cos θο tan 0)/a3(p/a)]] (^ a/a). 


(7) Differential effects of change ôg in accelera- 
tion due to gravity: 
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dt(Ag|p) = O, 


dx(Ag|p) = 0; 
dy(^ glp) = (y - x tan 69) (^ g/g). 


Comparison of effects at equal values of p is of 
course not very useful in itself. In field artillery 
the effects should be for equal values of y, specific- 
ally for y = O. In forward fire from airplanes the 
natural independent variable is slant range, so that 
the effects should be given at equal values of x. In 
anti-aircraft fire it is possible that effects at equal 
values of t might be desired. All of these can be de- 
duced from the effects (3) to (7) at equal values of 
p with the help of (1.8). In this formula we take 
A to be the pseudo-velocity p, B to be amy one of the 
variables x, y or t, and C to be any other of the vari- 
ables x, y or t. In each case dC/dB is one of the six 
derivatives 


dx/dt = p cos 9o, dy/dt = p cos QO» tan 6, 
(8)  dx/dy = cot 6, dt/dy = cot © sec θϱ/ρ, 


dt/dx = sec 0,/p, dy/dx = tan θ. 
Thus if q is any one of the disturbances whose effects 
have been evaluated for equal values of p, we trans- 
form to equal values of t, x or y by the equations 


dx(q|t) = ax(alp) - p cos 8o dt(qlp), 

dy(q|t) = dy(qip) - p cos 6o tan © dt(alp), 
dx(qly) = dx(qip) - cot 6 dy(q|p), 

at(qly) = dt(q|p) - (1/p) cot © sec θο dy(alp), 
dt(q|x) = dt(qip) - (1/p) sec θο dx(qlp), 
dy(q|x) = dy(q|p) - tan © dx(q/p). 


All that remains is to replace q by A C5, ô Yos A 8&5, 

ô a and Ag successively and substitute for the differ- 
ential effects in the right members by means of equa- 
tion (3) to (6). The results are as follows. 
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(10) Differential effects of change AC, in ballistic 
coefficient at muzzle: 


dx(A Cs It) * (x - pt cos θο)( ὁ C/C) 


dy(4 C, |t) 

= (2y - x tan Oo - pt cos Oo tan 6)(4C,/Cy), 
dx( A C, |y) | 

= [x(1 + tan @ cot 0) - 2y cot θ]ίδ Cg/C,), 
ἀὐί δ Cg|y) 


= [t + (x tan Og - 2y)cot © sec eg/p J(^ Cs/Cs); 
dt(A Clx) = [t - x sec vo/p V A C5/C3), 
dy(4 Cg|x) = [2y - x(tan © + tan θ0)]( A Cs/Cs). 


(11) Differential effects of change A vg in initial 
velocity: 


dx( A Volt) = Cal (νο - p) cos 69/vgaG( vo /a) Δ Vo» 
ἁγί a volt) 
=æ cativo? sin @5 - gx sec 09)/vo* aG(v,/a) ] 
-[p cos 8o tan 9/voa6(vo/a) ]) à Vo» 
dx( A vol y) 
= Cel[(cos θο - cot © sin θᾳ)/80(νο/α)] 
+ [gx sec 9o cot 0/vo aD (vo/2) 1} A Yo; 
dt(a voly) | 
= Ca{[l/av G(vo/a) ] 
- + [gx sec?^0g cot O/avo^p G( vo/a) ] 
- [tan 0o cot θ/αρΏ(νο/α)]} δ vo, 
dt( Avg|x) = - Cel (vo - p)/avop G(vo/a) lavo, 
dy(A Volx) | 
= Cal[ (sin Θο - tan © cos 05)/a0(vo/a)] 
- [gx sec θο/νο- αΏ(νο/α) 14 Vo» 
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(12) Differential effects of change A9, in angle of 
departure: 


dx(4 65|t) = - x tan @ A 65, 

dy(A θο|ὺ) = x 48, 

dx(4 θο|γ) = - x(tan 05 + cot 6)4 0,, 
dt(4 Ə ly) = - (x/p) cot © sec 6, ὁ Qo» 
dt( Δθο|χ) = (x/p) tan 05 sec Oo A 65, 
dy(A © |x) = x(1 + tan © tan 6,5) Δθο. 


(13) Differential effects of change A g in accelera- 
tion due to gravity: 


dx(A glt) = 0, 

dy(^ g|t) = (y - x tan θ0)(ΔΕ/6), 

dx(4 g|y) = cot θ (x tan Oo - y)(ô e/g); 

dt(^ gly) = (1/p) cot © sec Oo (x tan Oo - y)( Ag/g), 

dt(A g| x) = O, 

dy(^ glx) = (y - x tan θο)ί Ag/g)- 

The relative velocity of sound is not directly mas- 
ured, but is inferred from the temperature. If © de- 


notes the absolute temperature, it is assumed that a 
is proportional to the square root of ©. Then 


ôa/a= 40/20 


except for an error of higher order than the first. 
Consequently, the differential effects of a change 4 
in absolute temperature can be found from the differen- 
tial effects of a change Oa by merely replacing ô a/a 
by 40/20. This we now do. 


(1h) Differential effects of a change 4 © in abso- 
lute temperature: 


dx( ὁ Ot) 
= cos Θο (pt + GsL(p - vo)/a0(vo/a)]]4 6/2 e, 
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dy( 4 O |t) 
= {pt cos 09 tan O + 2(x tan θο - y) 
+ C, [ p cos @ tan θ/6Ώ(νο/α) ] 
= Cel Vo Sin θ0/80(νο/α) ] 
+ Cy [gx sec 0,/vaG(v,/a)]} (A O /2 6), 
dx( ^ 9| y) 
= {- 2(x tan 0$ - y) cot 8 
- Calgx sec θο cot 0/v,aG(v,/a) ] 
+ Οµ[το sin 0, cot 0/aG(v,/a) ] 
- Ca Ív, cos 0,/aG(v,/a)]} (4 0/2 6), 
dt( 4 O| y) 
= ( - (2/p)(x tan ϐρ - y) sec Q@ cot o 
- t + Co [vo tan @ cot 0/apG(p/a) ] 
- Cslgx sec?6g cot 6/avopG(p/a) ] 
- C, [1/a0(vo/a)]) ( ^ 6/2 ©), 
dt( ^ 8 |x) 
= {- t + Cs[(vo - p)/apG(vo/a) J}( a 6/20), 
ἁγί ΔΘ |x) 
= {2(x tan θο - y) 
+ Cg([vo(tan © cos 65 - sin 069)/aG(vo/a) ] 
+ Cg [gx sec θο/νο8ϐ(νο/α)]](4 e /2 ©). 

In order to apply these farmulas to field artillery 
trajectories with standard ground impact, y = O, it is 
only necessary to set y * O in tne formulas for ax(ql y) 
and dt(qly). However, one small notational change is 
customary in this case. Since with standard ground 
impact O is always negative at impact, it is usual to 
define the striking angle œ to be the negative of the 


value of 0 at impact. Moreover, the values of x and t 
at impact are usually designated either by X and T 
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respectively, or else by x,, and ὃω. With a similar 
convention for © we would have w = - O „. The result- 
ing changes in the foregoing formulas are quite obvi- 
ous. 


3. Identical relationships between effects of cer- 
tain disturbances. 


The five types of disturbances considered in the 
preceding section do not produce independent effects. 
In fact, there are three sets of identical relation- 
ships satisfied by them, so that from two properly 
selected sets of effects we could have deduced the 
other three, with the help of the identities. The 
identities we shall establish are satisfied by any 
system of exact solutions of the normal equations, 
and do not depend on the Siacci equations. Thus in 
a sense this is not the appropriate place to establish 
them. However, they will be established here in order 
that we may have them to check the results already ob- 
tained. 


The first identical relationship is the following: 
(1) Let "trajectory 1" be computed for a projectile 
of ballistic coefficient C, with initial position 
x = Xx, and y * yg at t = 0, initial velocity vo and 
angle of departure Oo, gravity constant g, relative 
sound velocity a(y) and relative air density H(y). Let 


"trajectory 2" be conputed for a projectile of the 
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with initial velocity kvo, gravity constant k?g and 
relative sound velocity ka(y), where k is a positive 


constant. Then every point on trajectory 1 is on 


the two trajectories have equal slopes. The time taken 


to reach a given point on trajectory 2 is (1/k) times 


κ times as great on trajectory 2 as on trajectory l. 


It is convenient to use slope as independent vari- 
able in proving this statement. The equations of mo- 
tion are then (V.1.10). However, we shall use the 
single letter r to designate the x-component of velo- 
city, and we shall also write an alternative form of 
the last equation, changing back to Kp by (IV.1.16). 
Thus the equations are 


dt/dm -- r/g, dx/dm -- r?/g, dy/dm == mr2/g, 
(2) ár/dn = a(y) H(y) G(nÁen? / a(y))r?/gC 
: b*H(y)Ky(nArm2/a,(0)a(y) ien r3 /gC 1 


Given any initial position x = xg, y * yg, any ballis- 
tic coefficient C, any initial velocity vo, any ini- 
tial time t = to at m = πο, any gravity constant g, 
any relative sound velocity law aly) and any relative 
air density law H(y), we can find exactly one set of 
solutions of these equations. These solutions we des- 
ignate by the symbols 
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t= t(m, » Xo» Yo» Vos tos Bs al ), HC )), 


C 
x = x(m, C, Xo» Jo» Vo» to: 6, a( )» H( ))5 
y = y(n, C, Χο» Yos Vos tos Bs a( ), H( )), 
r= τα, C, Xo, Yo» Vo; tos E» οί ), H( )). 


The empty parentheses following the letters a and H 
are intended to serve as reminders that at a given m, 
the values of t, etc., do not depend merely on the val- 
ues of a and H at that specific point, but are depend- 
ent on the entire aggregate of values of the functions 
a(y) and H(y) along all the preceding portion of the 
trajectory. With this notation, "trajectory 1" is dee 
fined by the functions as written in (3), which we shall 
also call by the simpler names 


ti (m), xy(m), yı(m), ry(m). 
"Trajectory 2" is defined by the functions 
t = to(m) 
= t(C, Xos yo, kvo, 0, k?g, καί ), H( )), etc. 


The statement (1) which we wish to prove takes the 
form of the system of equations 


(L) 
t(m, C, Xo, Yos Vos Os g, al ), H( )) 


= kt(m, C, Xo» Jo» KVos 0) k?g, ka( ), H( ) 


(3) 


x(m, C, xo, Yos Vo» Os By al ), H( )) 

= x(n, C, xy, Το» Κύρο, 0, k?g, kal ), H ( )), 
y(m, C, Χο, yo; Yos Os Zs af 2, H ( )) 

= y(m, C, xo, yo; kvo, O, k?g, Καί ), Βί )), 
r(m, C, xo, Yos Vo» 0, gy al ), H( )) 


= (1/k) r(m, C, xo, Yos kvo, O, k?g, καί ), H( )). 
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These can be written in the briefer forms 


6 ty(m) = kto(m), αι(π) = κρίπ), 
) 
yj(m) = yo(m), τη(π) = ro(m)/k. 


It is interesting to observe that for exact solu- 
tions of the normal equations, the identities (5) can 
be established by a dimension-theoretic argument. On 
trajectory 1, regarded as an existing physical entity, 
let us change from the original unit of time to a new 
unit k times as great. The trajectory is unchanged, 
to each point on the trajectory correspond the same 
x, y, m as before. But the new time to is (1/k) times 
the old, the new velocity το is k times the old, and 
the new gravitational acceleration is kp. H, C,p * Kp 
and its argument, having dimension O in time, are un- 
affected. there is a slight, but not insuperable, dif- 
ficulty in extending this argument to trajectories com- 
puted by the Siacci method. Instead of modifying the 
proof, we present another. 


By the definition of "trajectory 2," the equations 

dto/dm = - rj/(k?g), 
ἀκρ/άπ = - ro?/(k?g), 

(6) ἀγρ/άα = - mr^?/(k?g), 
ἀτρ/άπι = { pti(y)Kp(rd/ien2/ug(0)ka(y)) } 

( VI + nê r23/k?gco} 
are satisfied, with initial conditions 
tolmp) = 0,  xo(mj) = xo, 


(7) 
Fol) * Yor r2(mo) = kvy,. 
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It follows at once that 
d(kt2)/àn = - (τρ/κ)/Ε, 
dxj/dm = - (rj/k)?/g, 
' dyo/dn = - n(ro/k)2?/g, 
(8) a(ro/k)/àn = (o¥H(y)Kp(L4r5/k]Aem?/a,(0)a(y) } 
{/1+m2(r2/k)3/eC} » 
koto(mg) = 0, — xo(mo) = xo, 
οι) = Jo» (ro(m,)/k) = Vxo* 
But by definition of "trajectory 1," 
dt;/dm = - τη/ς, 
dx, /dm = = r4?/g, 
dy,/dm = - mr4?/g, 
(9)  àárj/dm = (iG orem? /uS(0)a(y) ) 
e{ lem r1?/gC]; 
Ὁ](πο) = 0, x (mg) 5 Χο, . 
y;(m,) = Jo» Τη (πο) 2 Vro’ 


By (8), the right members of equations (5) satisfy 
certain differential equations and initial conditions. 
By (9), the left members of (5) satisfy the same dif- 
ferential equations with the same initial conditions. 
Therefore equations (5) are identities, and our state- 
ment is established. 


It should be observed that (1) is a statement about 
the exact solutions of the normal equations. But it 
is also valid for the Siacci approximations. For the 
basic Siacci approximation consists in the substitu- 
tion of v4 sec ĝo for v in the argument of G, which 
is equivalent to replacing m by mo in the argument of 
Kp in (2), hence in (6), (8), and (9) also. The rest 
of the proof needs no change. 
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In order to obtain a relation between differential 
effects from statement (1), it is desirable to intro- 
duce a new symbol, which has the same relation to the 
symbol say, dx(qly), as a derivative has to a differ- 
ential. If a disturbance q is expressible by means of 
a single number, we define [zA a] to be the ratio 
dx(qly)/q. As pointed out after 1.6), if y is the 
independent variable this ratio is the same as ðx/ðq. 
But if y is not the independent variable this last 
symbol will have some other meaning, whereas the sym- 
bol [5x/bq ly wi11 continue to have the same meaning 
irrespective of the choice of independent variable. 
More generally, if q is any disturbance that can be 
expressed by a single number, and A is any variable 
that could be used as independent variable along an 
arc of the trajectory, and B is any other variable 
along the trajectory, tnen 


(10) [8B/oq], = dB(qlA)/a. 


In this terminology, for example, (1.6) would take 
the form 


(11) dx([wx, ..., ὃ vg(0) ]|t) 


= [5x/5wx]tWx + ... + [δΧ/δΔ vg(O) ]t A vo (0). 
The distinction between this equation and (1.6) is that 
the latter is valid only if t is the independent vari- 
able, whereas (11) is valid whatever the independent 
variable may be. | 


From (1.8) we deduce that whenever the disturbance 
is capable of being expressed by a single number q, 
the relation 


(12) [5c/6q]g - [δΟ/δα]} - (dC/aB)L5B/6q], 


is satisfied, subject to the requirements that A and 
B are both capable of serving as independent variables 
near the point at which the differential effect is 
being computed. The proof of (12) is trivial; all 
that is needed is to divide both members of (1.8) by 
q. Of course it should be kept in mind that (12) is 
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a less general formulation than (1.8); the latter ap- 
plies to any disturbance we have considered and in 
fact will continue to apply to the more complicated 
. disturbances to be considered in the next two chap- 
ters, while (12) is valid only when the disturbance 
can be expressed by a single number. In fact, it is 
this sare restricted application that diminishes the 
usefulness of the symbolism (10). Nevertheless, when 
it can be applied it is frequently convenient. 


In general, the methods we have been discussing 
would not apply to equations (L), because in them a 
function is being modified; the function a(y) is being 
replaced by ka(y), the change depending on y. We 
coula modify the preceding discussions so as to apply 
to this case too, since in reality the disturbance is 
expressed with the help of a single real number k. 
But it hardly seems profitable to make any ad hoc mod- 
ification, since the general case will be treated in 
the next chapter. For the purposes of this chapter, 
the relative sound velocity function is assumed con- 
stant along the trajectory, and the relative air den- 
sity likewise. So we may at present regard a and H 
as constants, as we did in the preceding section. Now 
we can write such symbols as 8t/aa, as before. 


In the first three of equations (l), let us differ- 
entiate with respect to k and then set k = 1. Since 
m is the independent variable, these partial deriva- 
tives are the same as the symbols (10) with subscript m; 
thus, for example, the partial derivative of the right 
member of the first of equations (l) with respect to a 
is the same as [6x/ba],,- The results may then be 
written 


O = t + vo[6t/5vo ln + 2g[ 5t/eg]m + alô t/a lns 
(13) O= vol &x/ $volq * 2g [óx/5 ρα * al5x/5alg, 
O = voloy/ volg + 2gldy/og], + alo y/5al,. 
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ser, these are not really what we want. Differ- 
ο. effects at equal values of m are not as interest- 
~S those at equal values of y, or of x, or of t. 
sy (12) with A = m we can deduce these more in- 
;ting quantities from (13). Thus, for example, to 
the identity connecting the differential effects 
at equal values of y, we take C = x and B*y 
.12) and thus see that the desired identity follows 
-ultiplying the last of equations (13) by 


- dx/dy = - cot ϐ 


: adding to the second of equations (13). We thus 
. ain six identities 


- vxt + vo[$x/5vo]t + 2ρ[ἴκ/δε]ι + alsx/sak = 0, 
- wt + voldy/Svo]t + 2e[sy/sg + αἶδγ/δα]ν = 0, 
t + νο[δύ/δνο]κ + 2g[st/sg x + al 8t/salx = 0, 
νοΐδγ/δνο]χ + 2glty/bg lx + a[6y/5a]x = 0, 

t+ Voldt/voly + 2g[5t/5g], + α[δι/δα]ν = 0, 
voléx/e voly * 2g[5x/5g], * αἱ ὀχ/δα]ν = 0. 


; will be found that the differential effects listed 
i the preceding section satisfy these equations. 


ti 
+ 


In order to state our next set of identities it is 
zonvenient to introduce the symbols 


15) a,(y) = a(ky); Hy) = H(ky), 


where k is any positive number. We can then state 
and prove the following identity. 


(16) Let "trajectory 1" be computed for a projectile 
of ballistic coefficient C. with initial position 
x = O andy = O at time t = 0, initial velocity νο and 
angle of departure 05, gravity constant g, relative 
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sound velocity function a(y) and relative air density 


H(y). Let "trajectory 2" be computed with the same 


deperture, but with ballistic coefficient C/k, gravity 
constant kg, relative sound velocity function a;(y) 
and relative air density H,(y), where k is any posi- 


tive number. Then at points of equal slope the coor- 


We again use the slope as independent variable, ànd 
designate the general solution by the symbols (3). 
Trajectory 1 is defined by the functions (3) as written; 
these can be abbreviated, as before 


tj (m, xy(m), σιγα), r(n). 
Trajectory 2 is defined by the functions 


to(m) = t(m, C/k, 0, 0, vo, O; 
(17) 
kg , ax( )» κί )), etc. 


Statement (16) will be.established if we prove 
(18) 
tj(m) = Κυρία) 

= Κυρία, C/k, O, O, vo, O, kg, axl ), Hy( )), 
xy(m) = kx^(m) 
Κχρίπ, C/k, O, O, Vo? O, kg; ay ( ), Βι( )); 
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restricted in their appli- 
‘sition is χο = yo = 0. How- 
this is no real restriction; 
initial conditions into this 
ntroducing "ballistic coeffi- 
tude," or "summital ballistic 
h this small change, they can 
e formulas of the preceding 


identities is one that has been 
‘ears. It is obtained by the sim- 
ing the origin to a new point on 
e shall assume that both relative 
relative air density are exponen- 


e-31yY, Η(γ) = e-hY, 


ient to use the time as the independ- 
=~ Let the solution of the equations of 
-itial position x = Χο and y = Yo at time 
al velocity vg, angle of departure 9o, 
-Tficient C, gravity constant g, relative 
y function a(y) and relative air density 
znated by the symbols 


by C, Xos Yos Vo» 9o» g, af )s BC Ds 


y(t, C, Xos Jo» Vo» 99 g» a( ); H( )). 
first trajectory we take the conditions as 
xcept for the one specialization that at t = 0 

jectile is at the origin, so th^i x» = yo = O. 
- other trajectory (or rather our other way of 

5 the same trajectory) we let k be any number, 

hange the origin of time from t = O to t = k. 

is, we make the transformation | 


) ο αν - κ, 


Xk» Jk» Vk, Ək be the coordinates, the velocity 
the inclination at the time t = k, which is the 
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these equations, we obtain the differential equations 
and initial conditions of trajectory 1. Thus 


(21) kt = ty, kx =x}, Wyo =y} ro*m 
identically in m, and our statement is established. 
It cmld also have been established by a dimension- 


theoretic argument, by changing length and time units 
in the ratio 1:k. 


As before, the proof is unchanged if we replace m 
by πο in the argument of Kp. This converts the exact 
equations (2) into the Siacci approximations, so (16) 
is valid for the Siacci approximations as well as for 
the exact solutions of the normal equations. 


In the Siacci method of the preceding section the 
functions a(y) and H(y) were taken to be constants. 
Hence a, and Hy are identical with a and H, and do 
not depend on k. The left members of equations (13) 
do not depend on k. We differentiate with respect 


to k and set k equal to 1; the results are the fol- 
lowing: 


O= t-c[65t/6C] m+ e[ 6t/og] w 
(22) O = κ - Οἶδχ/δο ]ῃ» ghx/ogly 
o = y - οἰδγ/δο]α εἶδν/δρ]π. 


In the same way that we deduced equations (ll) from 
(13), we transform (22) into the system of equations 


x - zt - ο[δχ/δο h + glox/oe], = 0, 
y - vyt - ch γ/δο h + gloy/dg], = ο, 
y-x tan θ Οΐδγ/δο]ς + g[5y/og l = 0, 


(23) 
t = x/vy - οἶδε/δο]ς + gloteg] =o, 
t =- y/Vy xm ο[ 50/56] t gl&/og]y - 0, 
x - y cot Oð- C[5x/8C ly + gox/eg ly = 0. 
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These formulas seem to be restricted in their appli- 
cation, since the initial position is χο = yo = O. How- 
ever, we already know that this is no real restriction; 
we can always bring the initial conditions into this 
form by the device of introducing "ballistic coeffi- 
cient corrected for altitude," or "summital ballistic 
coefficient," Cg. With this small change, they can 
be used as checks on the formulas of the preceding 
section. 


The final group of identities is one that has been 
well know for some years. It is obtained by the sim- 
ple process of shifting the origin to a new point on 
the trajectory. We shall assume that both relative 
sound velocity and relative air density are exponen- 
tial functions, 


(2h) aly) a e78l1y, H(y) = enhy, 


It is now convenient to use the time as the independ- 
ent variable. Let the solution of the equations of 
motion with initial position x * xo and y * yo at time 
t = O, initial velocity v9, angle of departure 65, 
ballistic coefficient C, gravity constant g, relative 
sound velocity function a(y) and relative air density 
H(y) be designated by the symbols 


(25) x = x(t, C, Χο» Yos Vo» 9o» E» a( ), H( )), 

y= y(t, C, Xo; Yos Vo» 99; 6; a( ), H( )). 
For our first trajectory we take the conditions as 
listed, except for the one specialization that at t = 0 
the projectile is at the origin, so th^i Χο = yo = O. 
For our other trajectory (or rather our other way of 
writing the same trajectory) we let k be any number, 
and change the origin of time from t = O to t = k. 
That is, we make the transformation 


Let xk, Yk» Yes S& be the coordinates, the velocity 
and the inclination at the time t = k, which is the 
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same as the time t* = 0. We translate the axes by a 
transformation 


(27) x* æ x -Xk 7 y- Vee 

Now the differential equations satisfied by the par- 

ticle are 
d?x*/at*? 


= - {H(y*)H(7%)/C} 


“{a(y* )a(y,)G(v/a(y, Jay”) )dx*/at}, 
(28) 
d?y* /at*? 


=- g - {H(y*)H(y,)/C} 
‘{a(y™)a(y)G(v/aly,)a(y*) )dy*/at*} , 


wherein we have used the fact that a and H are expon- 
ential functions, so that a(yy + y") = a(y,)a(y") and 
similarly for H. The initial conditions are x* = y* = 0 
at time t* = 0, velocity = vy and inclination = 9k at 
time t* = 0. But then by the definition of the sym 
bols (25) the solutions of (28) are the functions 


x*(t*) = x(t*, C/H(yy), 0, 0, vy, 
Oks Bs a(yy)a( ), H( )); 
(29) 
y*(t*) = y(t*, C/H( yx)» 0, 0, vy; 
Ok» 8» aly, al ), H( )). 


The differential equations (28) are those satisfied by 
the original trajectory, only the notation being al- 
tered, and the initial conditions on the new trajec- 
tory. are the same as the coordinates and velocity com 
ponents at the point t = k of the original trajectory. 
So the solution (29) is the same as the original tra- 
Jectory, only the notation being changed. If we write 
the statement that the two trajectories are the same, 
and change back from x*, γ᾽ to x, y by (27), we obtain 

the identities 
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x(t*, C/H (yk), 0, 0, Wks Oks Es a(yyk)a( ), H( )) 


+ Jk = y(t, C, 0, O, vo, Θο» g al ), H( )), 

30) 

y(t", C/H(y,)> 0, 0, Vk? 6. g5 a(y,)a( ), HC )) 
= y(t, C, 0, 0, Vos So» 6, a( ), H( )), 

where t and t* are related to each other by (26). 
From this point on we shall assume that a(y) is ac- 

tually independent of y, which is equivalent to assum- 

ing temperature the same at all altitudes. We shall 

differentiate both members of (30) with respect to k 

and then set k = 0. Since v? = vy? + vy?, with the 


help of (V.1.1) with the disturbances set equal to 
zero we find 


dv/dt = (vyxtk + VyUy)/v 
(31) = Vx cos @ + Vy sin © 
- - Ev - g sin 6. 
From (2h) we find 


(32) dH/dt = - hH(y)y, 


while the time derivative of O0 can be found from 
(V.1.11). The result of the differentiation is then 


- Vy + hvg sin Op C[5x/5C]g 
- (Evo + g sin 99) [x/óvok 
- (g cos θο/το[δ χ/όθο]ι 


(33) + Vg cos 6ο” 0, 
- Vy t hvo sin 6o C[5y/sC). 
- (Evo + g sin θο)[ὸγ/δ νο Ἶ 
- (g cos θο/νο)ὸ y/59o]t 
+ Vo sin Oo * 0. 
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With the help of (12) this can be transformed into 
the set 


hvo sin Gg ([δγ/δΟ}χ 
- (Evo + g sin θρ)[δγ/δνο]χ 
- (g cos θο/νο)(δγ/δθρ ] x 
+ Vo(sin @ - tan © cos ϐϱ) = 0, 
l + hvg sin θο C[ ὃ t/5C y 
- (Evo + g sin Oo) 5 t/6 vo ] x 
- (g cos θᾳ/νο)[ὸ1/δθο ] x 
(31) - (νο/νκ) cos 80$ = O, 
l + hvg sin 6g C[5t/5C], 
- (Evo + g sin Gg)[5t/6vo] y 
- (g cos θο/νο)(δ t/505] y 
- (vo/vy) sin 65 = 0, 
hv, sin 6 Ο[δκ/δΟ]. 
- (Evg + g sin eo [ ὁχ/όνο ] y 
- (g cos θο/νο)(δχ/δθο ly 
+ vo(cos θο - cot © sin 09) = O 
By setting 6 = O we obtain a special case of the 
last pair of equations which is frequently useful in 


range bombing reductions. The standard trajectory has 
θο = Vyo * O. Ordinarily there is a small error, and 
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the initial v, is not exactly zero. Since to first- 
order terms, 00, = (1/vo)ô Vyos the last two of equa- 
tions (3L) simplify to 


[5 t/ovyoly = (1/g)(1 - Ενρ[δύ/ὂυρ]ν), 


[oxfvoly = (v)/g)( - Ebx/5 v, ]). 


The right members can easily be estimated from the bal- 
listic tables. Usually it will be found that the term 
involving E is considerably smaller than the otner, so 
that with sufficient accuracy the right members of these 
equations can be simplified to 1/g and vo/g respective- 


(35) 


If the differential effects found in the preceding 
section are substituted in equations (33) and (3h), it 
will be found that these latter are not satisfied. The 
reason is that (33) and (3L) were derived on the basis 
that if the position and velocity of the projectile at 
any point of a trajectory are taken as initial values, 
the trajectory re-computed with these new initial values 
will be identical with the original. This is true of 
the exact solutions, but is is not true of the Siacci 
approximations, In particular, the Siacci approxima- 
tions fail to satisfy (31). However, it is still pos- 
sible to apply (33) and (3l) to the Siacci method by 
means of an indirect procedure. If ϐρ is O, the 
error in the Siacci method is a second-order infinites- 
imal near the beginning, and (31) holds, and the pro- 
cess of re-canputing the trajectory by the Siacci method 
starting with a point near (0, O) as initial point will 
produce an error of order higher than the first. So 
(33) and (34) snould apply to the Siacci trajectories in 
case @ = 0; and in fact they do, as we see by substi- 
tution. If we wished to derive the differential effects 
of the preceding section by means of these identities, 
we could apply them to the special case 9, = O, trans- 
form to the (L, D)-system with @ = O, and make use of 
the property of parallelogram rigidity to obtain the 
differential effects for arbitrary values of 09. 


Google 


l. Differential effects of constant winds. 


It has already.been remarked that it is difficult 
to find the effects of a varying wind when the Siacci 
method is used. However, even without the Siacci ap- 
proximations it is not hard to find the differential 
effects of a constant wind, with the same speed and 
direction at all altitudes, and the results can be 
used in connection with the Siacci method if desired. 
Since the differential effects of various disturbances 
are superposable, it is permissible to consider range 
winds and cross winds separately and finally to add 
their effects. We shall consider range winds first. 
It is convenient to use time as independent variable. 


Suppose that the wind is in the direction of the 
x-axis, having components (πχ, O, O). ‘The coordinates 
at time t of a projectile of ballistic coefficient C, 
having coordinates Xa, yg and velocity components 
Vxo»s Vyo at time t = to, will aepend on all these 
quantities and also on the gravity constant g and the 
relative sound velocity function a(y) and the relative 
air density function E(y). However, the quantities 
g, C, aly), H(y), xo Yo will not be varied in this 
discussion, so we may safely omit them from the no- 
tation, and write the coordinates of the projectile as 


x = x(t, πχ, Vxo» Vyo), 

(1) 
y = y(t, "y, vxo» VYyo)* 

Now let us construct a new coordinate system, de- 


noted by (x*, y*, z*), which at time to coincides with 
the original axis system but is fixed relative to the 


air mass. If at timet a point has coordinates (x, y, z) 
with respect to the original axes, its coordinates in 
the new system will be 


x* = x =- w(t -= to), 
(2) y* = J; 
z* =z, 
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At time to the coordinates of the projectile are the 
same in the new system as in the original, name'v 
(Xos yo). The components of velocity are 


(3) dx*/dt = dx/dt - w,, dy*/dt = dy/dt, 


so the initial velocity has components Vxo = Νχ, Vyo- 
With respect to the new axes the wind is zero, so the 
solutions of the equations af motion are 


x* = x(t, Ο, χο - "x; Vyo)> 
(L) 

y* = y(t, 0, vxo - πχ, Wyo). 
From (1), (2) and (L) we have the identity 


X(t, πχ, Vxo» Vyo) = X(t, O, Vxo - πχ, Vyo) 
y(t, Wx» Vxo» Vyo) - y(t, 0, χο e Wy» Vyo)- 


If we differentiate with respect to wy and then set 
Wy = O, we obtain 


[5x/ów. | = -[5x/évxok + (t - to); 


[5y/ewx]u = - [5 y/o vxo k- 
With the help of (3.12), these can be transformed into 


(6) 


[5 y/5wy] X = - [6y/5vygl, - (t - to) tan e, 
[6t/5wx]x = - [6 t/5vxoly - (t - to)/vx, 
[5t/owx]y = - [6 t/5 vxo] y » 
[dx/owy]y = -[5x/bvyg y * t - to- 
In the notation of differential effects, the last two 
can be written 
dt(wyly) = -[ 5t/5vyo] yx, 
ἀῑ(πχ|γ) = {t - to -[ ὃ κ/ ὄνχο]γ)πχ. 
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If we differentiate both members of (5) with respect 
- t, then differentiate with FeSDecu. to wy and set 
- 0, we obtain 


[5 τ./δπ xlt 2 - [ὃ vy/5v xolt +*+ l 

[ ὃν y/9"x]« = [δ vy/6vko],. 

From this and (3.12) we obtain 

ων « Cutie + siu 


dvy(wx ly) oe [ 5v, /9 vxo] yix. 


If the coọrdinates are regarded as functions of 
. initial velocity, angle of departure, time, etc., in- 
stead of functions of vxo, Vyos time, etc., then in 
place of (1) we would have 

x = x(t, πχ, vo, 09), y” y(t, wx, Vos 99), 


and in place of (5) we would have 


y 


(10) 


x(t, πχ» Vos 99) | 
= wx(t - to) + x(t, 0, j (Yxo æ wx)? + vyo» 


arc cot ((vyg - wx)/Yyo})» 
(11) 
y(t, wx, νο» 99) 


- y(t, 0, Viv, - wx)? τν ο. 


χο γ 
arc cot {(vxo - πχ)/ννο}). 


By differentiating with respect to πχ and setting πχ = O 
we obtain 

[ ὀχ/δπχ]ς = t - to -[5x/5vo], cos θο 
(12) + [5 Χ/δθο]ι sin θο/το, 

[s γ/πχ]ι = -[6y/5volt cos θο 


«Lo Υ/δθο]ε sin θρ/νρ». 
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With the help of (3.12) these can be transformed into 
[5x/ówx]y = t - to -[δχ/ὂνα] υ cos θο 
+ (1/vo[Sx/O@o]y sin 66, 


[6t/5wy] y = -[6t/bvo]y cos θο 
+ (1/vo)[6 t/566]y sin 9g. 


(13) 


Next we suppose that there is a constant cross wind 
and no range wind, so that tbe components of wind are 
(0, O, wz). We introduce a new set of axes coinciding 
with the original set at t = to but fixed with re- 
spect to the air mass. If a particle has coordinates 
(x, y, 2) at time t in the original coordinate system, 
its coordinates in the new system are 


x* = x, 
(1h) y* = Y» 


x 


Thus at t = to the components of velocity of the pro- 
Jectile are χο, Vyo, - Wz. here is no wind with re- 
spect to the new axes, but conditions are still not 
standard because of the non-zero component of velocity 
along the z-axis. Therefore we rotate the axes about 
the y-axis through an angle 9$, where 


(15) | P = are tan w4/vyo. 


There is no loss of generality in assuming that x, and 
Zo are both O. If we denote the new coordinates by 
X, Y, Z, the transformation is given by 


x* = X cos 0 + Z sin 9, 
(16) y* = Y, 
z* = = X sin) + Z cos V. 


If we define 
(17) Up = Y Yao z πα΄, 
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we find from (16) that at t = t, 
(18) dX/dt = u,, dY/dt = vyo, dZ/dt = 0. 


Thus tnere is no wind and the Z-component of velocity 
is zero in this newest coordinate system, and so by 
(1) the solution of the equations of motion is 


X = x(t, O, Un » Wyo)» 
(19) Y = y(t, 0, up, Vyo); 
2*0. 
We now transform back to the original system through 
equations (16) and (15) obtaining 
x = (vyo/uy) x(t, 0, uy; Vyo)» 
(20) y = y(t, 0, Ups Vyo)s 
z= (t - to)we - (wz?/un) x(t, O, un, vyo). 
At w, = O we see by (17) that 
(21) Uh = Vxo, ðUh/ðwz = 0. 


So by differentiation in (20) with respect to wz and 
setting w, = O we obtain 


[ 6x/5w,]« 2 0, 
(22) [ 5y/5w;]c = ο, 
[oz/ow, k = t - to - x/vxo- 


We can easily eliminate the assumption that xo is O 
by simply making a translation of axes. Then, with 
the help of (3.12) we find from the last of these 
equations that 


[δα/όπε]ς = [5z/5w,].,, = [52/5w,] 


= t =- tọ- (x - χο)/νχο, 


the differential effects of w, on range and time of 
flight being zero. 


(23) 
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There is one more non-standard (under the assump- 
tions of the Siacci method) condition for which a 
differential correction can be computed. The method 
we shall use differs in execution from that used 
earlier.in the chapter, and in fact offers a rather 
simple illustration of the method we must use in the 
following chapters. 


We first recall the normal equations (V.1.8), in 
which x is the independent variable. 


dt/dx = 1/v,, 


dy/dx = m, 
(1) 
dm/dx = - g/*x*, 


dvy/dx s = e“hya(v, sec ϐ)/6ᾳ. 


Under the assumptions of the Siacci method, vy sec θ 
can be replaced by vx sec Q@ and h is set equal to zero. 
We now make the first assumption. and consider that 
for tne normal trajectory h is zero, but that for the 
disturbed trajectory h is not zero. Thus the disturbed 
trajectory satisfies the equations 


dt/dx = sec Oj/p, 
(2) dy /dx =m; 

dm/dx = - g secO,/p*, 

dp/dx s - e7hY sec 0g G(p)/Cgs; 
wherein we have replaced vx sec 99 by the symbol p. 
The original trajectory satisfies these equations with 
h replaced by 0. We now wish to find the differential 


effect of the change in h when points on the two tra- 
jectories are matched by equal values of x. That is, 
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we wish to find [δύ/δη]χ, etc. But as remarked in 
Section 3, if the solutions of (2) are denoted by 
t(x, h), y(x, h), etc., these differential effects 
are the same as 8t/8h, etc. We shall assume that 
the initial conditions are the same on the two trajec- 
tories since we wish to find only the effect of the 
change of density, and this does not alter the initial 
conditions. Hence for the initial conditions on the 
differential effects we have 


at x = O, 
(3) [5t/én]x = [δγ/δη] x 
= [5m/óh]y *[5p/5h]y = 0. 


The differential equations satisfied by the differ- 
ential effects are obtained by differentiating (2) 
with respect to h, setting h equal to O, and then 
replacing 8t/8h by [5t/5h]y, and analogously for the 
other effects. The result is 


d[5t/5h],/dx = - (sec θο/ρϱ2)[δρ/δα]5, 


" d [5y/5n] χ/ὰκ = [5 mòn] x, 
d[5m/5h]y/dx = 2g(sec?09/p2)[ p/sh] x, 


d [5p/&h] ,/dx = (y sec 9, G(p)/C&) 


- (dG(p)/dp)(see O/C, )l6 φ/δη]χ. 


Herein, of course, p and y and G(p) can be regarded as 
known functions of x, having been determined in the 
process of computing the original trajectory. We 
have thus reduced the problem to that of solving the 
four equations (l) for the four differential effects, 
subject to the initial conditions (3). This solution 
can be accomplished by quadratures. For the last 
of equations (lh) is a linear first-order equation 
in (δρ/δη]}ς, and can be solved, by quadratures, and 
tne solutions of the other three equations can be 
found at once from this, by quadratures. However, 
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it is somewhat more convenient to change to p instead 
of x as independent variable. With the help of the 
last of equations (2), wherein we set h = O because 
we are computing disturbances about the original tra- 
Jectory, we find 


d [6t/5h]y/dp = (CS/p*G(p))[5p/eh]x; 
d[5y/bnly/dp = - (C, cos 6,/G(p)Lbm/oh),, 
d[5m/bn],/dp = = (2gC, sec 6,/p2a(p) [s ρ/δη] κ, 


a[5p/sn],/ap = - y + (1/α(ϱ))(46(ϱ)/ἀρ)[δΡΑ bh) x. 


These .equations are easily solved—an integrating 
factor for the last one is 1/G0(p). The solution, 
for the initial conditions (3), is: 


(6) 
Ῥ 

[ερ] = - οί) | (y(u)/o(u) } du, 
Vo 


[5m/5h], = 2gC, sec 0, i ( 1/r3 } 
Vo 
r 
|l y(u)/a(u) aa | dr, 
Vo 


[5 t/5h], = - €, Ν (1/r?) it {y(u)/e(u) } au | dr, 
Vo 


Vo 


[s y/ hly = - 22052 |. ias NS 


Vo 


Ἱκος } a | e) ds. 
Vo 
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The differential effects may now be obtained by the 
formulas: 


dt(h|x) = h[5t/sn],, 


(7) 
dy(hIx) = h[by/dh) ,. 
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Chapter VIII 
DIFFERENTIAL EFFECTS AND 
WEIGHTING FACTORS 


l.  Functionals and their differentials. 

If a projectile is launched at a time tọ, its posi- 
tion at a later time T will depend on the initial 
position, initial velocity, ballistic coefficient, 
gravity constant, and also on the relative air density 
and relative sound velocity functions. H(y) and a(y). 
But the dependence of, say, x(T) on these Last is dif- 
ferent from its dependence on, say, C; along with the 
other data, in order to determine x(T) we need to 
know the entire aggregace of functional values of H(y) 
ana a(y) along the interval of values or y vraversed 
by the projectile. So x(T) is a function of the func- 
tions H(y) and a(y), not of any individual values of 
these functions. A number whose value is determined 
by a function in its entirety, not necessarily by the 
value of that function at some specific spot, is called 
a functional of that function. We have already ob- 
served this situation in Section 3 of Chapter VII, and 
have introduced a notation in (VII.3.3). In accordance 
with that notation scheme, a number, say y, determined 
by the entire aggregate of the values of some function 
g(t) will be denoted by a symbol such as y * f(g( )). 
This contrasts with a symbol such as f(g(t)), which 
would mean the value of a function f(x) of a real 
variable in which the real variable x is replaced 
by the numerical value g(t) of a function g at a spe- 
cific spot t. The empty parentheses are meant to 
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indicate that f is dependent on the whole function g, 
not on its value at a particular place t. 


Many of the concepts associated with functions of 
several real variables can be extended to apply to 
functionals also. In order to extend the important 
concept of continuity, we recall that in the case of 
functions of several real variables, this definition 
involved the distance between two points in the space, 
or what amounts to the same thing, the length of a 
vector in the space. So to define continuity for a 
functional, we assume that to each function g which 
is an argument for the functional f(g( )) there is 
a "length," or "norm," N[g( )]. This will be assumed 
to have the following properties. If g is identically 
zero, then N[g( )] = O; otherwise, N[g( ) Jis positive. 
If k is a real number, the norm of the function kg( ) 
which is everywhere equal to k times the function g 
satisfies 


N [kg( )] = | x In Cet ) ]. 


And finally, for any two functions g and h the ine- 
quality 


N[g ) * h( O]S NFeC 0] + NEnC)] 


is satisfied. This last is called the "triangle ine- 
quality," being the generalization of the statement 
that the sum of two sides of a triangle is at least 
equal to the third side. Two particular examples of 
a "norm" satisfying these requirements, and in fact 
the only two that we have any need of, are: 


(1) N [αεί ) ] = maximum value of | g(t) | for all t; 


(2) Ν [εί ) ] = the greater of the two numbers 
maximum value of g(t) | for all t, 
maximum value of g'(t) | for all t}. 


Having such a definition of "norm," the generaliza— 
tion of the definition of continuity is immediate. 
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A functional f(g( )) will be said to be continuous at 
a function g,( ) if to each positive ε there corre- 
sponds a positive ô such that 


| £(e( )) - fte C D] S ε 


whenever 


N[g( ) - Bol )]ς b. 


Of course tne meaning of this definition will change 
if we change the meaning of the "norm* involved in it. 


A functional f(g( )) is linear if it satisfies the 
following two requirements. 


(3) If g( ) and h( ) are functions in the domain of 
arguments of the functional f, and a and b are real 
numbers, then ag( ) + bh( ) is a function in the domain 
of arguments of f, and 


f(ag( ) + Ὁπί )) = a f(g( )) + Ὁ f(h( )). 


(4) There is a constant K such that for every func- 
tion g( ) in the domain of arguments of f, 


| f(g( )) | « Κε }} 


Ihe second of these requirements is a simple conse- 
quence of the first in the case of functions of several 
real variables with the usual definition of distance 
of two points (or length of a vector); but- for func- 
tionals in general, it does not follow from (3), and 
must be stated as a separate hypothesis. 


The standard definition of a differential, which 
we have repeated in Section 1 οἱ Chapter VII (see 
the sentences containing (VII.1.3, lj))) can be ex- 
tended almost verbatim to functionals. A functional 
f(g( )) has a differential at the function golit) 
if there is a linear functional L(g( )) which approx- 
imates f(g( )) - f(g&( )) to within an error which 
vanishes more rapidly than first order in N[g( )]. 
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That is, the ratio 


(5) f(g( )) - εί )) - L(g( )) 


N [εί )] 


approaches zero when N[g( ) ]approaches zero. When- 
ever this differential exists, we shall denote it by a 
symbol similar to that introduced in Section 1 of 
Chapter VII, namely df(g( ) - g,( )), or df(ag( )). 
Usually it would be necessary to amplify such a symbol 
to indicate the particular g, at which the differential 
is being taken, but in ballistics we shall always start 
with a specified normal trajectory in which the dis- 
turbances are zero,and the quantities investigated 
will be regarded as functionals of the disturbances; 
the only place at which we care to find the dif- 
ferential is at the particular argument "all disturb- 
ances = O." So we may safely omit any indication of 
the place at which the differential is to be taken; 
the reader will remember that this is the zero func- 
tion, "all disturbances = 0." 


In the simpler case of disturbances depending on 
a single number, we found the use of differential 
effects convenient; the closeness of the approximation 
between differential and difference permitted the 
substitution of the differential for the difference 
with little error, provided the disturbance remained 
within small enough bounds, and the linearity of the 
differential effects made it easier to work with them 
than with the actual differences. All of these remarks 
apply to this more complicated case of functionals, 
and in fact in an intensified form. It is still per- 
missible to replace the difference by the differential 
effect with only a small error, if the disturbance 
(or its norm) remains within small en ugh bounds; and 
the gain in simplicity is even more marked, because 
the differences are essentially more complicated, 
being functionals, than they were in the simpler case 
considered in the preceding chapter. Therefore it is 
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important, first, to show that the differentials exist; 
second, to investigate methods by which they can be 
found and made available to the using services. The 
existence of the differentials will be established in 
the next section. The methods of the proof are due in 
large part to Professor G. A. Bliss, who seems to have 
been the first to realize the need of showing that the 
differentials exist. The proof of the existence will 
automatically furnish us with one feasible method of 
computing the differential effects; more practical 
methods will be exhibited in the next chapter. How- 
ever the differential effects may be computed, it is 
clearly necessary that the bulk of the computational 
work be done in some establishment behind the lines, 
and that the results of the computations be furnished 
the services in such a form that they can be applied 
to the conditions prevailing at time of firing with 
little additional work. The means of furnishing the 
results of the computations to the using services in 
convenient form is considered in the latter part of 
this chapter. 


2. Proof of the existence of differential effects. 

Since the practical importance of being able to 
compute differential effects has been established 
beyond dispute, it is logically important to prove 
that differential effects exist. 


Let us choose the axes as usual; to be specific, 
we shall choose the y-axis positive upward. Assume 
that there is a horizontal wind with components wy, Wz 
which are functions of the altitude y. The ratio of 
air density to standard sea-level air density will be 
denoted as usual by H(y), and the ratio of sound 
velocity to standard by a(y). It will be assumed 
that there are small forces acting on the projectile, 
other than standard gravity and drag, which produce 
an acceleration with components ay, aya az; these 
may be functions of the coordinates and the components 
of velocity. The components of velocity with respect 
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to the axes are vx, Vy, Vg, and v is the length of 
this vector. The components of velocity with respect 
to the air are Uy = Vy - Wx, Uy * V. de Ug = Vz - Wey 
and the length of this vector is the air speed u. The 
equations of motion can be written in the form 


dx/dt = v,, 
dy/dt z Vy» 
dz/dt = γε, 


(1) 
dv/dt = - Eu, + 84, 


dvy/dt = - Buy - g + ay, 


dv, /dt = = Eu, + ἃς, 
where 


E =va(y)H(y)G(u/a(y)) 


= YH(y)uB(u/a(y)); 


or they may be written in any of a number of other ways 
which have been exhibited in Section 1 of Chapter V. 
The normal.equations resemble these, but have the 
standard functions for H and a, and wy, Wz, axs ay, 
and a, are all zero. Our task is to compare the so- 
lutions of (1) that have certain initial values with 
the solutions of the normal equations that have the 
same or slightly different initial values. Partly 
for notational simplicity, and partly to have a for- 
mulation that will also cover the other possible ways 
of writing the equations of motion, we shall now 
change the notation. The variables x, y, 2, Vy, Vy» Vg 
will be given the new names yj, yo, Y3» Yi y5» Τό 
respectively; and whenever we wish, we shall use the 
single letter y to denote the vector, or point of six- 
dimensional space, (yj, ..., yg). The right members 
of the six equations (1) are functions of the six 
variables y,, and will be denoted by the symbols 
Fit, y), ».., F(t, y) in order, from the top down. 
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(2) 


Thus all six equations (1) can be condensed into the 
compact form 


(3) dy, /dt > F,(t, y) C lesg n); 


where n happens to be 6. The normal equations are 
similarly condensed into an analogous form, but the 
right members are, of course, not the same functions of 
the independent variables as the right members of (3), 
which correspond to the perturbed equations. We de- 
note the right members of the normal equations by 
f, (t, y), 1 = 1, ..., 6, so that the normal μην 
take the form 


(h) dy, /dt = S (ty y) -— (i= 1, ..., n). 


Had we started with any of the other forms of the 
equations of motion, say with slope as independent 
variable, we could have introduced a change of nota- 
tion that would have brought the disturbed equations 
and the normal equations into the respective forms 
(3) and (Ll); however, in this case the independent 
variable t would not have the physical interpretation 
of time, but would be whatever quantity we had se- 
lected as independent variable. This, in fact, is the 
reason that we have left in t as an argument of F and 
fs; in the equations (1), the right members do not de- 
pend on the independent variable, but if slope or y 
were independent variable this would no longer be true. 


We can easily agree on bounds for the initial al- 
titude and velocity and an upper bound for wind speed, 
from which simple physical considerations show that 
each coordinate and each component of velocity will 
remain between certain bounds. Within this region, 
we assume that the standard functions f(t, y) have 
continuous partial derivatives of first and second 
order, and the perturbed functions F(t, y) have con- 
tinuous partials of first order. The functions to 
be compared are on the one hand a solution yj = y,4(t) 
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of the normal equations (lj) with certain initial values 
(5) y, (0), ...ν y (0); 


and on the other hand a solution γι = Y;(t) of the 
disturbed equations (3) with initial values 


(6) V (0), ..., ¥,(0). 

Let us define 

(0) — A y(t) = Y(t) - γι(ο), 

(8) A filt, y) = Fa(t, y) - fq(t, y). 


The amount by which the equations have been changed 
in replacing fy by F4 can reasonably be measured by 
the greatest value of the length of the vector from 
(f(t, Υ) cee; f(t, y)) to (Fy (t, Y)y ο.) F (t, y)) 
as t and the yy each vary over the interval of values 
between its least and its greatest value. The amount 
by which the initial conditions have been changed can 
be specified by steting the distance between the points 
(S) and (6). The norm of the disturbance can be spe- 
cified as the greater of these two numbers, namely the 
amount by which the equations were changed and the 
amount by which the initial conditions were changed. 
Therefore we define 


n 
N} = greater of | DL δγι(ο) js and 
1 


(9) 
jn 
max y 2 [^ f4(t, 315. 


The proof of the possibility of good linear approxi- 
mations to effects of small disturbances depends on 
the following lemma. 
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(10) Lemma. Given any fixed number T, there is a 
constant A such that the inequality 


E 2 
yz [a y;(t)] S AN, 


is satisfied for all t in the interval ος t € T. 


For simplicity of notation we shall denote the left 
member of the inequality in (10) by r(t). The functions 
y4 and Y, satisfy equations (L) and (3) respectively, 
so that 


= F,(t, Y) - f(t, y) 
(11) > A f(t, Y) + f,(t, I) - f,(t, y) 


n 
= O£,(t, Y) 4 Σι [afi (t, y) yJ[ Y, - yi]; 


where y is some point on the line segment from y to Y. 
Let us multiply both members of this equation by 4 yy 
and sum for 1 = l, ..., n. The heft member is then 
half the derivative of r^ with respect to t, so that 


n 
r dr/dt = 2; A y4(t)A f4(t, Y) 
i=l 


(12) 


n 
+ 2 [97,/8y;]a ya AY4* 
i,)71 
The first term on the right is the inner product of 
two vectors, the first of which has length r and the 
second of which has length at most Ni; by definition 


of NN. So the first term cannot exceed Nr. The 
quadratic form 


n 
3 len yluk 
i,j=l 
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has a finite upper bound, which we call M, as (t, y) 
ranges over all values within the bounds we have per- 
mitted and k,, ..., KQ vary over all values the sum 
of whose squares is l. So the last term in the right 
member of (12) cannot exceed Mr. This furnishes the 
estimate 


(13) dr/dt S Ny + Mr, 


valid whenever r is not 0. Now let t# be any number 
between O and T. If r vanishes for some t between 
O and t*, let tj be the largest such t; otherwise let 

be O. In either case (13) holds for t between tı 
and t*. If we write (13) in the form 


(dr)/(r + N/M) SM dt 


and integrate from t4 to t we find 
, M( t* - tı) . 
(14) r(t*) + NM Se [r(t,) + NA]. 


Here t* - cannot exceed T. Also, either tj is O, 
in which case r(t4) is at most Nj by definition of r 
and N], or else tj is a place at which r vanishes, in 
which case it is still true that r(ti) cannot exceed 
N,- Hence (1h) implies 

(15) r(t*) S eM (1 + 1/u]N,. 


If we let A stand for the coefficient of Ni in the right 
member, this is inequality (10), and the lemma is es- 
tablished. 


This lemma shows that if we have a solution of a 
differential equation, and then change the functions 
in the equation or the initial conditions by small 
amounts, the solution will also be changed by a small 
amount — not more than a preassigned multiple of the 
amount by which functions or initial conditions were 
changed. In particular, the value of the solution 
varies in a continuous way as functions and initial 
values are altered. To show that it varies in a dif- 
ferentiable way, we must also take the derivatives of 
the functions Af, into consideration. This we do by 
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Gefining a new kind of estimate of the amount by which 
the equations are disturbed; we define 


No = greatest of the numbers 


n 
(16) Ny» max PIC yx. ... 
max | 2 [δε (t, yr, 


jal 


the maxima being taken over the entire range of per- 
missible valves of t, Yi» eee Υῃ’ 


We shall now show that if the functions y,(t) sat- 
isfy (L) with initial values (5) and the functions 
Y(t) = y4(t) + A y4(t) satisfy (3) with initial val- 
ues (6), then the differences ἂγι(0) dre approximated 
by the solutions (t) of the equations 


n 
(11) ἀηι/ὰς = E [55,/9y,]n4(t) + Δει(ο, y(t)), 


with the initial values 
(18) T) ,CO = à y,(0), 


the partial derivatives in (17) being evaluated for 
arguments (t, y(t)). Precisely, for each fixed value 
T, there is a constant B such that 


2 2 
(19) VS ta γι(υ) -n4(00] < BN, (OS 101). 
i=l 
Thus the functions n4 approximate the changes 4 yy ac- 


curately to the first order in No, the error being 
of the second order in No. 
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The functions n, and Sy, satisfy equations (17) 
and (11) respectively, and they have the same initial 
values. We can apply (10) to estimate the difference 
between the ny and the Sy. But tnis will be easier 
to do if we first make some changes in notation. First, 
the right member F4(t, Y) - f4(t, y) of equation (11) 
will be expanded by the theorem of mean value. Equa- 
tion (11) then takes the form 


n 
dày,/dt = Af,(t, y(t)) + 22 c,.(t)Ay 
i i jel ij J 
n 
(20) f x [50f1/5 y5]^ y; 


n 
x bs jk) y41^ Yks 
j,kal 

where the partial derivative in the second sum orf the 
right is evaluated at (t, y(t)), the coefficient 
ey 5 (t) is the value of 04 f4/8y, at some point (t, y*) 
on the line segment joining (X, y(t)) to (t, Y(t)), 
and the coefficient bijk is the value of the partial 
derivative 0 281 /0y 40y4 at some point (t, y ^) on the 
same line segment. Let us define 


94 (t, M 9999 Vn) 


n n 
(21) g z Eig A P [92,/8y;] v, 


n 
ἌΣ  bijk(t) vive + ^ fa(t, y(t)), 
kel 


J» 


9, (t, σε.) Vp) 
(22) n 
- 2 [2£,/8y,] V5 * Af, (t, y(t)). 
j= 
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Then 4 y and η are respectively the solutions of the 
equations 


(23) dv4/dt = e(t, v), 
(2L) dv;/dt = $4(t, v) 


with the initial values Ayı (0), ssa Ay,,(0). The 
difference ôf; (t, y) = Filt, y) - f(t, y) is replaced 
by the difference 


n 
Φιίῦ, v) [τώ $t, v) τ bea ο) ,(t) v 
(25) " 
+$ 25 bi 4k (t) 3 ML 
J,k*l 


Since the initial values of Ay; are the same as those 
of 1,, the formula (9) for the norm of the disturbance 
yiel : the number 


D: το. ΗΕ ο - eM 
(26) τα = max yz [e (t, v) - 9,(t, v)] , 


where the maximum is to be taken over all the permis- 
sible values of t and v. The permissible values of 
t are those in the interval O $ t S T, while by (10) 
the permissible values of the v4, are those which form 
vectors of length at most AN.. Let N be the upper 
bound of the last term in (25) as the vector v varies 
over all unit vectors and t varies from O to T; this 
upper bound is finite, since we have assumed that the 
second partial derivatives of the function f with 
respect to the y4 are continuous. Then the last term 
in (25) cannot exceed N times the squ arg of the length 
of v, and bi rne is at most N(AN4)*. For each i, 

the numbers (c ...s Czy) form a vector of length 
at most N by (1B). Hance "the first term in the right 
member Wd (25) cannot exceed ANN}. Since No is at 
least as great as Nj, this shows that the left member 
of (25) cannot exceed a constant multiple of ΝΙΝΟ. 


Sec. 2 79 
Google 


If we square these quantities, add and take the square 
root, we obtain a number which cannot exceed a constant 
multiple of ΝΙΝ», Hence by (26), 


(21) νι < ΟΝ1Νὸ, 


where C is a constant. Now by (10) we see that the 
left member of (19) cannot exceed a constant multiple 
of v,, therefore by (27) cannot exceed a constant mul- 
tiple of ΝΙΝρ. This is in fact a stronger statement 
than the inequality (19) which we set out to prove, 
since Ny cannot be greater than Νο. 


It remains to show that for each fixed t, the so- 
lutions (nq(t), ..., Np(t)) of equations (17) are the 
differentials of y(t), ..., y,(t) respectively. First 
it must be shom that each n4(t) is a linear functional 
of the disturbances. If the disturbances were all 
zero, so that ô y,(0) = O and the Sf, vanish identi- 
cally, the solution of (17) would be n4(t) = O. These 
values we compare with the solutions of equations (17) 
as written, with initial values (18). Since the first 
set of η! is 0, the difference ΔΉ: is the same as ". 
By (10), this cannot exceed a constant multiple of Να, 
which in turn cannot exceed the same constant ος 
of Nae So (l.l) is satisfied. Next, suppose that a 
first set of disturbances consists of changes B y, (0) 
in the initial conditions and changes Δ f,4(t, y) in 
the equations, and that the corresponding solutions 
of (17) are ni (t); and that a second set of disturb- 
ances consists of changes Δ y,4(0) in the initial con- 
ditions and changes A Γιοίῦ, y) in the equations, the 
corresponding solutions of (17) being n, )( t). If a 
and b are any real numbers, it is easily verified by 
substitution that corresponding to the disturbances 
consisting of changes aô y41(0) + bày, (0) in the ini- 
tial conditions and changeS aaf,,(t, y] + bAf (t, y) 
in the equations, the solutions of equations tfr) are 


8ηιι(ῦ) + bnio(t). 
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Hence the n;(t) have property (1.3), which completes 
the proof that they are linear functionals of the 
disturbances. The statement that the ratio (1.5) 
approaches 0 with No is a consequence of (19), and 
so the n4(t) are the differentials of the y4(*), as 
was to be proved. 


Equations (17) need one minor change to make them 
more readily applicable to the situation in ballistic 
applications. In studying the effects of non-standard 
conditions on the motion of the projectile, we have 
to consider equations such as (1). Here each right 
member is formed from a function which involves the 
variables t and γι and also certain other variables; 
these latter are themselves replaced by certain func- 
tions of t and the y4, and the result is the function 
F,(t, y) of the foregoing pages. For example, if con- 
ditions are standard the right members of (1) are cer- 
tain functions of t, vk, ..., Ze If we denote the 
departures of sound velocity and density from stand- 
ard by Δ a and ΔΗ and the wind components by wy and 
w,, the right member of each of equations (1) appears 
as a function of the fourteen variables t, x, y, 2, 
Vx» Vy» Vg» Sa, ΔΗ͂, wy, Wz, ay, ἂν, ἃς. When the 
last Seven are set equal to zero, equations (1) are 
the normal equations. When they are replaced by func- 
tions of the first seven variables, we have the equa- 
tions of motion under non-standard conditions, and the 
right members of (1) are the functions F4 of equations 
(3). To be specific, the right member of the last of 
equations (1) is a function fg(t, ..., a,) of the four- 
teen variables already listed; and the difference 
Δ fet, y) is the same as 


flt X. νε δᾶ; AH, ο 8) 
6 3 3 3 2? 3 2 9 2 
(28) 

= fet, X; 9999 ve? O, 9999 0), 


wherein 4a, etc., are to be regarded as specified as 


functions of t, x, ..., v,. The difference (28) and 
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its five analogues with subscripts 1, ..., 5 can be 
approximated by means of a Taylor expansion to linear 
terms. We thus find that to linear terms 


(295 δὲς - [δες/δα]4 at [51/98] δ H 
29 | 
+ ... +[ df¢/da, Ja, 


where the partial derivatives are to be evaluated for 
the arguments (t, x, ..., Vg) belonging to the normal 
trajectory. The magnitude of Af6 is not more than 
a certain constant multiple of the greatest of the 
numbers max | SH], ..., max , and the first-order 
partial derivatives of δες do not exceed some multi- 
ple of the greatest of these numbers and the numbers 
max E AuAy |, etc. Hence the latter of these may 
be used to replace N, in (19). The error in the ex- 
pansion (29) does not exceed some multiple of the 
square of the greatest of |,AH|, etc., hence does not 
exceed some multiple of No. So, by (10), if we re- 
place 4 f¢ by the right member of (29) in equation (17), 
and treat A f, etc., similarly, the resulting error 
does not excteed some multiple of "N52. Ihus the use 
of the approxination (29) does not injure the order 
of accuracy with which the solutions of (17) approxi- 
mate the changes 5 yi, etc., in the solutions. 3ut 
now the right members of (17) are linear in the dis- 
turbing functions 4a, AH, etc. The solutions ny 
of (17) have already been seen to be linear as func- 
tions of the Afi, so now the g4(t) have been made to 
depend linearly on the disturbances ôa, etc. 


The changes A y4(t) are functionals of the disturb- 
ances wx(y), etc., and the n4(t) are their differen- 
tials. According to the symbolism mentioned in the 
preceding section, if the disturbance consists, say, 
of a range wind w, alone, all other conditions being 
standard, the resulting ni(t) should be designated by 
the symbols dy4(wy4); if the disturbance were a depar- 
ture OH from standard density, the n4(t) would be 
designated by dy,( ôH); and so on. But once again we 
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observe that these differential effects would be dif- 
ferent if some other variable had been selected as 
independent variable in the. computations. The differ- 
ential effects are those found by matching points of 
equal values of t on the disturbed and undisturbed 
trajectories. As before, we introduce a symbol to 
indicate which variable is used in the matching of the 
points of the two trajectories. Thus if the density 
differs from normal by 4H, the corresponding dif- 
ferential effect will be denoted by dy,(A Hİt). The 
symbol after the vertical bar indicates the variable 
used in establishing the correspondence between points 
of the disturbed and the undisturbed trajectories. 


An important consequence of the linearity of the 
differential corrections is the "superposability of 
differential corrections." Let p be one departure 
from normal conditions (for example, a range wind, 
variable with position) and q another such departure. 
Then because of linearity 


dx(p + α[ο) = ἀχίρ|υ) + dx(q/t). 


The differential effect of the two disturbances act- 
ing simultaneously is the sum of the differential 
effects of the two disturbances acting separately. 
This permits us to consider different types of dis- 
turbance one by one, and finally to find the differ- 
ential effect of the aggregate by simply adding the 
results. 


The equations with which we finished are the same 
as we would have obtained had we simply expanded every- 
thing involved in the equations by Taylor's theorem, 
stopping with linear terms. But this process would 
have been logically inadequate. It would have left 
us without information as to the magnitude of the 
errors that might result. Such a difficulty can occur 
even in the study of functions of two real variables, 
which are much simpler than the functions of functions 
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which we have been investigating. For example, it 
might be thought that if a function has a directional 
derivative at the origin which is zero whatever the 
direction, it must necessarily be closely approximated 
by a constant on some region about the origin. But 
this is false; functions with such directional deriva- 
tives can nevertheless be discontinuous at the origin. 
Expansions of our equations to terms linear in, say 
SH, are analogous to directional derivatives, and are 
incapable of furnishing adequate information about 
the behavior of the changes Δ γι. 


A difficulty of a different kind is raised by the 
presence of the partial derivatives in the definition 
(16) of the norm No. If, for example, we use t as in- 
dependent variable and wish to find the differential 
effects of winds, the differential involves the norm No, 
which in turn involves the rate of change of wind with 
respect to y. This is undesirable both mathematically 
and physically; the latter, because the measurement 
of wind is performed by measuring the travel of a 
balloon in various time intervals, and would not reveal 
the presence of an extremely thin zone in which the 
rate of change of wind with altitude is very large. 
If it is possible to use y as independent variable 
this difficulty disappears, for in (16) the partial 
derivatives with respect to the independent variable 
do not occur, so by using y as independent variable 
we avoid having to consider dw,/dy, etc., in the norm 
Νο. If the trajectory has two branches this simple 
device cannot be used. However, by means of a more 
intricate analysis it can nevertheless be shown that 
the partial derivatives with respect to y can be 
disregarded in defining the norm No without destroy- 
ing the conclusion of the existence of the differen- 
tial. We shall not attempt to reproduce this rather 
difficult proof here; it can be found in Vol. 17 
of the Duke Mathematical Journal (1950), pp. 115-13h 
(E. J. McShane: "The Differentials of Certain Functions 
in Exterior Ballistics"). 
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3- The equations of variations based on time. 


In order that we can work with the equations (2.17) 
which are the "equations of variation," we need to 
know the specific expressions for the various partial 
derivatives occurring in the right member. Since 
the functions f], ..., {6 are the right members of 
equations (2.1) when time is used as independent vari- 
able, it is clear that | 


(1) df; / ὃν. = 015/0v,, = 0f 4/0v, = 1, 
all the other partials of f1, fo and f4 being zero. 
The right members of the first three of equations 
(2.1) will not be affected by any change in wind, 
density, etc., so 

δε. A fo â f4 * O. 
Thus the first three of equations (2.17) reduce to 
(2) dm /dt =) dno/dt = "lg; dn3/dt ange. 
We shall introduce the new notation 
(3) £m; nnp ἕξ * n. 


Then by (2) we have 


(L) E = ny? " 2 Ἶς; ζ = Ἶς» 
It will be assumed that the standard density law is 


(5) H(y) =e 9 


and that the standard temperature (or sound velocity) 
law is 


-a)y 
(6) aly)=e `. 
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Along the normal trajectory we have ἃς = vy, etc., and 
by (VI.9.8) we find that 


(7) ðE/ðy = [ -hn + (n - 2)a, JE, | 


wherein E is to be evaluated along the normal tra- 
jectory and n is the Mayevski n (see {Τ1.9.6)) evaluated 
for the argument v/a(y). From the ídentity 


— 
v? v,° + vy? * v,? 


we obtain 
dv/dv, = v/v, 
and from this and (VI.9.9) 
(8) pE/8v, = (n - 1)(v,/v2)E, 


with two analogous equations for the partial deriva- 
tives of E with respect to vy and vz (the latter being 
identically zero along a normal trajectory). We can 
now compute the first-order partial derivatives of the 
three functions f], fo, {6 with respect to the seven 
variables t, x, ..., Vz. The only ones which are not 
identically zero are 


0f,/8y - [h - (n - 2)a] Ex, 

δίς 83Υ = [h - (n - 9)4115Υ, 
af) /ov, = -[1 + (n - 2(£2/v?)]5, 
0fj/0v, = üfcA vy = - (n- 1)(xy/v?)E, 
8fo/v, = - [1 + (n - 1)($2/92)]s, 
δίς Ve t E. 


(9) 


With the help of equations (9), the first term in 
the right member of (2.17) can be written explicitly. 
As mentioned at the end of Section 1, instead of the 
Sf; themselves we shall use the linear approxima- 
tions define’ as in (2.29). These we shall denote by 
e]; «+, 96 respectively. Since the first three equa- 
tions (2.1) are not affected by any of the departures 
f^om standard conditions, we have at once 
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(10) e] = eo = e3 = 0. 
The equations of variation are now 
&/at = P, 
dn/dt = ἡ, 
dg/dt = ἕ, 
&/at = [n - (n - 2) a, E&n 
(n - 1)(22/v2)] Be 
(n = 1)(Χψ/νξ)Εἡ + ej, 
dijdt = [n - (n - 2) a]Eyn 
- (n - 1)(x¥/ve)EE 
- [1 + (n = 1)(¥2/v2) Eq + ec; 
dl/dt = - EC + ος. 


all 


Ez 


(11) 


The forms of the terms e], 65, e6 will now be com- 
puted for a disturbance which includes all the types 
of disturbance already mentioned and also allows for 
a change in the drag function G and a change in the 
reciprocal ballistic coefficient Y. The last mentioned 
is of rather secondary importance. But the change in 
drag function could be of great utility if, for example, 
a large ballistic table had been completed, and some 
time after its completion it was found that new pro- 
jectiles had to be considered whose drag function dif- 
fered more than trivially from that used in the prep- 
aration of the tables. The method of differential 
corrections would then permit us to prepare a small 
table of amendments to the large table, at much less 
cost in time and labor than would be required to pre- 
pare a complete new set of ballistic tables with the 
new drag function. 
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To fix the notation, we assume the following de- 
partures from standard conditions. 


(12) The reciprocal ballistic coefficient for the 
disturbed traiectorv exceeds by an amount Ay the 
reciprocal ballistic coefficient y along the normal 
trajectory. 


(13) At each value of v, the drag function along the 
disturbed trajectory exceeds by an amount 4,0(v) the 
drag function G(v) used in computing the normal tra- 
jectory. 


(1L) At altitude y, the density is [1 «*(y)] times 
the standard density at altitude y. 


(15) At altitude y, the absolute temperature exceeds 
by an amount 4 @ the standard absolute temperature Θ 
by altitude y. 


(16) At altitude y, there is a horizontal wind with 
components wx(y) and wz(y) along the x- and z-axes 
respectively. 


(17) When .he projectile has position (x, y, 2) and 
velocity components (vy, ὃν, vz), it is acted upon by 
a force, other than drag and standard gravity, which 
produces an acceleration (a,, ἃν, ay Ji 


From (15), it follows that on the disturbed tra- 
jectory, at altitude y the velocity of sound is 


71+ (40/0) 


times the standard velocity, since the velocity of 
sound in air is proportional to the square root of the 
absolute temperature. To linear terms, therefore, the 
new relative velocity of sound is [1 + (δ 0/2 9)] 
times the standard value, a(y). 


The quantities ej, e5, 66 have been defined to be 
the linear approximations to the A f4 defined by (2.29). 
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These are obtained by computing the derivatives of the 
right members of the fourth, fifth and sixth of equa- 
tions (2.1) with respect to y, G, H, a, Wy, Wey ἃς, 
" az, multiplying these partial eea Ἔ, 
the respective changes ô y, ôG, He(y), 28/6, 
Wx» Wz» axs Sy, az and summing. The results are 


e," - EX[^v A + Δ ο/α + «(y) «πδθ/οθ] 
+ E[1 + (n - 1) (22/v*)]w, + ἂχ, 
(18) ος = - ΕΨ[ΔΥ/ + ὁ G/c + κ(γ) + n^ 0/20] 
+ E[(n - 1)k¥/v2]wy + ‘ay, 
e6 = Ewz + az. 


Now we are in a position to compute the differential 
effect of any of the departures from standard condi- 
tions listed in (12) to (17). For when the quantities 
(18) are substituted in (11), the latter become a 
sixth-order system with all terms known, and the solu- 
tions with the initial values 


" E(0) = àv,(0), (0) = ὁ v,(0), È(0) = A v(0), 
3) ECO) = Ax(0), (0) = à γίο), C(0) = A α(ο) 


constitute the differential effects sought. For ex- 
ample, if a range wind wy, is the departure from stan- 
dard conditions whose effect is being computed, then 


(20) &(T) = av4(w] T), ..., (1) = az(w T). 


The process of solving the equations (11) is not a 
totally impracticable undertaking, although it is not 
to be recommended in view of better techniques for 
handling equations (11) which will be exhibited in 
the next chapter. It is true that (11) is a sixth- 
order system, but it need not be handled as such. 
To begin with, the sixth is directly solvable by quad- 
rature and the third may next be solved, also by quad- 
rature. Next, the second, fourth and fifth equations 
form a third-order system. After this is solved, the 
solution of the first equation requires merely a quad- 
rature. 
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Ordinarily we are much less interested in the dif- 
ferential effects of disturbances computed at points 
of equal time than we are in the differential effects 
at points of equal ordinate y. But this conversion is 
simple. It can be made by means of equation (VII.1.8), 
which remains valid for the differential effects of 
functionals. In fact, the proof of that equation was 
so arranged that it applies to the present situation 
with no change other than replacing the symbol N by 
No. We are interested in the special case of (VII.1.8) 
in which B is y and A is t. Then for any disturbance 
q and any variable C we have 


(21)  ac(dy)- ἁσ(α Ὁ) - (ac/ay) ay(alt). 


If we let C be replaced successively by x, 2, t, vx, 
Vy, Vg and substitute in (21) the appropriate deriv- 
alives of these quantities with respect to y, (21) 
yields the six equations 


dx(g y) = dx(qlt) - cot Θ ay(alt), 
dz(qly) = dz(q|t), 

dt(qly) = - (1/vy) dy(qlt), 

dv,(qly) = ἀνχία[υ) + E cot Ə ay(alt), 
dvy(aly) = dav (alt) + E(1 + g/wy) ἁγία t), 
av,(qly) = av (alt). 


(22) 


Since the only solutions of a set of homogeneous 
linear differential equations having initial values 
O is the system of functions all identically zero, we 
see readily that 


OH, AG, wy, ay and ἂν are all zero. 


(2L) The differential effects on range, time of flight 
and vx and vy at impact due to the disturbances 4 2(0), 


5v,(0), w, and a, are all zero. 
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Thus our problem may be split into two parts capa- 
ble of separate discussion. The simpler of these 
problems is the computation of effects on 2 and v, 
produced by disturbances 42(0), A v4,(0), w, and ag. 
The more difficult problem is the evaluation of the 
differential effects on range, time of flight, and 
x- and y-components of striking velocity, caused by 
the disturbances 4x(0), à y(0), A v0), ô vy(0), 
à e, AH, A οἵ» Wx, ay and ay. 


lh. The equations of variation based on slope. 


The traditional treatment of differential variations 
has long been that of the preceding section, in which 
points are matched which correspond to equal values 
of time. This is of course unnecessary; for example, 
in connection with his proposal to use x as independent 
variable in trajectory computations, Dr. L. S, Dederick 
worked out the form of the equations of variation when 
points on normal and disturbed trajectory were matched 
when they had equal values of the x-coordinate. In 
fact, along with each choice of independent variable 
in the computation there enters the natural choice 
of this same variable as matching variable. It will 
now be shown that there is considerable computational 
advantage in matching points of equal slope. 


The equations for effects on z separate from the 
other equations, and we could hardly hope to find 
anything simpler than the third and sixth of equations 
(3.11). So henceforth we put aside the equations 
for effects on 2, and restrict our attention to the 
equations involving the other coordinates. In terms 
of slope as independent variable, these are the first 
four of equations (V.1.9). It is notationally conven- 
ient to introduce a new symbol r for the x-component 
of velocity, 


(1) r = vy; 


and it is advantageous to write the four equations 
in the reversed order: 
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dr/dm = (Er - Ba, - a,)r/(g - ay + may + Emmy), 
dy/dn = - ur?/(g - a, + ma, + Emmy), 

dx/dm = - r2/(g - ay + ma, + Enw,), 
dt/dm = - r/(g - ay + may + Emmy). 


(2) 


Here 
E = yHaG(u/a) 
" e vHa( /(r - "T + (mr)*/a). 


The independent variable m takes the place of the 
independent variable t of Section 2, and the right mem- 
| It of πο τα (2) constitute the four functions 

οδόν of the variables m, r, y, x, t when the 
REATO are all set equal to zero. In the right 
members of equations (2.17) there occur the partial 
derivatives of the four functions f4 with respect to 
the four variables γη, which in the present notation 
are r, y, x and t. Of these sixteen partial deriva- 
tives, eleven are identically zero; the others are 


af, /er = r(n + 1)E/g, 

ef, /ay = [- h + (n - 22a Er?/g, 
(4) δίο/ὃτ = — 2nr/g, 

0f4/0r = - 2r/g; 

of),/or = a l/g. 
These equations permit us to write out the first term in 
the right member of (2.17) explicitly. As before, in- 
stead of the `ô f, the second term in the right member 
will be replaced the linear parts of the expansions 
of the â fis which will be denoted by £4» i a L; 9999 l. 
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Thus equations (2.17) take the form 
ἀξ]/άπ = [τίη + 1)Ε/ε]ξη 
*[-h*(n- 2)aj Er/g] to +E), 
(5) dE&o/am = - (2mr/g)E, «ερ, 
ἀξη/ὰπ mi (2r/g) τε.) 
di /dm -- (17g) + ει» 


If we consider the same set of disturbances as were 
already listed in (3.12 to 17) and expand the right 
members of equations (2) to linear terms in these dis- 
turbances, for fixed values of m, r and y, we obtain 


e} = (Er/g) [ ràv /v + re 
- rh O(n - 2)/20 + rà43/0] 
- (Er/g) [ (n - 1)r2/v? + 1 + Erm/g] w, 
- (r/g)(1 + Έσα/ε)εχ + (Er?/g°)ay, 
ε = (E n?r?/g?)w, + (m@r2/g?)a, - (nr?/g?)a,, 
63° (Βατὸ /ᾳ πχ + (mr*/g*)ax - (r^/g^)ay, 
εἰ, = (Enr/g?)w, + (mr/e?)ax - (r/g°)ay. 
If we let q stand for any disturbance, consisting 
either of one of those listed in (3.12 to 17) or else 
of a change in initial conditions, and find the cor- 
responding €4 by (6) and then solve equations (5), 
the solutions will represent the differential effects 
of the disturbance q on the variables r = vy, y, x, t, 
respectively, where corresponding points of the dis- 


turbed and undisturbed trajectories are understood 
to be points of equal slope. Thus 


Ey(m) = dvx(qlm), Eo(m) = dy(a] m), 
δη(α) = dx(d m), &j (0) = dt(q| m). 
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However, the process of solving equations (5) is 
seriously hampered by the fact that in them the slope 
is the independent variable, while the trajectories 
are ordinarily computed with time as independent vari- 
able. To extricate ourselves from this difficulty 
we need only introduce t as independent variable in 
the €,(m), thus defining four new functions: 


p(t) - &(n(t)), n(t) = 5o(m(t)), 
E(t) = ξη(π(υ)), c(t) = £j (t). 
(The letters & and η have been used in the preceding 
section, but with entirely different meanings.) It 
should be emphasized that tnis is a completely dif- 
ferent procedure from matching points at which times 
are equal. By (7) and (8), | 
p (t) = dvy(alm = m(t)), n(t) = ἁγίᾳ m = n(t)), 
E(t) = dx(ql m = nm(t)), r(t) = dt(qim = m(t)). 
In the coefficients in the right ‘members of (5), the 
functions are computed along the normal trajectory. 
Hence, in particular, dt/dm = - r/g. It follows that 
(10) (dp/dt) = (d&,/dm)(dm/at) = - (g/r)(db,/dm), 
with like equations for the derivatives of the other 


functions defined in (8). Accordingly, from (5) and 
(6) we deduce 


do/dt = =- (n + 1)Ερ 
*[h - (n - 2) 44] Exn+ 6], 
(11) dn/dt = 2¥p/k + eo, 
db/dt = 2p + 9]; 
dvdt = (1/4)ρ + e|, 
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where the e4 (different from those of the preceding 
section) are defined by the equations 


e] = - ΕΧΔΥ/Υ - Exe + Ex(n - 2)4 0/2 © 
- EX A (G/G 
E[(n - 1)Χ7/πξ + 1 + Εὐ/ε]π, 
(12) + (1 + Ej/g)ay - EX/g)ay, 
2 = - (Ej?/gX)wy - ($?/gk)a, + ($/g)a,, 
3 = - (E$/g)w, - ($/g)ay + (X/g)ay, 
ej = - (E¥/ek)wy - (3/gX)ay + (1/g)ay. 


* 


There are two common ways of stating the initial 
conditions for a trajectory. One is in terms of posi- 
tion and velocity components at time t = to; the other 
is in terms of position, initial velocity and angle 
of departure. Corresponding to each of tnese systems 
we shall derive the expression for the initial values 
of the functions in (8). 


(13) If at time t = tg the position and velocity com- 


ponents of the he projectile : are Xo, Yo: ¥: SE Vyo on | the 
normal trajectory and x, + Δ Χο» Yo + ^ Yo» Yxo + Ô Vxo» 


Vyo π. «Δ on the “disturbed trajectory, the correspond- 
ing init values of the differential effects (8) are 


p (to) = A vxo - (E/g)(vxo ô vyo - Ύγοδ χο), 

η (to) = A yg + (Yy0/8Yxo)(Yxoð Wyo - Yyoô xo); 
& (to) = bX, + (1/g)(vy98 v as hs 

* (t9) = (1/gvyo) (νο ἂν yo - T Vx ο)” 


Το prove this we observe that if η denotes the dis- 
turbance consisting of the changes 


(A Xos ^ Yos ô Ύςο» ὁ Vyo)» 
it is obvious that 
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dx(qlt = to) = à x, 

ἁγία It " to) = AYo» 

dvx(qlt = to) = Ô νεο, 
while from the equation 


Yos + bw, δν 
δα” 0 3. 27 
Vxo *  ὕχο “xo 


we deduce 


dn(q lt = to) = (vxo Vyo - Vyo b Yxo) / Yxo*- 
From this and (VII.1.8) we obtain 
dc(qlm = mg) = ac(qlt = to) 


- (dC/dm)(v,,4 Vyo - Wyo ô Vxo)/ Y 2, 


In this we successively let C be r ( α vy), y, x and t; 
we thus find that the quantities 


dr(qlm - mo), dy(qim = mo); 


dx(q|m = πο), dt(q|m = πιο) 


are the same as the right members of the equations in 
(13). But by (9) they are also the same as the left 
members of these equations, and (13) is proved. 


The corresponding initial values, for the case in 
which the initial position (x,, yg), initial velocity 
Vo and angle of departure 9, are given, can be deduced 
without trouble from (13). All that is needed is to 
make the substifutions of Avgcos OS - Δθρνο sin Oo 
for 4vXg9 and Vo A Oo for (vxo ô Yyo - Vyod ντο) in (13). 


Equations (9) do not make any explicit mention of vy, 
but the differential correction to v, is easily deduced 
from (9). Since vy = mvy, and the matching of points on 
the two trajectories is by equal values of m, the dif- 
ference of values of v, at matched points is m times the 
difference of values of vy at the same points. Hence 


(1h) dv,(q|m) = η dv,(q |m) = mpe(t). 
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The important application of the formulas is to 
the computation of cifferential effects at equal values 
of y. From (VII.1.8), if t is the time and m the 
slope at the point whose ordinate is y; 


(15)  dC(qly) = ac(q m) - (ac/ay) dy(qlm). 


In this we replace C by x, t, wx; successively. 
With the help of (9) and (1L), we obtain 


dx(qly) = E(t) - (cot Ə) n(t), 
dt(qly) = «(t) - (3/5) πι), 
dv,(aly) = p(t) + (E cot 6) x(t), 


dvy(q|y) = (tan @) p(t) + (E + g/3) n(t). 


In the preceding section, in which time was used 
as the basis for matching points on the two trajec- 
‘tories, the fourth-order system consisting of the first, 
second, fourth and fifth of equations (3.11) was seen 


to subdivide into a third-order system, consisting of 
the second, fourth and fifth of the equations, fol- 
lowed by a quadrature to obtain the remaining function, 
E(t). When slope is used to match points, as in this 
section, the splitting up of the problem is even more 
marked. The first and second of equations (11) can 
be solved together, as a second-order systen, and 
afterwards the two remaining functions € and t can 
be obtained by quadratures. Even the quadratures are 
easier than might be anticipated, since the right 
members of the last two of equations (11) are obtained 
without difficulty after the first pair have been 
solved. For in solving the first two we necessarily 
compute the right nember of the second of equations 
(11), namely 2yp/x + eo. By (11) and (12), if we 
multiply this by x/y we obtain the right member of 
the third of equations (11); while the right member 
of the last of (11) is the sum of (1/2y) times the 
first term in the right member of the second equation 
and (1/y) times the second term. 
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5. Weighting factors. 


It is evidently true that the two methods of treat- 
ing differential effects already discussed are much 
too complex for use in the field, and that the prob- 
lem is sufficiently difficult to leave us no hope 
that any method of solution of the equations can be 
found simple enough for use under the conditions of 
service. Therefore some method must be devised by 
which the bulk of the computations of differential 
effects can be carried out in some organization remote 
from the front, and the results of the computations 
recorded in such a way that the application to the 
conditions at any particular moment requires nothing 
but very elementary calculations. 


To be specific, we shall suppose first that we 
are interested in the differential effects of range 
wind wx on the range of a bomb having a certain re- 
ciprocal ballistic coefficient y, launched horizon- 
tally with velocity vg from an altitude Y. For the 
time being we omit the subscript x from the w, leaving 
it for the reader to remember that we are considering 
a range wind. Let t* be any time between time of 
release to and time of impact T. We first imagine a 
wind which at all times before t* (which is the same 
as saying at all levels above y(t*)) 1s zero, and at 
all times after t* (or at all levels below y(t*)) is 
* l. Either by one of the methods already explained 
or by one of the more convenient methods to be ex- 
plained in the next chapter we compute the differen- 
tial effect of this wind on the range; for the moment 
we denote it by the letter g. Now we plot the point 
whose ordinate is k » y(t*)/Y and whose abscissa is 
g. This process we repeat for a collection of dif- 
ferent values of t*. For each value of k = y(t*)/Y 
we obtain a value of g, and thus are able to draw the 
graph of the function g(k) for k ranging from O to 1. 
This gives us a curve such as is shown in Figure 1. 
We have followed the usual ballistic custom of plotting 
the values of the independent variable k as ordinates 
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rather than as abscissas. This is meant as a reminder 
that k is a multiple of the altitude y. For the 
particular projectile we are considering, dropped 
from height Y at speed νο, this graph contains all 
the information we need to compute the differential 
effect on range of any range wind w(y) which varies 
continuously with the altitude y. We shall show this 
in four steps. Suppose first that w(y) is 1 at all 
levels between yj = kjY and yo = koY (we suppose the 
latter to be the greater) and that w(y) is zero at all 
other levels. We can think of w(y) as wo(y) - m(y), 
where wo(y) is O above yo and is * 1 below it, and 
wj(y) is O above yj and + 1 below it. Then the dif- 
ferential effect of w(y) is 


dx(w|y) = dx(woly) - ἀχίπη] y) = g(k2) - ε(κι), 


by the definition of g(k). Suppose next that w(y) 
is equal to W between yj and yo and is zero elsewhere. 
This is W times the function first considered, so its 
differential effect is W times as great, namely, 
W[g(ko) - g(k1) ]. Suppose next that the region of 
the atmosphere between levels O and Y can be split 
into a first zone, between levels O and yj - ΚΙΥ͂, 
in which w(y) is constantly equal to wl], a second 
zone between levels y] and yo = koY in which w(y) 
is constantly equal to wo, and so on, up to an upper- 
most zone between levels Υῃ.ι = Kn-1Y and y, = Y in 
which w(y) is constantly equal to wa. This function 
w(y) can be regarded as the sum of n functions each 
of which has one of the values πι, etc., in the ap- 
propriate zone and is zero elsewhere. So the dif- 
ferential effect of this w(y) on the range is the sum 
of the effects of these individual functions, namely 


ἀχίπ|γ) = πη[ρ(κι) - g(0)] 


+ e + m igel) - gk 1) ]. 


Finally, by (2.10) we know that there is a constant A 
such that 


(1) 


| ax(wly)] S A max | πίσ)|. 
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Now let w(y) be any continuous function and € any 
positive number. We can subdivide the atmosphere 
into zones between levels 


0, yı = ΚΙΥ͂, e...) Jn-1 - k-1i» In = Y 
so thin that in each zone the values of "n vary by 
y) 


less than ε. Let wy be the average of w at top 
and bottom of the i-th zone 


wy = [πίτι) + πίτι 1)}/2. 
The function w (y) which in each sone is constant, 


having the value πὴ in the i-th sone, cannot differ 
from w(y) by as much as ε at any point. Therefore 


(2) |ax(wly) - dx(w*] y) |= |dx(w - wly) | < Ae. 


That is, the differential effect dx(w|ly) is approxi- 
mated by the sum (1) with an error less than Ae, which 
is as small as we choose. Our statement is now estab- 
lished; we can use the graph of the function g(k) to 
find the differential effect on range produced by any 
range wind w(y) which is a continuous function of the 
altitude y. 


We have shown that if w(y) is continuous, the dif- 
ferential effect dx(wly) is the limit of sums of the 
type of the right member of (1), as the intervals 

_) =k 5 Κι all approach zero in length. But the 
limit of such a sum is well knom in analysis; it is 
the Stieltjes integral, which we have already met in 
(I.16.7, 8). In the notation of the Stieltjes integral, 
the results of the preceding paragraph can be sum- 
marised in the equation 


1 
(3) dx(w|y) = |. w(kY) dg(k). 


But 1f the reader prefers to avoid the idea of the 
Stieltjes integral, he need only remember that (3) is 
merely a condensed form of the statement that dx(wly) 
can be approximated as closely as desired by sums like 
the right member of (1). 
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Since we shall wish to refer to the graphs of g(k) 
and its analogues for the differential effects of other 
disturbances, we shall give these curves the name of 
"effect curves." This is not a standard name. In 
fact, there is no standard nomenclature, because the 
functions g(k) ordinarily appear only as intermediate 
stages in the computation of the "weighting factor 
curves" which we shall shortly define. 


Computing the effect curves for artillery pro- 
jectiles is complicated slightly by the fact that to 
each altitude y between that of the summit and that 
of muzzle and target there are two values of t, one 
on the ascending branch and one on the descending 
branch of the trajectory. We shall repeat the process 
described in the second paragraph of this section; 
for each t* between tg and T we compute the differen- 
tial effect of a wind which is O up to time t* and is 
+ l thereafter. Temporarily we use the symbol h(t*) 
to denote this differential effect; and we use Y to 
stand for the altitude of the summit of the trajec- 
tory. Now we plot the point whose abscissa is h(t*) 
and whose ordinate is y(t*)/Y. This process is re- 
peated for a collection of values of t* between to 
and T. The collection of plotted points enables us 
to draw the graph of a function, such as is shown in 
Figure 2. This is the "two-branched effect curve." 
Now suppose that we wish to find the differential 
effect g(k) of a wind which is equal to O at all levels 
above kY and is + 1 at all levels below kY, The pro- 
jectile will first reach height kY at a certain time t' 
and will again pass through this same height on the de- 
scending branch at a time t". Sow will be + l between 
times O and t' and between times t" and T, and will be 
zero at other times. Thus w can be thought of as the 
superposition of three range winds, the first being + 1l 
between O and T, the second being - 1 between times t! 
and T and zero at other times, and the third being * 1 
at times between t" and T and zero at other times. It 
follows that its differential effect g(k) is 


h(0) - n(t!) + h(t"). 
Sec. 5 503 


Google 


This is the same as [abscissa of C - abscissa of B + 
abscissa of A ] in Figure 2; it is also the same as 
OC - AB. The function g(k) being thus determined, its 
graph can be plotted. The result is a curve similar in 
shape to that in Figure l. A similar process can be 
applied to the "two-branched curve" for the effects of 
any disturbance, yielding an effect curve from which in 
turn the differential effects of any continuous disturb- 
ance can be computed. 


However, along with their advantages the effect 
curves have a disadvantage which amounts to a serious 
inconvenience to the ballistician and is even more 
serious from the point of view of the artillery officer. 
The disadvantage is that under change of altitude, 
initial velocity or ballistic coefficient, the effect 
curves change greatly. For example, for large bombs 
dropped at a given speed from a given altitude the 
effect of density on range will be roughly proportional 
to Y. From the ballistician's point of view, this 
makes it hard to interpolate between given curves in 
order to find the effect curve for some bomb whose 
ballistic coefficient or altitude of release or initial 
velocity happens to differ from those for which effect 
curves have been tabulated. Fortunately, however, it 
is true that over fairly wide intervals of values of 
Y, v, and Y the effect curves of any one type (such 
as curves for effect of density on range) differ chiefly 
in scale, so that for any two effect curves g(k) and 
g](k) it will be true that a properly chosen constant 
multiple of g(k) will be a good approximation to gi(k). 
We thus have the following empirical statement, whose 
truth can not readily be seen by inspection of the equa- 
tions of variation, but is apparent from an inspection 
of a collection of the effect curves once they have been 
computed: given a collection of effect curves all of 
the same type (such as effect of wind on range), corre- 
sponding to various values of Y, νο and height of summit 
Y, we can divide each g(k) by a properly chosen number, 
depending on v, vg and Y, so that the quotient is a 
slowly varying function of Y, v, and Y. 
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The number referred to in the preceding sentence 
depends on Y, vg and 9g, and also depends on the type 
of disturbance q and on the quantity (x, t, Vy or vx) 
whose differential chanze is being computed. So it 
properly should be denoted by some symbol such as 
Νίᾳ, x, v, vg, 05], the first symbol in the brackets 
showing the nature of the disturbance and the second 
the quantity whose change is being computed. However, 
this may safely be abbreviated to Νία, x] or even to 
N, leaving it to the reader to remember the variables 
on which it depends. 


Before we discuss the choice of the numbers N, 
we digress to show the usefulness of the empirical 
property just stated, first in the ballistic laboratory, 
and second in the field. The ballistician who needs 
to compute differential effects, say for the reduction 
of range firing experiments, will prepare tables of 
Νία, xj δηὰ .Νία, tJ for an assortment of values of 
Y, vg and Y or Og. Also, for several values of these 
same variables he will prepare the effect curves; but 
these are now merely intermediaries to be used in com- 
puting the functions 


(L) p(k) = g(k)/N. 


These will also depend on Y, vo and 9g or Y, as well as 
on the nature of the disturbance and the quantity whose 
change is being found. But if the N[q, x] and N[q, t] 
have been well chosen, the p(k) will vary only slowly 
with change in Y, vg and 9g or Y. Hence if the projec- 
tile which is being range-fired has its Y, vg and 9g 
different from those tabulated, the corresponding p(k) 
can easily be found by interpolation. To be specific, 
let us suppose that we are investigating the differen- 
tial effect of wind on range. The region of the atmos- 
phere between O and Y is cut into zones in each of which 
the wind departs only slightly from its average value in 
the zone. Let the zone boundaries be O, ΚΥΥ͂, ΚΟΥ, «ο.» 
k,-1!, Y, the average wind in the i-th zone being w,. 
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We form the sum 
wilp(k) - p(0)] + wolp(ko) - p(k)] 


+ o... t waLp(1) - ΡίΚῃ.1) J. 


By (L), this is 1/N times the right member of (1), 
and therefore is a close approximation to dx(w|y)/N. 
Therefore all that remains is to look in the tables 
for the N that corresponds to the Y, Vo and Q@ (or Y) 
of the projectile and multiply this N by the quantity 
(5); the product will be the differential effect 
dx(w|y) sought. 


(5) 


In the field the importance of the empirical prop- 
erty is much more marked. Within a single division 
there will be a great assortment of artillery pieces, 
firing at targets at various ranges. It woula be too 
much of an undertaking to attempt to compute (5) for 
each piece separately. Obviously the sum (5) must be 
computed for several altitudes Y, since the wind varies 
greatly with altitude. It is no loss to use with each 
Y a curve p(k) proper for that Y. But already this 
means several computations. If in addition it were 
necessary to use several different p(k) for each 
altitude the time of computation might be prohibitive. 
The ideal situation, from the point of view of the 
service whose duty is to compute the sums (5), (in 
the U. S. Army, this is the Signal Corps) would be to 
have a single p(k) for each altitude Y, independent 
of Y and νο, independent too of the fact that the 
different projectiles have different drag functions 
G(v). This is a bit too much to ask. Nevertheless, 
it has been found practicable to use a total of three 
curves p(k) for each altitude. The artillery pieces 
are classified into three large classes; the artillery 
officer in charge of a piece notes only the meteoro- 
logical message giving the sum (5) for the class of 
pieces to which his belongs. This message will give 
the sum (5) at a series of different summital altitudes 
Y. Now if the piece is to fire at a given target, 
from the firing table the artillery officer finds 
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the summital altitude Y, and from the meteorological 
message he reads the particular sum (5) for that Y. 
Next he has to find N. For the ballistician, this N is 
a function of Y, vg and Og. But for the artillery 
officer two of these variables are fixed; the piece 
will have a certain specified muzzle velocity (or a 
specified set for different zones of fire if it is a 
mortar) and the Y is determined by the projectile 
being fired. So N is a function of @ alone, which 
has been tabulated and printed in the firing table. 
The artillery officer multiplies this N from his firing 
table by the sum (5) from the meteorological message, 
and the product is the differential effect of the range 
wind. (This is an intentional oversimplification; the 
Signal Corps has to treat the w4 in (5) as vectors and 
report the direction as well as the magnitude of the 
sum, and the artillery officer has to find the com- 
ponent of this vector sum along his direction of fire, 
and also across the line of fire in order to make the 
correction for cross wind. But this does not alter 
the essentials of the situation.) Thus the fact that 
for a given Y the functions p(k) are not sensitive to 
changes in vg and Y has the operationally important 
consequence that three meteorological messages convey 
the essential information about winds at all altitudes, 
for all pieces, instead of there having to be a sepa- 
rate message for each type of. piece. 


To return now to the method of choosing the mul- 
tipliers N: it is essential that they be chosen so that 
the resulting functions p(k) lie close together; it 
19 desirable that they should have some rational type 
of definition in terms of the "effect curves" g(k). 
Each type of disturbance is expressed in terms of a 
unit consistent with the units of length, etc.; for 
example, the natural unit for wy is one unit of length 
per unit of time, the natural unit for departure from 
standard density 4 H/H or κ is the pure number 1, and 
likewise for departure from standard absolute tempera- 
ture 49/0, These may not be the most convenient 
in practice, and we may wish to change them later, 
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but they are appropriate for the present discussion. 
We suppose that these natural unit disturbances were 
used in computing the effect curves, as in fact was 
specifically mentioned in the example of the range 
wind. Then, by the definition of the effect curves, 
if the amount of a disturbance is one unit at all 
levels, the differential effect of the disturbance is 
g(1). -This is given the self-suggesting name of "unit 
effect." It is customary in ballistics to choose this 
unit effect as the number N of our previous discussion, 
so that the function p(k) of equation (h) is 


(6) p(k) = g(k)/g(1). 


The graph of this function p(k) is called the "weighting 
factor curve" for the differential effect of the dis- 
turbance on the quantity x, t, vy or Vy as the case 
may be. It is obvious that 


(7) p(0) = O, p(1) = 1.. 


These definitions clearly have the quality spoken of 
as desirable; they are rationally and simply defined 
in terms of the effect curves. It cannot be seen 
without examination of a collection of weighting factor 
curves, but is nevertheless true, that for the impor- 
tant instances of differential effects of range wind 
and density on range and on time of flight, and of 
cross wind on deflection, they also satisfy the essen- 
tial requirement that the weighting factor curves lie 
close together. By (7) we see that each weighting 
factor curve reaches from (0, 0) to (1, 1), so they 
all have two points in common. Moreover, the specific 
instances mentioned all have monotonic increasing 
weighting functions p(k), increasing steadily from the 
value O at k = 0 to the value lat k = 1, except for 
the differential effect of density on time of flight; 
for bombs of low ballistic coefficient this has a 
perceptible reversal near k = 1, p(k) being a little 
greater than 1 for k slightly below 1. This would 
lead to the expectation, verified by investigation, 
that the weighting factor curves for a given type of 
disturbance at a given Y resemble each other closely. 
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Suppose again that we are interested in the dif- 
ferential effect of a range wind on the range. Let 
w(y) be the range wind at altitude y. By definition, 
the "ballistic wind" (which more properly should be 
called the ballistic mean wind, or range-mean range 
wind, but is not so named) is that constant wind # 
which has the same differential effect on range as 
the actual wind w(y) has. By (3) and (L), the dif- 
ferential effect of w(y) is 


1 
(8) dx(w] y) = N | w( kY) dp(k), 
0 
while the differential effect of W is 
l 
(9) dx(#ly) = N | W dp(k). 
0 


This last integral is computed as the limit of sums 
such as (5) with all wy equal to #. But by (7) these 
sums are always equal to W, however we choose the 
points ky, so 


(10) dx(Wly) = Nw. 


By definition of π the left members of (8) and (10) 
are equal, so 


n | 
(11) a= | w(kY) dp(k). 
0 


In other words , the quantity whose approximate value (5) 
is computed by the Signal Corps for artillery use is the 
Same as what we have just named the ballistic wind. 


In a similar manner we define a quantity which we — 
shall call the ballistic density-excess, but which pro- 
perly should have some more descriptive name, such as 
range-mean excess density ratio, This is the constant 
value of the ratio A H/H which would have the same dif- 
ferential effect on range as the actual ratio OH/H, 
which depends on y. A discussion like the preceding 
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applies in this case too. The ballistic density-excess 
is given by the formula 


a 1 | 
(12) 5 H/H = IRE H(kY)/H(kY) ] dp(k), 


where now the p(k) is the weighting function for the 
differential effect of density on range. The integral 
in the right member of this equation is in practice 
replaced by its approximate value computed by a formula 
like (5), with ^ H/H in place of w and the p(k) being 
the weighting function for effect of density on range. 


However, when we try to apply a similar procedure 
to the differential effects of departure from standard 
temperature, and also to several other differential 
effects of less importance, we encounter a serious 
difficulty. The effect curves for differential effect 
of temperature on range, to select the most important 
example, are not the graphs of monotonic functions. 
As k rises from O to 1, g(k) may increase up to a 
certain value of k and then decrease; or it may in- 
crease a while, then decrease for a while, and finally 
increase again. This is so marked a phenomenon that 
even the sign of g(1) may be different for different 
values of Y or Y or vg. In particular, when g(1) 
happens to be near O the function p(k) defined by (6) 
may have exceedingly large values for some values of k. 
So choosing N * g(1) fails in the primary purpose; the 
resulting curves p(k) do not lie close together, but 
instead are spread farther apart. The corrections for 
differential effects of temperature have consequently 
been decidedly more troublesome than those for effects 
of wind and departure from standard density. 


To remedy this difficulty, we suggest a somewhat 
different approach which succeeds in bringing together 
the curves p(k) for each type of disturbance and at the 
same time in leaving the curves p(k) unchanged for the 
important instances of effects of range wind on range, 
effect of density on range and effect of cross wind 
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on deflection. Recall that the unit effect for any type 
of disturbance was defined to be the differential effect 
of a disturbance whose value at all levels was equal to 
1. We shall replace this by a quantity which we shall 
name the norm effect. This we define to be the maximum 
differential effect of a disturbance which at all levels 
is between - 1 and + 1 inclusive. It is this quantity 
which we shall use as the N of equation (li). 


First we must show how this norm effect can be 
found from the effect curves. Let q(y) be any kind of 
disturbance, and let g(k) be the corresponding effect 
curve, say for the effect of q on range. We wish to 
find the maximum value N of the integral 


1 
(13) J. q(kY) dg(k), 


subject to the restriction 
(11) -1Ξαίν)Ξ 


for all y.. Let Κ' and k" ( > κι) be two numbers between 
O and 1. The part of the integral (13) between limits 
ΚΙ and ‘k" has the approximate value 


k" 
|. q(kY) dg(k) 5 qy[g(k4) - g(k')] 


(15) + gole(ke) = ε(κι)] 
+ cee t qn [g( k"!) = ε(κῃ.1)], 


where 


k'< k, «κ < k” 


1 2 -l 
and the qi are average values of the function q(y) on 
the interval 
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coe < κ 


If g(k) is an increasing function of k on this interval, 
the number in each square bracket is positive, and sub- 
ject to the restriction (1L) the maximum value of the 
sum in (15) is obtained by putting all the αἱ equal to 
+ l. The sum on the right is then g(k") - g(k'). If 
the function g(k) is a decreasing function, the number 
in each square bracket is negative, and the greatest 
value the sum can have subject to (1h) is reached by 
putting all the q4 equal to - l. The sum on the right 
is then g(k') - g(k"). Both cases are covered by the 
statement that if g(k) is monotonic (increasing or de- 
creasing) between k' and k", the maximum value of the 
integral (15) is 


(16) | g(k") - g(k') |. 


Suppose now that g(k) is not monotonic, but that the 
interval from O to 1 can be split into several parts 
on each one of which g(k) is monotonic. To be specific, 
we suppose that g(k) increases from O to k', decreases 
from ΚΙ to k", and increases again from k" tol. Then 


1 | κ pk" 1 
(11) | q(kY) dg(k) = | t | bi | q(kY) dg(k). 
0 0 k! k" 


The integral in the left member reaches its greatest 
value subject to (1h) when each of the three integrals 
in the right member reaches its greatest value. But 
as we have just shown, this means that the greatest 
value of the integral is 


N = [g(k') - ε(ο)| 
+ | gle") - ek] + | β(1) - gen |. 
This value is attained if we set q = + 1 on each stretch 


on which g(k) is increasing and q = - 1 on each stretch 
on which g(k) re fare in fas (Mathematicians will 


(18) 


recognize'that we have in fact defined N as the total 
variation of the function g(k).) 
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Having the numbers N, the "norm effects" for several 
different values of y, vg and Y, we can define p(k) 
by (h). However, if the effect curves mostly lie in 
the region of negative abscissas, it will be slightly 
more convenient to define p(k) by the equation 


(19) p(k) = - g(k)/N. 


For each type of disturbance we select either (lh) or 
(19) to define the functions p(k), and we graph these 
functions. The resulting graphs will be referred to 
as the "normalized effect curves." 


In the important cases in which g(k) is monotonic, 
the integral (13) reaches its greatest value subject 
to (1h) if we set q = + 1 for all y or q = - 1 for 
all y, according as g is increasing or decreasing. 
This greatest value is |g(1) - g(0)| = |g(1)]. If 
g(1) happens to be positive, we define p(k) by (L); 
if negative, we define p(k) by (19). In either case, 
we have definition (6) back again. So for the cases 
in which g(k) is a monotonic function our new defi- 
nition of N leavee everything unchanged. This is 
desirable, because the traditional treatment of these 
disturbances has been satisfactory. 


In the other cases, in which g(k) is not monotonic, 
our norm effect N will be greater than the unit effect 
g(1) of the usual theory. It will no longer be true 
that p(l) = 1. Instead, the graphs of the functions 
p(k) have the following property. Imagine that a 
point P traverses the curve from (0, 0) to its end 
(1, p(1)). Let P! be the perpendicular projection 
of P on the axis of abscissas. Then as P traverses 
the normalized effect curve, P' will travel a total 
distance of one unit of length. This can be seen from 
(18). As a point Q traverses the effect curve, its 
projection Q' will travel on the axis of abscissas 
from O to g(k'), from g(k') to g(k"), and from g(k") 
to g(1), a total travel equal to N, as (18) shows. 
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Since: p(k) is obtained from g(k) by division by N, 
the distance travelled by P' is 1, as stated. As a 
corollary, we see that the functions p(k) must. lie 
between - 1 and + l. 


The normalized effect curves are used in the same 
way as the weighting factor curves. If q is a depar- 
ture from normality, say a temperature excess 4 Θ/ 6, 
the integral (13) is computed, or to be more precise, 
is approximated by a sum similar to that in (15). 
This we shall name the "mean effective" disturbance; 
thus if the disturbance is a departure from standard 
temperature, the integral (13) is the "mean effective 
excess temperature ratio." 


When the mean effective disturbance is multiplied 
by the norm effect, the product is either the differen- 
tial effect of the disturbance (if (L) has been used 
to define p) or is the negative of the differential 
effect (if (19) has been used to define p). Conse- 
᾽ quently the table of values of norm effect should bear 
a heading "To be added if mean effective ... is posi- 
tive," or a heading "To be subtracted if mean effective 
... is positive," according as (L) or (19) was used in 
computing the functions p(k). This accords with present 
practice in tabulating unit effects. 


In computing the ballistic wind it is computation- 
ally more convenient to express the magnitude of the 
wind in tens of miles per hour, rather than in feet 
per second. To compensate for this, the unit effect 
is multiplied by 1.6666... and entered as "unit effect 
of ten mile per hour range wind on range." Likewise, 
it is more convenient to express the excess of density 
over standard in terms of per cent. To compensate, the 
unit effect is divided by 100 and entered as "unit 
effect of one per cent excess density ratio." A similar 
remark would apply to the temperature also. 


A number of the weighting factor curves have hori- 
zontal tangents at the top. Thus, unless the topmost 
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zone is excessively deep, the graph of the weighting 
factor curve will be approximately that of the function 
l - k = c(l - p)?, where c is some constant. If the 
disturbance q is roughly linear from top to bottom of 
the zone, we find by substitution of the above approxi- 
mation for p that 


| q(kY) dp(k) 
(20) J κι 


2 [(2/3)w(Y) + (1/3)w(k'Y) ][ρ(1) - p(k')]. 


Thus in computing ballistic wind and density it is 
possible to gain accuracy by replacing the arithmetic 
means of the top and bottom values, used in the other 
zones, by the weighted mean shown in (20), for the 
top zone. 


If this is carried to its very extreme, and the 
ballistic wind is estimated by (20) with k' = O, with 
no intermediate points of subdivision at all, we can 
hardly hope for much accuracy. The result, recalling 
(7) and the assumption that the wind is a linear 
function of the altitude, turns out to be that the 
ballistic wind is roughly the wind at two-thirds the 
summital altitude. It is an interesting fact that this 
same rule, obtained of course by entirely different 
reasoning, was in wide-spread use in the early part 
of the First World War. 
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Chapter IX 
METHODS OF COMPUTING 
DIFFERENTIAL CORRECTIONS 


l. Some remarks on linear differential equations. 

It is true that the differential effect of any 
disturbance of the types considered can be found by 
solving equations (VIII.3.11, 18, 22) or equations 
(VIII.4.11, 12, 16). But solving differential equa- 
tions is too difficult a task to repeat frequently 
unless it is unavoidable, and it is therefore desir- 
able to devise methods of treating these equations 
which will avoid numerous integrations of the dif- 
ferential equations. 


Trajectories may be classified into two different 
types, the first type having a definite end point and 
the second type not having a definite end point. The 
first type includes the trajectories of projectiles 
fired from the ground at targets on the ground (or 
water). These trajectories terminate at the second 
point at which y = O, slight differences in elevation 
of gun and target being handled by small correction 
terms. The second type includes anti-aircraft and 
bomb trajectories. Anti-aircraft trajectories normally 
start from sea-level (departures being handled by 
small corrections), but have no end point as far as 
the tables are concerned. The target may be at any 
distance up to the maximum range of the weapon. As 
for bombs, it was pointed out in Section 2 of Chap- 
ter IV that with the assumption a = 1, it was feas- 
ible to compute trajectories with initial values 
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x = y = O and various values of vg and Yg, and then 
for each Y to obtain the trajectory with initial 
speed Vo, reciprocal ballistic coefficient Y and ini- 
tial altitude Y by simply replacing Υ by Y, through 
(IV.2.5) and taking the first Y feet of drop as al- 
ready computed (or interpolated) for the projectile 
with initial speed νο and summital reciprocal bal- 
listic coefficient Ys. In this sense the trajec- 
tories of bombs have no definite end point; in each 
instance of a bomb dropping there is an end point, 
but in the numerical computation of bomb trajectories 
any point of the computed trajectory might serve as 
the end point of the trajectory for some particular 


dropping. 


To each of these two types of trajectory there is 
an appropriate method of nandling the differential 
effects of disturbances. In Sections 2 to 6 we shall 
present the original method of the adjoint system, | 
due to Bliss, and two modifications of this method. 
This type of computation method is well adapted to 
the first type of trajectory. If only aifferential 
effects on range are desired, a single numerical 
integration of a system of differential equations is 
all that is needed; after that is done, differential 
effects can be found by means of quadratures. How- 
ever, the adjoint system is not nearly so well adapted 
to the second type of trajectory. More convenient 
methods for finding differential effects on trajec- 
tories of the second type will be discussed in Sec- 
tions 7 and 8. It should be emphasized that the 
distinction between the two types of method is a 
matter of convenience only. Any one of the methods 
to be presented in tnis chapter can be applied to any 
trajectory, but the difference in the amount of com- 
putation can be rather considerable. 


In this section we shall collect some remarks on 


linear differential eguations that will be convenient 
for use in the rest of the chapter. 
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Equations (VIII.3.11) and (VIII.4.11) are both of 
the type | 


: | 
(1) dg /dt = p AG E, + e(t) (451, ..., n). 


If only the initial conditions are altered, the 61 are 
identically zero both in (VIII.3.11) and in (VIII.4.11), 
and thése equations are then of the homogeneous type 


n 
(2) a& /at = E Aa (8) E; (1-9 ο... 


Let us suppose that we have found n solutions of equa- 
tions (2). In order to help keep the notation in mind, 
we shall use Greek-letter subscripts to distinguish 
between different solutions and roman subscripts to dis- 
tinguish between the components of a single solution. 
Thus the n solutions will be designated by E y(t); for 


each fixed value of v, the n functions $], s ee, c 
form a solution of (2), so that 


n 
(3) a& νας = z Ay s(t) 8, (0) (i, v 1, ..., τ), 


If D is the determinant of these n solutions, the 
derivative of D with respect to t is found by adding 
n terms, the first of which is a determinant identical 
with D except that the first row (& s e.. ζην) is re- 
placed by (d&$4/dt, ..., ἀδη /dt), the second of which 
is also iden teal with D except that the second row 
(ξ po Son) is replaced by 


(ač, /at, ἐν dE, /dt), 


2 


and so on. When the derivatives are replaced by their 
values as given by (3), this yields 
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j=l 
dD/dt = 521 Ufo cum Son 
δ nl MEM 5 nn 
διι Pss Sin 
Sup we 5&3 5 n-1,n 
PN: Σκ 
Rb αν $5 A, 
ja} Ὃν ος πι αὐ 1η 


In the first determinant, from the first row we subtract 
Ajo times the second row, A44 times the third row, and 
so on; the other determinants we treat similarly. We 
thus find that the first determinant is Aj1D, the second 
Ao29D, and so on. Thus (Lh) simplifies to 


(5) dD/dt = (A11 t soe + Ann) D. 


The one and only solution of (5) which at a given point 
to assumes a given value D(tg) is 


t 
(6) D(t) = D( to) exp | (A11* saw + Ann) dt, 
to 


where exp J means the same as eJ. Since the exponen- 
tial never vanishes, this implies that if D(t) ever 
vanishes it is identically zero. 
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If the determinant D is not zero, and &, ..., ἔῃ 
is any solution of (2), then at some one value of t, 
say t9, the equations 


n 
(7) E(t) = È Eqy(t) ον 
val 


can be solved for the constants cy. But then the 
right and left members of (7) are both solutions of 
(2), and coincide at t = tg, so by the uniqueness 
theorem for solutions of differential equations, (7) 
holds identically. Thus every solution of (2) is a 
linear combination of the n solutions sy, with con- 
stant coefficients. In this case the n solutions are 
said to form a basis for solutions of the equations (2). 


Since equation (7) and similar equations will recur, 
it is desirable to have something more than the state- 
ment that they can be solved; it is more useful to have 
a formula for the solution. Let  Z, y be the cofactor 
of ξιν in the determinant D(t). By a well-known the- 
orem on determinants, if the elements of a row are 
multiplied by the cofactors of the same row and the 
products added, the result is the determinant; if they 
are multiplied by the cofactors of a different row 
and the products added, the sum is zero. The state- 
ment remains true if "row" is everywnere replaced by 
"column," This is conveniently formalized with the 
help of the "Kronecker ô" symbol, defined by 


6, , -.1 16 1 α j 

| 4 , 

(8) 
514 7 0181319. 

Then the statement about elements of rows and their 

cofactors takes the form 


n 1 
(9) Y E EZ, =,D 
Val bi v jv ig * 
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while the statement about elements of columns and 
their cofactors becomes 


n 
(10) = δαν Zip " 6,,D- 


If we introduce the new symbols 


(11) Ay g(t) = Ξιο)/(ο), 


(observe the reversal of the order of the subscripts), | 
these two equations take the somewhat simpler form 


n 
Σξ..λ.. - δι. 
cat iv vj 112 
(12) 
Σ 
fo, Sui ἂν = baw, 


Let us now multiply both members of (7) byÀ y, and 
sum for i = 1, ..., ne With the help of (12) and (δ) 
we obtain 


(13) = 2 δμνον 


- Cue 


From the equations (12) we can easily find the 
differential equations that the Aui must satisfy. 
In the second of equations (12) we differentiate with 
respect to t, obtaining 


n $ n 
Σ (dd 5 /dt) Bg Σ À (08s να) = 0. 
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In the second sum we replace the index of summation 
i by k and substitute from (3), obtáining 


n n . 
Σ (Qyui/ét) ἔιν- - È Auk Ana Faye 
-ι (άλμι/ Ķiv k, j=l Hk "kj 5 jv 


In the left member we change the index of summation from 
i to j; then we multiply both members byAy; and sum for 
ΝΑ 1, ..., n. The result, because of (12) and (8), is 


n 
(11) dà /dt = - DEI Λη. 


In other words, each row of the array Xu; is a solution 
of the differential equations 


' n 
(15) dAj/dt = - Σ Aki Mike 


Equations (15) are the system adjoint to (1) or (2). 
They differ from (2) in having the rows of the array of 
coefficients A14 changed into columns and vice versa, 
and also in having all terms multiplied by - l. Clearly 
the system adjoint to (15) is again the system (2). 


The interrelations between the solutions of (1) 
and those of (15) form the basis of the methods of 
the next five sections. Suppose first that & 3(t) 
is a solution of (1) and that Ay(t) is a solution 
of (15). From (1) and (15) we readily deduce 


d n 


n 


Σ [ -Aki AkEg * AG EK * e3)] 


i,kal 


(16) 


Σ 
Ns θ.. 
{51 i "i 
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Hence, by integration 


n n 
à M) Sgt) = Σ Aalto) 64 (t,) 


(17) ο. 
E ax | 
* 22 Aalt) e(t) dt. 
to 151 


Because of (12) and (8), the equations 
n * 
(18) (t) = (tory t) E(t) 
δι PHI vj δ; 


are identities. We continue to suppose that the func- 
tions €,(t) satisfy (1), while we know by (1l) that for 
each V the functions A, (t) satisfy (15). Hence we may 
substitute from (17) fn (18), obtaining 


ξι( Ὁ) 


n n 
(19) = 2 Eo) PISOS Elto? 


t n 
+ | Σ λν κυ) e,(t) af. 
ο 


Equation (19) is essentially a formalization of the 
well-known method of "variation of the parameters" 
for the solution of linear differential equations. 
It is highly important, because once we have found a 
basis of solutions for the homogeneous equations (2) 
and computed the dy; by (11), we can use (19) to find 
the solution of (1) for any initial conditions and 
any disturbances e;(t) without having to integrate 
the system of differential equations (1); all that 
(19) calls for is n numerical quadratures, together 
with multiplications and additions. 
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2. Bliss' method; the adjoint system. 


The first application of the adjoint system to the 
computation of differential effects was made by G. A. 
Bliss, during the First World War. We now investigate 
this original method of Bliss, essentially as he de- 
velops it in Mathematics for Exterior Ballistics 
(New York: John Wiley and Sons, Inc., 19l). 


The system of equations adjoint to (VIII.3.11) is 


A, = 0, 

ἃ, "-[n-(n-2)4 JEGA, + Ko) 

h, = 0, | 

αφ + (n- 1)(x2/v?) ]λ. 
(1) + E[(n - 209/87] Mcs 


ἃς -- d+ E[(n- 1)x$/v*] X, 
+ E[1 + (n - (92/72) ] de, 


Ao =- λε + Bs, 


where the dot denotes differentiation with respect 
to t. We shall now show how to compute differential 
effects by means of solutions of the system (1). For 
example, to compute the effect on x at time T of a 
disturbance it is necessary to find ξη(Τ). Observing 
(1.17) we see that this calculation is indeed simple 
if we have available a solution of (1) for which 


X (τ) = l, A (T) =... 8 Ae) = 0, 


for in this case (1.17) with i = 1, t = T becomes 
OPE: ( * E MG) e 

E (1) - (t) to) + | t) e(t) dt. 
1 iei Ay (to to {51 i i 
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In fact, any linear combination of the variations at T 
can be obtained if we can suitably specify the values 
of the A's at T. But for any set of values of the 
A.(T) there is a unique solution of equations (1) which 

sumes these values. The computation of this solu- 
tion can be effected by a numerical integration using 
methods closely related to those described in Chap- 
ter VI; in Section l we shall make a few more remarks 
about the solution of these equations. It is then 
computationally feasible to specify initial values for 
the system (1) at t = T, and from these to obtain the 
values of a linear combination of the &4(T). 


Consider now the effect on range of a disturbance q. 
By (VIII.3.22) this effect is 


dx(q|y = y(T)) = AT) - cot @ (T). 


We shall therefore need the solution of (1) with the 
initial conditions 


T A(T) = 1, A(T) = - cot OT) = cot w, 
2 - 
A(T) = X) = λείΤ) -λείΤ) = 0. 


We then have 
dx(q|y = y(T)) = E(T) - (cot 6) n(T) 
- MO) KT) » Ἀρία) (D 
+ (T) c(T) +A, (T) KC) 
+ A(T) A(T) «λε(τ) ECT), 


if the A,(T) have the values (2). It is evident that 
the solution of the third and sixth of equations (1) 
with initial values (2) is A3(t) = M(t) = 0, while from 
the first of equations (1) and (2) we see that A;(t) is 
identically equal to 1. Also, by (VIII.3.18) we have 
e] = e2 = 0. When all these substitutions are made, 
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(1.17) becomes 
dx(q fy = y(T)) = ὁ x(t.) + Ao (t9)A y(t9) 


+ Ay (ο) Δ vk Ug) * Ag (t5) Av (to) 
(L) 


T 
"S |. dj (te (t) + Ac(t)ec( t) Jat. 


(We have here used (VIII.3.19) with the slight nota- 
tional change that the disturbance in initial values, 
if any, is reckoned at time tọ instead of time 0. ) 


Equation (4) contains in particular the differen- 
tial effects on range of changes in initial conditions; 
these we obtain by setting ej = ec = O in (h). It 
also contains the formula for the differential effects 
of departures from standard density, temperature, etc., 
when initial conditions are unchanged. For then the 
first four terms in the right member of (hl) are all 
zero. The integral is computed by a numerical quad- 
rature, and its value is the differential effect of 
the disturbance q on the range. Thus by means of a 
single numerical integration of the equations (1) we 
have obtained the functions ^2, A), and λς, and no 
further numerical integration is needed to find the 
differential effects of any disturbance on the range 
of the projectile. At most it will be necessary to 
compute the functions e| and eg by means of (VIII.3.18) 
and then to effect the numerical quadrature in (lj). 


It is important to notice the special form taken 
by (L) when the disturbance is a departure from stan- 
dard temperature, a departure from standard density 
or a range wind. For the first of these, by (VIII.3.18) 
and (1), we find 


Aye), + Acer = = En(À x + hey) Δ Θ/2 Θ 


= {inh - (n - 2)a,)} 40/0. 
526 Ch. IX 


(5) 


Google 


The derivative of Ào is known from the numerical inte- 
gration which gave us the \;(t). If we compute the 
integral 


t Ν 
(6) d(t) = |, ( À&o/[h - (n - 2)4]] at 
ο 


for values of t from tọ to T, by (hl) and (5) the differ- 
ential effect of a departure from standard temperature, 
which is such that ΔΘ/ © is zero up to time t and is 
l thereafter, is the same as J(T) - J(t*). This is 
what we called h(t*) in Section 5 of Chapter VIII, and 
from it we can construct the "effect curve" in the 
manner described in that section. Once the "effect 
curve" has been found, we can proceed in either of 
two directions. We can find the unit effect and the 
weighting factor curve in the traditional way, as 
described in Section 5 of Chapter VIII. Or else we 
can break with tradition and find the norm effects 
and the normalized effect curves, also described in 
the same section. In any case, the single quadrature 
(6) has given us the material for finding the differ- 
ential effect on range produced by any departure from 
standard temperature law. 


Next we consider a departure AH from standard 
density. Recalling that κ is the same as AH/H, we 
find from (VIII.3.18) and (1) that 


(7) Aye, * Aceg = (Ao h - (n = 2)4]) ΔΗ/Η. 


We can proceed as we did with the temperature, com- 
puting the integral similar to (6) but with the factor 
n- omitted. From this we find the effect curve as 
in the case of departure from standard temperature, 
and from this in turn we find the unit effect and the 
weighting factor curve. The "effect curve" is the 
graph of a monotonic function, so there is no differ- 
ence between unit effect and norm effect, nor any 
difference between weighting factor curve and normal- 
ized effect curve. 
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If the normal trajectory has been computed with 
constant temperature, so that aj = 0, this process 
is even further simplified. For then the analogue 
of the integral (6) is 


t . | 
(8) /— |. (X,/n) dt = o(t)/n - Ao(ty)/n. 
: 


If the departure from standard density is such that 
ô H/H i$ U before a time t* and is l thereafter, the 
differential effect on range is 


(9) X4(T)/h - A4(t*)/h =[ cot w - X,4(t*)] /h. 


This is the quantity denoted by h(t*) in Section 5 
of Chapter VIII, and from it the effect curve is 
found, the unit effect and weighting factor curve 
being found in turn from the effect curve. Thus 
when the normal trajectory has been computed with a 
standard temperature which is constant, the unit ef- 
fect and weighting factor curve for effect of non- 
standard density on range can be found without even 
a quadrature, 


The effect of a one per cent increase in vis 
exactly the sane as the effect of a constant one per 
cent increase in H(y). This is evident from the 
equations of motion themselves. Or it can be seen at 
once from (VIII.3.18) or (VIII.h.12). Hence if dif- 
ferential effects of departure from standard density 
are known, the effect of a departure from standard 
value of Y is easily obtained. In fact, the differ- 
ential effect of a one per cent increase in yis the 
unit .effect for constant one per cent increase in 
density. The importance of this is usually in applying 
it in the reverse direction; a ballistic table being 
prepared, it is easy to find the effect of a one per 
cent increase in y, and thereby to find the unit 
effect of change in density. We shall make no further 
mention of change in reciprocal ballistic coefficient. 


528 Ch. IX 


Google 


Whatever may be the system of computing differential 
effects, it must be capable of providing the effects 
of departures from standard density, and, as a special 
case of this, it must also provide the effect of a 
change in Y. 


Finally, for a range wind wy we find from (1) and 
{ΠΙΙ.3.18) that 


(10) Ape], + Aces = w x +1). 


The differential effect on range caused by a wind wy © 
which is 0 before time t* and is 1 thereafter is given 
by (4) to be 


E. 
(11) | (Ay, +1) dt=T-t* - X, (t"). 
t? 


From this information we can readily find the "effect 
curve," and from this in turn we can compute the 
unit effect. and weighting factor curve for the dif- 
ferential effect of range wind (following wind) on 
range. Not even a quadrature is necessary. 


An alternative derivation of equation (11) can be 
based on the fourth of equations (VII.L.7), in which 
we replace t by T and tg Me t*. Interpreting the 
νχο of ^ formula as vx(t^ ), and noting that by (L) 
we have [5 x/b v = SN (t*), we see that the fourth 
of equations (Pr: h.7) as the same as (11). 


If we wish to find the differential effects of the 
disturbances on the time of flight, we must perform 
another numerical integration of the equations (1) 
with ditrerent initial values. By (VIII.3.22) we see 
that the proper initial values to choose are 


A(T) = =- 1/3(1), 


A(T) a 0 (i= 1, 3, h, 5, 6). 
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For then by (VIII.3.22) we have 
dt(q|y = y(T)) 
= [- 1/¥(T)] (7) 
= A (T) E(T) + λ2(1) YT) + A(T) c(T) 

+ X, (T) G(T) + Ac(T) A(T) + A(T) CCT). 
When the corresponding functions À4(t) are computed, 
the right member of (lj) represents the differential 
effect dt(q|y = y(T)). From this point on, all the 
remarks about differential effects on range apply 
equally well to the differential effects on time of 


flight, it being understood that now the A(t) are 
those determined by the initial values (12). 


(13) 


The differential effects of the various disturb- 
ances on the components of striking velocity, on the 
speed at impact and on the angle of impact can equally 
well be found; all that is needed is to replace (2) 
or (12) by the appropriate set of initial values. 
But these differential effects are of minor impor- 
tance, and we shall not discuss them further. 


3. Differential effects on deflection. 

Àt the end of Section l of Chapter IV it was pointed 
out that of the disturbances we are considering, only 
changes in 2(t,) and vg(tg), cross wind wz and cross- 
acceleration a, were capable of producing non-zero 
differential effects on the z-coordinate of impact, 
while in turn they were incapable of producing non- 
zero differential effects on range and time of flight. 
We now investizate the differential effects on the 
z-coordinate of impact caused by the disturbances 
Az(tg), AVg(tg), wa and ag. All of these can be 
handled by means of the adjoint system. But it is 
interesting to observe that the first three of them 
can also be discussed without use of the adjoint 
system. So we now treat the first three differential 
effects without using the adjoint system. 
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If z(t.) alone is changed, the trajectory is merely 
translated in the direction of the z-axis by an amount 
à z(tg), so that 


(1) dz(Azgly) = dz(^29]|t) = dz(42,|x) = ὁ ας. 


If v,g alone is changed, to first-order terms the 
effect is the same as rotating the trajectory about 
the z-axis through an angle Δ νφο/νχο. (This has 
already been discussed in detail in Section l of 
Chapter VII.) Hence the point on the normal trajec- 
tory whose coordinates are (x, y, O) is moved, as 
far as ο. ο. terms are concerned, to the place 
(x, y, xd v. al Yo From this it follows that 


(2) Fo engl τ y(x)) = x v, o/ Yxo 


If w," is a cross wind which is zero at all times 
before t and is 1 at all times after t*, we can find 
the differential effect of πα by applying (VII..23) 
with t replaced by the time of impact T and with the 
beginning of the trajectory taken as tg = t*. Then 
with this beginning point we have a constant wind 
W, = lat all points from beginning to time T, and 
formule (VII.4.23) is applicable. It takes the form 


(3) dz(w,"|y = y(T)) = T = t* —[x(T) - x(t*)]/3(t*). 


This takes the place of the function h(t*) of Section 
5 of Chapter VIII. From it we can find the "effect 
curve" by the method describéd in that section, and 
from this in turn we find the unit effect and the 
weighting factor curve, Formula (3) involves nothing 
that is not on the sheet on which the normal trajectory 
was computed. So this important differential effect 
can be found without even a quadrature. 


To return to the adjoint system, we first observe 
that by (VIII.3.22) and (VIII.3.20) and its analogues 
for all other disturbances we have 


(4) dz(qly = y(t)) = da(q|t) = c(t). 
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Accordingly we wish to find the solution of the ad- 
joint system with the initial values 


(5) λη(Τ) = l, A(T) = 0 (i = 1, 2, L, 5, 6). 
For with these values we have 
ἀδ(α]γ = y(T)) = A4(T) E(T) * λρίΤ) n(T) 
(6) t-A (T) G(T) +A (T) ECT) 
* Ag(T). ACT) + AG(T) QT). 
From (5) and the first, second, fourth and fifth of 
equations (2.1) we see that )j, A2, XA], and Ag are 


identically zero, while À4 is identically 1. The last 
of equations (2.1) is then 


(7) Ag(t) = - 1+ Eg(t). 


We multiply both members of this equation by x an 
recall that Ex = - X. The result is | 


(8) ἀ(λεΧ)/ὰϊ = -X, 
whence, by integrating and substituting from (5), 
(9) Ag(t) * [x(T) - x(t)}/x(t). 


With the help of the preceding equations, (1.17) takes 
the form 


dz(qly = y{T)) = b z(t9) + [x(T)/x(t,) 18 νο 


(10) E |-- - x(t) 
x(t) 


| eg(t) dt. 
tc | 


If only the initial conditions are changed, the integral 
in the right member vanishes, and from (10) we obtain 
(1) and (2) again. If the disturbance is a cross wind 
w,* which is zero up to time t* and is 1 thereafter, 
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by (VIII.3.18) we have ez = O before time t* and ος = E 
thereafter. So by (of, (9) and (7), 


T 
dz(w,"|y = y(T)) = | AGE dt 
t* 


T 
(11) = | Αρ + 1) dt 
ig 


T - t* -Ag(t*) 
= T - t* -[x(T) - x(t*)]/x(t*). 
This is equation (3) again. 


When the disturbance is a cross-acceleration &, 
as in computing the effect of the Coriolis force (see 
(II.1.13)) or the effect of the small aerodynamic force 
which causes drift (see XI.5.15), it is necessary to 
replace eg by a, in (10) and perform the quadrature. 


lh. Numerical integration of the adjoint system. 


The initial values for the solutions of the ad- 
joint system are assigned at time T, which is the 
end of the trajectory. Consequently it is necessary 
to solve the equations by letting t go backwards 
from T to tg (which is usually O). This is a slight 
computational annoyance, which is easily remedied by 
a change of variable. On the trajectory sheet, lines 
have been computed for certain values of t which we 
shall call "tabular values." Let I be the smallest 
tabular value greater than T, and define a new vari- 
able s by the equation 


(1) s= I-t. 

Then for any function f(t) of the variable t we have 
(2) | df/ds = - df/dt. 
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The initial values of the À; now correspond to 
8 = I - T, 


which ordinarily will not be an integer. The integra- 
tion of the adjoint system will now proceed for s 
increasing from I - T to I. Because of (2), the left 
members of equations (2.1) should be replaced by 
-~dA,/ds, i= 1, ..., 6. However, the third and sixth 
of these equations may be discarded from the list; 
differential effects on deflection have already been 
discussed in full in the preceding section. 


Also we may refrain from writing the first of the 
equations if we keep in mind that Àj is a constant. 
Thus equations (2.1) may be replaced by 


d, /ds = [h - (n - 2) a JEGA, + Hg), 
dX, /ds = Al- EN, 
(3) - &[(n - D/E, + Ho), 


dh,./ds = A, -E 


= y (n - 1)/v?]ECAA, * 3^5). 


Whenever I - s is a tabular value of t, the tra- 
Jectory sheet furnishes us with values of the quanti- 
ties E, x, y and v? (or v2/100). With the last of 
these we enter a table of the function (n - 1)/v?, 
assuming that such a table is available. (For at 
least some drag functions both n - l and (n - 1)/v? 
have been computed and tabulated. ) 


On a computing sheet we tabulate either n - 1 or 
(n - 1)/v?, according to the tables available, for 
each s such that I - s is a tabular value of t. It 
will hardly be profitable to copy the trajectory entries 
for E, x, y and v2, but it is desirable to tabulate 
t= I - s to facilitate comparison with the trajectory 
sheet. Ye provide columns for the three functions 
T Àj and Ac, for their first derivatives, and for 
the first and second differences of each of these 
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derivatives. Since we know the values of the M at 
s= I - T, we can compute their derivatives by means 
of (3). The process of obtaining more lines is a sim- 
plification of the numerical integration process of 
Chapter VI. Suppose that line s = s,_} is complete ex- 
cept for a final verification of the values Ao, Àj, and 

. The second differences of the derivatives are 
extrapolated to the next line, s = Sp, and from these 
the values of À5, À, and As at s = sp are computed by 
Simpson's rule fn the form (VI.3.1). From these, the 
derivatives of the M at s = 5ῃ are computed by means 
of equations (3). If these disagree excessively with 
the extrapolated values it will be necessary to re- 
compute the line. When final values are reached, we 
will also have final values for the second differences 
of the derivatives at s = s,. So we can verify the 
entries for Às, Àj and Àg on line s = s, j by means of 
(V1.3.3). 


The organization of the computation has of course 
a great degree of arbitrariness. One of the many 
possible ways of performing the computations with 
the help of a computing machine will now be described. 


(A) If standard temperature is ngt constant, multiply 

the listed values of (n - 2)/v* by v^a,. Subtract 

from h, enter ash - (n - 2 a If standard temperature 
3 


is constant, so that a, = omit this step. 


(B) Extrapolate the second difference of d)e/ds, 
compute Ao(s,) by (VI.3.1), and enter as λρίϑῃ). 
(C) Repeat (B) for A and Ace 


(D) With the values of X and y from the trajectory 
sheet, compute XX, + yAc. Transfer to keyboard, mul- 
tiply by E. Transfer to keyboard, multiply by number 
under (A). Enter product as dAo/ds. Clear dials. 


(E) Multiply number on keyboard (which is ΕΛ, + yro)) 
by X, and enter in a column. Clear dials. 
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(F) Multiply number on keyboard by y. Enter result. 


(G) The two preceding steps gave us the last terms 
in the second and third of equations (3). Use these 
equations to find dX /ds and dvs /ds. 


When the normal trajectory has been computed with 
constant temperature, so that aj = 0, it is customary 
to introduce a new variable A,, defined by the equa- 
tion 


(L) Ap * Ag/he 

Then equations (3) may be replaced by 
d Λρ/ὰβ = Ε{άλι + Fhe), 

(5) dj/ds = Ay = EX, - ἀ[ίη - 2)/v?]d Ao/ds, 
dX/ds = hA, - Ἑλς - $[(n - 1)/v?]a ^ às. 


Steps (B) to (G) of the preceding paragraph apply 
to these with only obvious amendments. Step (A) is 
omitted. 


Since disturbances such as winds ana departures 
from standard density and temperature can hardly be 
determined to within one per cent, it should be satis- 
factory to have the solutions of the adjoint system 
accurate to one per cent. This means that it will 
not be necessary to carry as many significant figures 
in the solution of the adjoint system as in the ori- 
ginal solution of the normal equations. Three signifi- 
cant figures should be enough. As a secondary result 
of this, it may often be found that the second dif- 
ferences of the derivatives are so small that the 
trapezoidal rule furnishes enough accuracy in deter- 
mining the from their derivatives. In any case, 
the integration of the adjoint equations will ordi- 
nariiy be a much easier task then the solution of 
the normal equations. 
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D.  Gronwall's method for integration of the adjoint 
system. 


Suppose that we are interested in a particular 
solution 
(1) x= x(t), yry(t), 2220 


of the normal equations, and that we have found a 
family of solutions 


(2) x= x(t, ε)ν yrylt,e), 220 


of the normal equations depending in a differentiable 
way on a parameter € and reducing to (1) when e= 0. 
It is then possible to find a solution of the equations 
of variation (VIII.3.11) with the e all equal to zero. 
In fact, the functions 


(t) = ax(t, ε)/δε, 
(3) n(t) = dy(t, ε)/ϑε, 
c(t) = 0 


evaluated for € = O satisfy these equations. This may 
be shown without trouble if we recall that the normal 
equations are a special case of equations (VIII.2.h) 
and the equations of variation (VIII.3.11) are the 
corresponding special case of equations (VIII.2.17). 
In this notation, our task is to show that if the 
functions y;(t, €) satisfy (WIII.2.l) for alle, so 
that the equations 


(L) ay; (t, ε)/δὺ = f(t, y(t, ε)) (i = 1, ..., n) 
are identities in t and €, and if we define 


(5) n4(t) *ay,(t, ε)/δε 


for €= O, then the functions (5) satisfy 


n 
(6) àn(t)/at = = (af /oy;mj(t) (1-1, ..., n). 
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If we differentiate both members of (L) with respect to 
€ and set € = 0, and make the substitution (5), we ob- 
tain (6), and the statement is established. 


Às a trivial application of this, we observe that 
if (1) is a solution of the normal equations, so is 
(7) x=x(t)+e, yry(t), 250 


for alle. So the functions (3), which now have the 
special forms 


(3) E(t) = 1, nt) = c(t) = 0, 


must be solutions of the equations (VIII.3.11) with 
e; = 0. This is obvious from the equations. As a less 
trivial application, we observe that if (1) is a solu- 
tion of the normal equations, so are the functions 


(9) xex(t+e), yry(t+e), 5-0 


for all values of e. Therefore the functions (3), 
which now have the special forms 
(10) E(t) = x(t), nlt) = x(t), c(t) = 0, 


must satisfy the equations of variation (VIII.3.11) 
with all e4 equal to 0. But whenever the 61 are all O, 
the right member of (1.17) is a constant. ὁ by (1.17) 
we find 


(11) Aii + doy -λ μα λε = k, 
where k is a constant. 

With the help of equation (11) it is possible to 
reduce the third-order system (4.3) to a second-order 
system, in any of an assortment of ways. For example, 


let us replace the second derivatives of x and y by 
their values from the normal equations; then (11) yields 


(12) ληχ + oy - BECA, + YAc) - gàg = k. 
If this is solved for and the result substituted in 


(4.3), the last two of these equations determine Ay and 
Ἆς, But the advantage of this procedure is meager. 
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However, in the special case in which standard tem- 
perature is constant, so that aj = 0, a more significant 
simplification can be had. With notation (L.L), (12) 
yields 


(13) he 2 (A, +h Ao -d A, /ds - k)/g. 
From the first of equations (1.5), 
(14) Ay -- (ϑ/Χ}Ὰς + (4 Ao/ds)/EX. 
In (13) we differentiate with respect to s, recalling 
that because of (4.2) we have 
dX/ds = - X = Ex, dy/ds = - ¥ = Ej +g. 


In the resulting equation we first Γ᾽ A g/ds by 
its value from (4.5) and then replace Ac by te value 
from (13). The result is 


2 2. - 
d? A,/ds? = E(23X, - k) + 2184 A, 


(15) 
+ (3L h + g(n - 1)/v2] - E}d A, /ds. 


For the Gâvre drag function, the function 
h + g(n - 1)/v? 


has been tabulated against ν2/100. Consequently for 
each s such that I - s is a tabular value of t we can 
compute the three coefficients 


(16) E(2&M - k), cj, H[h + g(n - 1)/v°]- E 


of equation (15). The integration of equation (15) now 
can be effected as in Chapter VI. From the values of 
A» we can find the unit effects and weighting factor 
ος. for the differential effects of departure from 
standard density, and also we can find either unit 
effects and weighting factor curves or else norm effects 
and normalized effect curves for the differential 
effects of departures from standard temperature. The 
procedure is the same as in Section 2 of this chapter. 
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If the time of firing is t = 0, by (2.11) the effect of 
a constant unit range wind is T -}),(0), and after (15) 
is solved this can be found by use of (13) and (1h) at 
time t = 0. But if a weighting factor curve for wind 
is desired, or any other effect is desired which re- 
quires the quadrature in (2.1), equations (13) and (14) 
must be applied to find Ἆς and X, at a number of values 
of s or t spaced closely enough to permit the quadra- 
ture. The numerical integration of (15) is easier than 
the integration of the system (4.5), in spite of the 
necessity of preparing the coefficients (16). Buta 
considerable part of this gain is dissipated in having 
to compute λι and λς by (13) and (14). 


If the normal trajectory has been computed with a 
non-constant standard temperature law, as is in fact 
customary at the present time, there is no chance of 
comparing the method of Bliss with that of Gronwall, 
since Gronwall's equation (15) applies only when 8} = O. 
In this case Bliss' method must be applied to the equa- 
tions (4.3) instead of to the slightly simpler system 
(4.5), but the additional labor is small. 


6. The adjoint system based on slope. 


So far we have discussed the adjoint system based on 
time; that is, the system of equations adjoint to equa- 
tions (VIII.3.11). However, the use of adjoint systems 
is not restricted to any one system of equations. It 
will now be shown that there is a great gain in sinpli- 
city if the system adjoint to equations (VIII.4.11) is 
used instead of the system adjoint to (VIII.3.11). 


According to the definition in Section 1 of this 
chapter, the system adjoint to (VIII.4.11) is 


dA, /dt = (n + LEA, - 2(3/XX, - 2h, - (L/F , 
T" d^, /àt = -[h - (n - 2)a,JEM,, 
dA. /dt = 0, 


dh, /dt = 0. 
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These are of course not the same functions as in the 
preceding section. It is at once obvious that because 
of the last two equations the functions λα and Ay, are 
constants, so that (1) is in fact a second-order system. 


If we wish to find differential effects on range, we 
see from the first of equations (VIII.4.16) that the in- 
itial values of the A,, at t = T, should be chosen to be 


X (T) - 0, M (T) a - cot O(T) = cot o, 
d(T) = l, d(T) = ο. 


If the differential effects on time of flight are. 
desired, by the second of equations (VIII.4.16) we 
should: choose 


AG) = 0, Ἀρίτ) = - 1/$Q), 
A(T) = ο, A (D) 51. 


For if the choice (2) is made, then with the help of 
(VIII.4.16) and (VIII.4.13), equation (1.17) reduces to 


dx(q|y = y(T)) 
E dy t9)[^ Vxo - (E/g(Vxo Ayo - Vyo Avxo)] 
+ Moy, 5 (Vy o/BVxo)(Vxo ὁ Yyo 7 Vyo4 σχο) 1 
(4) + h(t Xa x, + (1/g (vxo A Yyo - yo Vxo)] 


+ X (6) [α/Ενκο) (vys Ayo - Yyo £ V0) J 


(2) 


(3) 


T | 
λ | 
+ : [ jibe, + A (tje, + - 
ο 
With the choice of initial values (3), the right 
member of (lh) represents dt(q ly = y(T)). 


e, + NUN. dt. 


Formula (hl) looks cumbersome, but in specializa- 
tion to the most important instances it undergoes 
notable simplitication. First let us consider a 
departure A © from standard temperature which is 
zero up to time t* and is equal to © thereafter. 
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By (L) and (VIII.h.12), 
T 

(5) ἀχί A e| y = y(T)) = | ,MO EX ((n - 2)/2] dt. 
t 


This is the quantity called h(t*) in Section 5 of 
Chapter VIII. From it we can find either unit effect 
and weighting factor curve, or norm effect and normal- 
ized effect curve. The factors M (t) and Εξ should be 
avallable from the sheet on which equations (1) were 
integrated, and the same sheet should also contain the 
values either of n - 2 or of n * 1l, from which the fac- 
tor (n - 2)/2 is readily found. If the A(t) has been 
found by solving equations (1) with initial values (3) 
the right member of (5) will furnish the differential 
eftect of the disturbance on the time of flight, instead 
of on the range. 


Next we investigate the differential effects of a 
departure from standard density. If the departure A H* 
from standard density has value zero before time t* and 
value H thereafter, by (L) and (VIII.4.12) we find that 


T 
(6) dx(oH*ly = y(T)) = | A(t) Ek dt, 
t* 


when the initial values are those in (2). If they were 
those in (3), the right member of (6) would represent 
the differential effect on time of flight. Since EX has 
been found in solving (1), this is an easy quadrature. 
From it we find the effect curve for differential effect 
of non-standard density, and from this in turn we obtain 
weighting factor curves and unit effects. 


In the special case in which the normal trajectory 
has been computed with constant temperature, the 
integrand in (6) differs only by the constant factor h 
from the right-hand member of the second of equa- 
tions (1). So the quadrature in (6) was in effect 
performed while equations (1) were being integrated. 
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Equation (6) takes the form 


(7) dx( OH*y = y(T)) = (A(T) - λρίυθ]λι, 


The differential effects of range winds can most 
easily be found with the help of equation (VII.4.8). 
Let us suppose that the range wind wy," is zero before 
time t* and is 1 thereafter. Clearly there is no 
effect on the trajectory before time t*. We regard 
t* as the start of the trajectory; then at all times 
after this initial time we have w,* = l. Equation 
(VII.4.8) then furnishes us with 


(8) dx(w;"|y = y(T)) = T - οὗ - [6x/5vyo], (m); 


wherein Vxyg is understood to be the horizontal com- - 
ponent at time t*. With (2) and (L), this yields 


dx(w,"|y = y(T)) = T - t* -A (t*)[1 + Ef(t*)/g] 
(9) + AG H(t) P/g&(t*) 
+ y(t*)/g. 


The quantity g + Ey is available from the trajectory 
sheet, and likewise y; the value of $/X is available 
from the solution of (1). So the computation of the 
right member of (9) is not very difficult. It could 
be effected for example by the following sequence of 
steps: multiply Ao(t*) by $/X; add 1; multiply the sum 
by $; add X4(t*)9(t*); divide by g; add T - t*. 


The integration of equations (1) is slightly facili- 
tated by making the substitution 


(10) A(t) - A (t)/h. 
Then the first two of equations (1) take the form 
dX /dt = (n + 1)ἑλη - 2(hj/X) Ay - A, - (Y/3, 


d A fat » -[1-(n- 2)a, /nJEA,. 
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For finding differential effects on range, we use the 
initial values (2), which now become 


A(T) =A (T) = 0, 
(12) A(T) = cot w/h, 
A3(T) = l. 


For finding differential effects on time of flight 
we use the initial values (3), which in the present 
notation are 


A(T) = d3(T) e 0, 
(13) A(T) = = 1/πφ{1), 
A(T) = l. 


As in both previous methods, it is advisable to 
change variable from t to s = I - t, where I is the 
first tabular value of t above T. The left members 
of (11) are thereby replaced by - ἁλη/ὰβ and - d A,/ds 
respectively. For each s such that I - s is a tabu- 
lar value of t, we look up the value of n - 2 in the 
appropriate table and enter it on a computing sheet. 
If a is not zero, we compute and enter 1 - (n - 2)a4/hj 
if aj is zero, we omit this step. From the ira jectocy 
sheet we compute 2hy/X and enter it; and if differ- 
ential effects on time of flight are desired, we also 
compute and enter the function l/X. On the computing 
sheet we provide columns for Ms A5, their deriva- 
tives, and the first and second differences of the 
derivative of à]. If aj is not zero, we also provide 
a column for the values of EX. 


The integration process differs only trivially from 
that described in Section lh. First the derivative of 

is extrapolated, and by Simpson's rule in the 
form (VI.3.1) the value of A, is computed. This is 
multiplied by EX and entered an the column so headed 
if aj 40 and in the column d Ao/ds if aj = O. In 
the former case we multiply EXX; by the coefficient 
l- (n = 2)aj/h and enter the product as d Ao/ds. 
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Again we apply (VI.3.1) to find A», and then compute 
dÀ,/ds by the first of equations (11). If this dis- 
agrees excessively with the extrapolated value it 
will be necessary to re-compute the line. 

The alterations in previous formulas due to the 
substitution (10) are simple ones. In (9), the term 
involving ) should be replaced by 


A (t*) (21/4) (3/2g). 


The second factor was computed in the process of in- 
tegrating the differential equations. Also, in the 
case a, = O we can use equation (7), which in the 
Solent notation takes the slightly simpler form 


(1h) — ex(auU*|]y = y(T)) = A(T) - A (t*). 


Equations (11) are noticeably easier to handle 
than those of Section 2, whether by Bliss' method 
or that of Gronwall. They form a second-order system, 
as in Gronwall's method, but they are not restricted 
to the special case aj = O, and they do not require 
auxiliary calculations after the integration is com- 
plete, as in (5.13, 1h). 


As a rather easy example of a use of the method 
of this section (which however could equally well be 
treated by either of the preceding methods) we shall 
show that the relation 


(15) maximum ordinate = (time of flight)?/8g, 


which is exact for ground-to-ground trajectories in 
vacuo, has an error which is of second order in «v. 
Thus we may anticipate that (15) will furnish a good 
estimate for the maximum ordinate when time of flight 
is known. Examination of a collection of artillery 
trajectories will show that this is indeed the case; 
the error in (15) is surprisingly small. Let us 
choose the origin at the summit of the trajectory. 
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As normal trajectory we select the trajectory in. vacuo 
with initial velocity γρ and angle of departure O; 
the time is taken to be O at the summit. Then the 
equations of the trajectory are 


(16) κ. vot, y = - gt^/2. 


We first find the gifferential effects on time at the 
level y = Y = - gT“/2 on the descending branch of the 
trajectory. Since E = 0, the functions dy, À4 and 
are all constant, as is evident from (1); and since the 
initial values are given by (3), we have 


(17) A, = gl, A20, Ay 51. 
It is now easy to solve the first of equations (1) 
with the initial value A} (T) = 0; the solution is 


(18) A10) = (t? - tT)/v T, 
wherein we should recall that Vy is a constant. 


Now let us suppose that a range wind with speed w, 
is blowing; that the velocity at the summit changes 
from νο to v + ÂV; and that the drag deceleration 
‘changes from the value O on the normal trajectory to 
the value (A E)v on the disturbed trajectory. Then the 
added acceleration has components - (4 E)£, - (ΔΕ), 
which are the a, and in (VIII.4.12). An important 
property of ^ E is that it depends only on the velocity 
and on the altitude, since density and temperature are 
determined by the altitude. Since velocity and altitude 
are the same at time - t as at time t, we have 


(19) δ Ε - t) = AE(t). 


Recalling that on the normal trajectory E is O, from 
(VIII.h.12) we obtain, 


(20) e1 "- (ΔΕ), 9ο”61”36ι” 0. 
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The right member of (L4) is the differential effect 
on time at y = Y caused by the disturbances, since 
initial conditions (3) were used. Since the only 
initial condition changed is vyg and A, (0) = 0, we 
thus find 


T 
(21) dt(qly =Y)=- | [(^ E)&(t? - tT)/v,T J at, 
O 


where q is an abbreviation for the aggregate of all 
the disturbances acting on the trajectory. 


In the same way, in order to find the differential 
effects at level y = Y = - gT“/2 on the ascending 
branch, we solve equations (1) with initial condi- 
tions (3) holding at time t = - T. This time we ob- 
tain 


λη(υ) = - (t? + tT)/v,T, 
A, a =- 1/gT, λα = O, AL = Li 
Corresponding to (21) we obtain for the differential 


effect of the disturbances at altitude Y on the ascend- 
ing branch 


(22) 


-T 
(23) dt(qly = Y) =+ | [(o E)&(t? + tT)/v,T ] dt. 
0 


If we change variable from t to - t, recalling that 
ΔΕ and x have the same values at - t as at t, we 
find that this is the same as (21). That is, to first 
order the change in time of passage of altitude Y on 
the ascending branch is the same as the change in time 
of passage of altitude Y on the descending branch. 
Therefore the time of flight, which is the time-inter- 
val between the two passages of altitude Y, is to 
first order left unchanged, as we wished to prove. 
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7.  Moulton's method. 


Since the computation of differential effects by the 
methods of Sections 2, 5 and 6 requires integrating the 
adjoint system of equations from time T backward, it is 
evident that it requires some modification before it can 
be effectively applied to trajectories in which, mathe- 
matically speaking, there is no end point. In Section 1. 
it was mentioned that anti-aircraft trajectories and 
bomb trajectories are of this type. This difficulty can 
be circumvented in either of two ways which superficial- 
ly seem quite different. The first possibility is to 
find a basis of solutions of the adjoint system. In 
terms of this basis we can express every solution of the 
adjoint system. So when we select any particular point 
at which we desire to finda differential effects, say on 
range, we can form that combination of the solutions in 
the basis which has values (2.2) at the point where the 
effects are wanted. From this point we can proceed as 
in Section 2. The second possibility is to find a basis 
of solutions of the homogeneous equations of variation, 
consisting say of equations (VIII.3.11) with all ey set 
equal to O. Then the solution of the non-homogeneous 
equations (VIII.3.11) can be found from this basis by 
means of equation (1.19). The former of these methods 
was suggested by Bliss in his, original papers on the 
adjoint system; the latter is proposed by Moulton in his 
book New Methods ip Exterior Ballistics (Chicago: The 
University of Chicago Press, 1926). It is interesting 
to observe that the two methods are not really as dis- 
tinct from each other as a first glance might suggest. 
If, for example, we select the second method, in order 
íi use equations (1.19) we must compute the functions 

But these functions form a basis of solutions of 
ΙΝ... system. On the other hand, if we select the 
first method we integrate the adjoint system to find a 
basis of solutions of the adjoint system. For a given T 
we wish to find the combination of these functions whose 
values at T are given by-(2.2) or by (2.12) if differen- 
tial effects on time are desired. This means that we 
must solve equations like (1.7) with the A, j in place 
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of the $,,. But the method of solving these equations 
explained in the sentences following (1.7) would lead us 
to functions &;y which form a basis of solutions of the 
homogeneous equations of variation. 

Since the differential effects on deflection have 
already been discussed, we need only consider the first, 


second, fourth and fifth of equations (VIII.3.11). 
These may be written in the form: 


dp/dt = E, 
dn/dt = ἡ, 
aé/dt = [h - (n - 2)a JExn - Εξ 
- Ex[(n - 1)/v? X&& * $9 + οι, 
df/dt = fh - (n - 2)JEY - Ef 
- Ef [n - 1)/v?] (x + $A) + ec. 


(1) 


We seek a basis of the homogenized equations (1), that 
is of equations (1) with e4 set equal to 0. For this 
we need four sets of functions 


(2) Edt), η (Ὁ), E(t), ἡ (Ὁ) (v= 1, 2, 3, h) 


each of which satisfies (1) with e4 = O and whose 
determinant is not zero. By (5.8) one solution is 


(3) ξη(ς) * 1, a(t) = 0, ξ1(9) = ο, fij (t) = 0. 
By (5.10) another solution is 
Ealt) = x(t), που) = $(0), 
(L) Eo(t) = X(t) = - EX(t), 
Ao(t) = y(t) = - Ej - e. 
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It remains to find two more solutions by numerical 
integration. The initial values, dt time t = O, of 
these remaining two solutions is immaterial, apart 
from the requirement that the determinant 


E(t) EQ. E40). EO 


n (t)  n4(t) n4(t) (t) 
ο. tet. a. oe M 


(ο) Aalt) A(t) ALGO) 


be not zero. However, as Moulton points out, for 
firing tables it is necessary to know the change of 
range with change of initial velocity and also with 
change of angle of departure. Hence it is convenient 
to choose initial values of the last two sets of solu- 
tions in such a way that one of them corresponds to 
change of initial velocity alone, the other to change 
of angle of departure alone. Since 


(6) x(0) = νο cos 8, — y(O) = vg sin 9,5, 


corresponding to a change 4 νο in initial velocity 
we have 


(7) AY ” Av. cos 95» ÊYyo - Av. sin 65° 


ο yo ο 


So for the initial values of the third solution of 
the equations of variation we select 


& 300) = 0, n3(0) = 0, 


ξ 3 (0) = cos 6, À 30) = sin @. 


Corresponding to a change ὃ Og in angle of departure 
we have, to first-order terms, 


(8) 


4 = . Be 
T Veo vg sin 6,4 96 Vyo ê 99; 


Δ στο =v, cos 0,4 θο - γκο θ.: 
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So for the fourth solution we shall choose, except 


in the case Vyo * Ο, the initial values 


(0) = 0, n, (0) = 0, 
uo 5l l 


£j (0) E Vyo? à, (0) νο 


With these initial values of the solutions, determinant 
D has at t = U the value 


1 Vio ο ο 
0 ν «Ὁ O 
(11) D(0) = = = YoXyo- 
ο - Evo cos 9, - yo 
0 -Ewo-& sin & Vxo 


Unless launching is horizontal, as it is in the case 
of bomb trajectories, this is different from zero, 
and the four solutions form a basis. In the case of 
horizontal launching the four functions fail to form 
a basis; so instead of (10) we would use, for example, 
the initial values 


(12) &)(0) = 0, (0) = 1, (0) = 0, fj (0) = ο. 


If these are put in place of the last column in (11) 
we find Ρ(0) = g cos θο 4 O, so this set of four solu- 
tions forms a basis. 


In the case Wo + O Moulton suggests replacing the 
initial values (10) by their ratios to VoVyo, so that 
D(O) = 1. This results in a slight computational 
saving in finding D(t). 


After the third and fourth solutions have been found 
by numerical integration of equations (1) with e, = 0, 
it would be possible to compute the determinant D(t) 
from equation (5). But computationally this is quite 
undesirable. It is much easier to compute D(t) with 
the help of (1.6). Since in (1) there are four equa- 
tions, the integrand in (1.6) is the sum of four terms; 
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the first is the coefficient of ἕξ in the first equation, 
which is O; the second is the coefficient of η in the 
second equation, which is also 0; the third is the co- 
efficient of Pin the third equation, which is 


- E - Ex*(n - 1)/v?; 


and the fourth is the coefficient of ἢ in the fourth 
of the equations, which is 


- Ef?(n - 1)/v* - E. 


The sum of the four is - (n + 1)E, so by (1.6) we have 


t 
(13) D(t) = D(O) exp | [- (n + 1)E] dt. 


ο 


Since E is know from the trajectory sheet, and η + 1 
can easily be found from quantities entered on the sheet 
on which the third and fourth solutions of (1) were com- 
puted, the integrand (n + 1)E can be found without dif- 
ficulty. Then, by a numerical quadrature and a table of 
the exponential function, D(t) can be found. 


Next we need the four-by-four array of functions 
A. 4(t) defined by equations (1.11). The first column is 


(1h) A(t) 2], A = ^a - Ma = 0. 

The second column is 

A 1209) = x Ἀροίύ) = δ. Kol) d δι No, 
A509) = [ὁγῆμ - £5 VD, 
Aalt) = LEX, - (g + ΕΦ) 1/9, 
Ajo) = [le + BY)E3 - ERTS/D. 

It will be seen that only the values at t = to of 


the functions (15) enter the computations, so it is 
sufficient to compute them for this single value of t. 
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Moreover, even the values at t = to enter only in find- 
ing the differential effects of change of location of 
the muzzle, and unless these effects are wanted we may 
omit the four functions (15) completely. The third 
colum of the array is 


ληη(ῦ) = [- 0459, - πρ) 

- εο(ὴμ * (g ΕΦ) 

+ Ey (yh, + (g + E34) VD, 
Aag) = [Am = 95/0, 
AG = [i * (g * EV /D, 
λμη(ύ) =- [735 + (g + Ej )n,]/D. 


(16) 


It might be a help in computation to observe that the 
first of these is the sum of - x times the second, 
- €3 times the third and - ἔξ), times the fourth. The 
fourth column of the array is 


My = [= X48, - £y) 
+ E (JÈ + Ein) 
- 6 G5, + Exn3)]/0, 
Malt) = m8, = πιό) 
dy, (t) = = $6, - Επι, 
yt) - ye, + EXn3. 


(17) 


The remark after (16) applies here also. 


We are now ready to use equations (1.19). However, 
we must observe that the quantities which in Section 1 
were denoted by the symbols ei, eo, ej, ej are here 
designated as 0, O, ej, eg, because we have omitted 
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the third of equations (VIII.3.11). Equations (1.19) 
can be put in the form 
η 
E(t) = Z Eft) ο), 
vsl 
(18) 


η 
nt) = $5 nt) eft), 
val 


with the corresponding equations for the derivatives 
of ἔ and n, the coefficients ο (t) being defined by 


c(t) 
(19) 


t 
= c tg) + κ [A(t e(t) +A UO ec(t) ] dt, 


where the initial values of the c y are 


+ νο) ὁ 5 Ay lt) ^ Vyo* 
(Here it is understood that initial values for the 


trajectory are given at to and that ὢ xo, etc., are 
the changes in these initial values.) 


(20) 


If we wish to find the effects of a change in ini- 
tial conditions, it would be possible to compute the 
functions in (1h), (15), (16) and (17) at t = to, 
compute the c (tọ) by (20), observe that by (19) the 
ct) are constants because the e4 vanish identically, 
and finally compute E(t) and n(t) by (18). These are 
the differential effects on x and y at fixed t, due 
to the disturbance in initial conditions. From them 
we can deduce the differential effects on time and 
range at fixed y or on time and altitude at fixed x, 
if these are desired; we have only to apply (VII.1.10) 
or its special case (VIII.3.22). But because of the 
way in which we have selected the initial values 
of the second and third of the solutions of (1), 
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we already have the differential effects of the most 
important changes in initial conditions; these are the 
functions $3 » 13 and ŠL? 71, themselves. 


If initial values are unchanged, but there is some 
disturbance which causes the 61 to be different from 
zero, we first compute the corresponding e), and es. 
The functions in (15) and (17) having been prepared, 
we form the integrands in the four integrals (19) and 
perform quadratures so that the ct) are known for 
the entire interval of values of t for which the normal 
trajectory was computed. Then equations (18) furnish us 
witn the differential effects of the disturbance on x 
and on y at all times t from the start to the end of the 
camputed trajectory. From these we may find the effects 
on range and time of flight at fixed y or on time of 
flight and altitude for fixed x if we so desire. 


The process of computing a weighting factor curve is 
closely analogous to that in preceding sections. Sup- 
pose, for example, that we are studying the differential 
effects of a departure from standard temperature. The 
differential effects are desired at a point of the tra- 
jectory where time is T and y is y(T). Let t* be a time 
intermediate between to and T, and suppose that ΔΘ is 
zero at times before t" and is equal to Oat all times 
after t*. By (VIII.3.18) and (19) and (20), we see that 


T. 
(21) c fT) : - |.. BEn(),, + Py), dt. 


With these coefficients we compute &(T) and n(T) by 
(18). If we wish the differential effect on x at fixed 
y, "e apply (VIII.3.21) to obtain 


(22) dx( SO] y = y(T)) = E(T) - cot © n(1). 


This is the quantity called h(t*) in Section 5 of Chap- 
ter VIII. From it we deduce either unit effect and 
weighting factor curve, or else norm effect and normal- 
ized effect curve. If the curves are wanted for several 
different values of T, the materials are at hand; 
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it is easy to change the upper limit in (21) and make 
the. corresponding changes in (18). 


The weighting factor curves and unit effects for 
differential effects of range winds can be obtained 
without performing the quadratures in (19) by using 
(VII.h.7, 8). Also there is a device by which the 
weighting factor curves and unit effects for the dif- 
ferential effects of departures from standard density 
can be found without performing these quadratures. The 
details will not be written out here. They will be 
found in the next section, in connection with the method 
of computation of differential effects explained there. 
The authors are of the opinion that the method in the 
next section is computationally preferable to the one 
just explained, and will leave further details of spe- 
cific applications of the present method to any reader 
who may be interested in its use. 


For trajectories having no specific end point, it is 
possible to compute the differential effects of distur- 
bances at a smaller cost in time and effort than is re- 
quired by the method of the preceding section. The 
method now to be described has as its central feature 
the matching of points of equal slope on normal and 
disturbed trajectories. Before beginning it two remarks 
of a general nature should be made. First, the method 
is equally applicable to anti-aircraft trajectories and 
to bomb trajectories. In the latter, however, it is 
customary to choose the y-axis positive downward. The 
adaptation of our formulas to this system of coordinates 
is quite easy; all that is needed is to replace h, g and 
a) everywhere by - h, - g and - aj respectively. Second 
on bomb trajectories it will often be found that for 
large values of t the trajectory has been computed with 
a number of significant figures in x and X inadequate 
for present purposes. However, E has a sufficient 
number of significant figures, so we can find improved 
values of x by integration of the equation X = - EX. 
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From this we obtain 


t 
(1) Z(t) = ilto) exp | ( - E) dt. 
to 


In the system of equations (VIII.h.11) the first 
two can be solved independently of the last two; the 
last two can be solved afterward by a quadrature. We 
isolate the first two and write them in the homogene- 
ous form, with e4 = O, obtaining 


do/dt = - (n + 1)Eo + [h - (n - 2)ai JExn, 
dn/dt = (2y/X)e. 


From the trajectory sheet we can find v2/100 for each 
tabular t, and with this and a table of n we can find 
n+ l andn- 2. The trajectory sheet also furnishes 
us with E and y, and X we obtain either from the tra- 
jectory sheet or if necessary from (1). So for each 
tabular value of t we can compute the three coeffi- 
cients in (2). We suppose these prepared and tabu- 
lated. The numerical integration of (2) with given 
initial values is a fairly easy task. One reasonable 
procedure would be to extrapolate the second differ- 
ence of dp/dt, compute pon the new line by Simpson's 
rule in the form (VI.3.1), compute dn/dt by the second 
of equations (2), compute η by Simpson's rule in form 
(VI.3.1), and then compute do/dt by the first of equa- 
tions (2). If this disagrees excessively with the 
original extrapolation the line must be re-computed. 


(2) 


We shall need two independent solutions of (2), in 
order to have a basis of solutions. Any two will be 
satisfactory. Usually it will be convenient to choose 
(1, 0) and (0, 1) as the two sets of initial values. 
Thus if, as usual, the trajectory begins at time t = 0, 
we select initial values 


(3) P4(0) = 1, "m4(0) = 0; ϱρ(0) - 0, 1,(0) - 1. 
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As a result the determinant 

P(t) οί) 
(L) D(t) = 

Ny(t) no(t) 
will have the initial value 
(5) D(0) = 1. 


However, this is not essential; it is merely some- 
what convenient. The determinant D(t) could be com- 
puted without much trouble from the formula (L) after 
the two solutions of (2) have been found. However, 
by (1.6) we have 


t 
(6) D(t) = D(O) exp | [- (n + 23)E]at. 
ο 


The integrand is already available, being one of the 
coefficients in (2). So the computation of D(t) by (6) 
is easy, especially if the initial values (3) are used 
so that D(O) = 1. Having the independent computation 
(6) for D(t) furnishes us with a valuable computational 
check on the numerical integration of (2). 


After the four functions P1; T1» Pos Πρ have been 
found, we can compute by quadratures the four functions 


t 
2432) > | 2p, (t) dt, 
ο 
t 
OE | (1/1) e(t) ἀν, 
ο 
(7) : 
δορί Ὁ) - | 2p (t) dt, 
t 
τοί) = | (1/x) po(t) dt. 
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We tabulate these four functions. It is possible 
to proceed without computing them, but they are uje- 
ful in simplifying the computation of differential 
effects of range winds and departures from standard 
density. 


Since there are two equations in the system (2), 
equations (1.11) define four functions, namely, 


M(t) = 12(t)/(t), 
λχρ(ς) = 7 po(t)/D(t), 


(8) 
Ao (t) = - 1, (t)/D(t), 


Moo) = 9y(t)/D(t). 


Suppose now that there are disturbances which produce 
changes in initial conditions and also disturbances 
along the trajectory. The corresponding functions 

62, 63, ej, can be calculated by means of (VIII.l. 12) 
while the initial values of the functions p(t), etc., 
are furnished by (VIII.h.13). Then the differential 
effects at equal values of the slope m are given by 
the functions p(t), etc. By (1.19) and (VIII.1.11) 
these functions have the values 


p(t) = e(t) P4(t) + colt) Pot), 
Kt) = eq(t) ny(t) + eo(t) H(t), 


(9) | t 
E(t) = E(t.) + [ (2P + e3) dt, 
ο 


t 
T(t) = T(tg) + | (p /X + ej) dt, 
to 


wherein the two coefficients cj, co are defined by 
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y(t) = [no(tg)e(t9) - Palto) nto) J/D(t,) 


t 
+ | [noe] - ?2e2)/D] dt, 
to 


(10) a(t) = C- m (toelt) +P lt n CS1/D Ct) 


t 
+ | [( ee nye) + P1e2)/D Jat. 
to 


In these equations it is not necessary that tg be O. 
If it is, the first terms in the right members of (10) 
are somewhat simplified. 


To find the effects of a change in initial condi- 
tions, we take to = O and all 61 = O in these equa- 
tions. If the initial values of the two solutions 
of (2) are given by (3), by (3), (10) and (VIII.l.13) 
the c4 are the constants 


y = P(to) = Avy, - (E/g) (νο â Yyo - Vyo ^ Yxo) ; 


Co = Y(to) = Ayo + (Vyo/BV xo) (vxo Δνγο 7 ὕγοΔνχο). 
Then by (9), (7) and (VIII.h.13), 
p(t) = yp, (t) + esos (t), 
n(t) = e1m1(*) + ορΏρ(ϐ), 
(12) E(t) = Axo + (1/g)(Yxoő vyo - vyo νχο) 
+ ο]ξ1(υ) + c2%2(t), 
T(t) = (1/vyg)( vo^ Yyo 7 Yyoô Yxo) 
+ e(t) + coto(t). 
From these the differential effects at fixed values of y 
can be found with the help of equations (VIII..16). 


Consider next the differential effects of a dis- 
turbance which does not affect initial values, but 
produces terms e; not all zero. We first compute the 
61 by (VIII.h. 13), and then by numerical quadrature 
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we compute and tabulate the integrals 


t 
ο 


t 
J4(t) | [( - me, + Pe, )/D] dt, 
(13) 


t 
J3(t) = | [2(J401 + Jo Po) * e3] dt, 


t 
Jy) | [ (1/X)(J404 * Jop 2) * e), ] dt. 


By (10), the first two of these are respectively c(t) 
and co(t). Hence by the first two of equations (9) 


P(t) = J4() Py(t) + Jolt) Palt), 
n(t) T ο (τ) n(t) * Jo(t) no(t). 


This and the last two of equations (9) show that the 
last two functions in (13) are respectively &(t) and 
T(t). If q stands for the disturbance producing the 
functions e4, by (1111. 16) and the preceding equa- 
tions we have 


(1L) 


dx(q|y = y(T)) 

= J4(7) - [XCT)/30) 1 ILT) + σρ(τ)πο(τ)], 
dt(a|y = y(T)) 

= JT) = [L/D] 400) (7) + σο(τ)ηοίτ)], 


together with two equations for the differential effects 
on components of velocity which we shall omit. 
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If we were interested only in a:single value of 
T, this method could not compete with that of Sec- 
tion 6. To obtain the quantities in (15) two numer- 
ical integrations of equations (2) were needed, plus 
the four quadratures (13). If only the differential 
effect on range is desired, this could be attained 
by the method of Section 6 at the cost of one numeri- 
cal integration of equations (6.1), which is about 
as much work as one integration of (2), followed by 
a single quadrature (6.5). If differential effects 
on both range and time of flight are desired, the 
advantage of the method of Section 5 is much dimin- 
ished, for then two numerical integrations of (6.1) 
and two quadratures would be needed. But if differ- 
ential effects both on range and on time of flight 
are desired at as many as two different values of T, 
the four integrations and four quadratures called for 
by the method of Section 6 would require more work than 
is called for by the present method; and the advantage 
of this method increases with each increase in the 
number of values of T at which the differential ef- 
fects are to be found. 


If we compare the method of this section with that 
Of Section 7, we notice first that the two integrations 
of (2) are considerably easier than the two integra- 
tions of (7.1), which amount to two integrations of 
a third-order system followed by two quadratures. 
Equations (2) are of second order, and have simpler 
coefficients than (7.1). The quadrature (6) is a 
trifle easier than the identical computation (7.13) 
because the integrand in (6) is already tabulated as 
one of the coefficients in (2). The four quadra- 
tures (13) are of the same order of difficulty as the 
four quadratures (7.21). But the remaining numerical 
work, consisting mostly of (15), is far less labori- 
ous than the computations (7.15, 16, 17, 18). 


If the disturbance is of a type for which weighting 
factor curves are needed, we can find these curves by 
a modification of the method just described, although 
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we shall see later that for the important cases of range 
wind, departure from standard density and departure from 
standard temperature easier methods can be found. What- 
ever be the type of disturbance, when the disturbance q 
has unit value, ihe functions e4 will have certain 
values given by (VIII.h.12). With these e4 we compute 
and tabulate the four integrals (13). Now let t* be any 
time between O and the last tabular value of t, and let 
q* be a disturbance of the type being discussed whose 
value is O at all times prior to t* and is 1 at all 
times thereafter. The corresponding e4 are those for 
which the integrals (13) were computed when t » t*; for 
t < t* the e, are zero. By (10), 


(16) eq(t) = Jy (t) - Jp(t*), co(t) = do(t) - Jo(t*). 


Then p(t) and nt) are given by the first two of 
equations (9), while 


t 
Et) = | (2p + 91) dt 
+* 


= Ja(t) -.J3(t*) - J (t*{ E(t) - Fy (t*) J 


- J (t*[E€ (t) - E (&*)], 
an) οι Σο £4()] 


T1 (t) = (p /x + e|) dt 
T 


= Jj) - 409) - A G4) - 0 (t*)] 


- J (t*)[t,(t) - του”). 

By means of (VIII.h.16), from the functions n(t) given 
by (9) and (16) and the functions Qt) and T(t) given 
by (17) we form the differentials dx(q*ly = y(T)) and 
dt(q*|y = y(T)) for any desired value of T. From these 
functions of t* we can find the effect curves as in 
Section 5 of Chapter VIII, and from these effect curves 
we can compute either unit effects and weighting factor 
curves, or norm effects and normalized effect curves. 
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It is fortunate that for the important special 
cases of range wind, density and temperature effects 
a simpler procedure can be devised. Consider first 
the case of a range wind. Let w,* be a range wind 
which at all times before t* has the value O and at 
all times thereafter has the value 1, We regard t* 
as the initial time; no disturbance has taken place 
previously, and by regarding t* as initial time and 
confining our attention to subsequent times we may 
consider that there is a wind of constant strength 1 
at all times from initial time on. If the initial 
conditions (at time t*) are changed by amounts 
(18) by = by x bv, = 0, dv, 1, 
by (VIII.h.13) the functions p(t), etc., have the 
initial values 


p(t*) = 1 + E$(t*)/g, 

n(t*) = - [3(t*) P/ex(t*), 

E(t*) = - y(t*)/g, 

v(t*) = - y(t*)/gx(**). 
To find the differential effects at a time t later 
than t* produced by the change in initial values (18) 
at time t*, we first apply (10) with the e4 set equal 


to zero and with tg chosen as t*, The cy are then 
constants, with values 


οι " {n(t*) [1 + Ey(t*)/g] 
+ pol t*)F(t*)]*/ex( t*)}/D(t*), 
Co s - (πα) + Ey(t*)/g ] 


+p AG H(t) P/ek(t*)} /D(t*). 


The functions p(t), etc., defined by (9) with these co- 
efficients are the differential effects on v,, etc., at 
equal values of m, caused by a change of 1 in v,(t*). 
So by (VII.3.10) these are the quantities denoted 
by [δνκ/ δν (03) Jnem(T)» etc. With this notation 
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(19) 


(20) 


equations (9) become 
[5v,/ ev. (t*)] m(T), = σηρ1(Τ) + coPo(T), 
[oy v(t”) t) = c3Th(T) + ορηρ(τ), 


[5x/6 v(t*) Lie) 

= - y(t*)/g + Ci E1(T) - &(t*)] 

ver + eglEa(T) - £(t*)], 
bt /dv,,( t*) (7) 


= = 7(t*)/ex(t*) + οα(τι(τ) - H(t*)] 
+ Co [«,(T) = vA (t*)]. 


Combining these equations with (VIII..16) and (VII.4.8) 
yields 


dt(w,*|y = y(T)) 
= ¥(t*)/gx(t*) | 
-ο][τι(1) - π(ο) - o(T)/¥(T)] 
| - ορἷτο(Τ) - το(οξ) - n4 (0)/$00)], 
dx(w* |y = y(T)) 
= T - tř + y(t*)/g 
- c (Ey (7) - £309) - (GC/$(00)Q (07)] 


- co[£5(7) - En(t*) - (ἀ(τ)/ίτ))ηρ(τ) J, 


together with two equations for the differential ef- 
fects on the components of velocity which we shall 
not exhibit. 


Equations (22) have been used in the following way. 
For an appropriate selection of values of t* (the selec- 
tion Οἱ = 2, 4, and all multiples of 8 seconds was found 
serviceable) the coefficients cj and 60 were computed 
by (20). The effects (22) were desired at certain | 
values of Y which were exact multiples of 1000 feet; 
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these corresponded to non-integral values of t, say 
Ty, To, .... Instead of interpolating for the values 
of the functions corresponding to these T;, a graph of 
each function (22) was drawn, showing it as a function 
of T for each fixed selected t*. Points on the graph 
were found for tabular values of t near the Ty, so 
that the graphs would be accurate at the Ty. The re- 


. sulting graphs had the appearance of Figure l. Now 


for each selected T4 the graphs furnish the values of 
dx(w,"| y = y(74)) and dt(w,] y = y(T1)) for the selected 
values of t*. Thus for each fixed T4 the differential 
effects are known as functions of t*. These are the 
same as the functions h(t*) of Section 5 of Chapter VIII 
from which the unit effects are weighting factor curves 
may be deduced. 


There are three of the more important disturbances, 
namely, departure from standard density, departure from 
standard temperature and change of G, which share 
the property that eo = e3 = eJ, = 0, as is shown by 
(VIII.4.12). It is possible to utilize this common 
property in such a way as to avoid the quadratures (13), 
or rather to replace these quadratures by a much simpler 
computation. Let €,(t) be a function continuous for 
to S t S T. To be specific, we shall suppose that 
we are interested in the effect on range at height 
y * y(T); a similar discussion applies to effect on 
time of flight. If a disturbance (say in density) is 
absent until time t* and from t* to T is present in 
such magnitude as to produce ej = €1(t), it will have 
a certain differential effect, which we will call 
f(t*, T). By (6.4) we know that there is a certain 
function (t) such that 


T 
(23) f(t*, T) = | A(t) e(t) dt; 
t* 


and we shall make use of this. However, the real point 
of the present discussion is the avoidance of the ac- 
tual computation of this and related integrals. 
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Next we suppose that q(t) is a unit disturbance of 
any one of the three types mentioned in the first sen- 
tence of the preceding paragraph. To this disturbance 
corresponds a continuous function e1(t); as already 
stated, eo = e} = ej] = O. Let αι) be a similar 
disturbance which is O before time t* and is 1 there- 
after. We denote by h(t*, T) the differential effect 
of αν on range x at height y = y(T): 


h(t*, T) = dx(q y |y = y(T)). 


This is the same as the h(t*) of Section 5 of Chap- 
ter VIII. Again by (6.h), 


T 
(2h) h(t*, T) = | e} (t) (t) dt. 
t* 


Now let tj S t = t5 be an interval on which neither 
€] nor Àj is zero. t b and B denote the least and 
greatest ys of the ratio ey (t) 1 (t) for the inter- 
val tj Í t S to. Then on this interval we have 


(25) de (t)y(t) 5 θι(υἉη(υ) Ξ Be GN (t) 


if £q*À4 > 0, the inequalities being reversed if 
E1* À < 0. By integrating from tj to to, 


lici T) - f(t; T)J= h(to, T) τε h(t, T) 


5 B[f(t5, T) - f(&, 7)], 


the inequalities being reversed if cj*Àj < O. In any 
case, h B. T) - h(t4, T) is the product of 


[f(to, T) - είν, 7)] 


by a number between b and B, which by the continuity of 
eV is the value of e(t)/ 1(t) at sone t between ti 

and t. We have thus shown that if €j'À 4 O between ty 
and t5, there is a number t between t4 M to such that 


h(t5, T) - h(t], T) 


(27) E : 
: = [e,(t)/ez(t) HE Γ(νο, T) - f(t4, T) }. 
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This statement attains usefulness by way of a judi- 
cious choice of e(t). We select 


e(t) = - Ex{h - (n - 2)a, ]. 


If we substitute this in place of e in (VIII.4.11), 
along with eo = 6} = ej, = O, the resulting equations are 


dp/dt = - (n + 1)Ep + [n - (n = 2)a ]Ex(n - 1), 
8) dr/dt = 2yp/X, 

d,/dt = 2p, 

dt/dt = (1/x) 
Thus we see that from time t* on, the four functions 
e(t), Mt) - 1, &(t), T(t) satisfy the homogeneous 
equations (VIII.4.11). At time t* the values of x, 
y, x and y are unaffected by the disturbance, so by 
(VIII.4.13) all four functions p(t*), πο”), E(t*), 
t(t*)-are zero. Since p(t) and n(t) - 1 satisfy (2), 
they must be linear combinations of the two pairs of 


functions in the basis, so that there are constants 
Cj, C2 such that 


(t) = ÇC (t) + CoP (t), 
(29) P 1P1 2" 2 
nt) - 1 = cym(t) + com(t). 


The coefficients can be found by setting t = t*; they 
are 


(30) οι =P o(t*)/D(t*), co = - eq(t*)/D(t*). 
From (28) and the fact that § and T vanish at t* we find 
E(t) = ey £3 (t) - £3(09) ] + ed Eo(t) - Eo(t*)], 
v(t) = σηΐτῃ(υ) - T1(t*)] + co [Tof{t) = to(t*)]. 
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Thus at altitude y = y(T) the disturbance eit) has the 
differential effects (recalling (VIII.l.1I6)) 


dx(& ly = y(T)) 
= - (X(T)/X{T)) 
+ (e (tX ELD- (X(T)/HT) In, (T) - £009] 
τω ey (t*LE(T) - (X(T)/H(T) NT) - £4009])/0(e9, 
dt(& |y = y(T)) 
= — 1/$(T) 
+ (ea [D - AADMA 2,099 ]- 
- -ρ.(υ΄Χτο(τ) = (1λ{τ))ηρ(τ) - TAD), 


together with expressions for differential effects 
on components of velocity which we shall not write. 


To be specific, let us suppose that we are trying 
to find differential effects on range; differential 
effects on time of flight can be treated in the same 
way, using the second of equations (32) instead of 
the first. Let the left member of the first of equa- 
tions (32) be denoted by f(t*, T). Let us select 
any one of the several values of T at which the dif- 
ferential effects are wanted. For this fixed T we 
compute f(t*, T) for a collection of values of t*. 
This is somewhat easier than might. be suspected from 
a first glance at (32). The first step would be to 
compute the three numbers 


x(T)/y(T), 
(33) Ex(T) - ((T)/¥(T) ny (T), 
ξο(Τ) - (x(T)/¥(T) )no(T). 
570 Ch. IX 


Google 


If t* is any tabular value of t between Ο and T, we 
can compute f(t*, T) on a computing machine without 
writing any intermediate steps. First we set po(t*) 
on the keyboard, multiply it by the second of num- 
bers (33) and then by - &à (t*), The result is left 
on the dials, and the kév board re-set to the number 
pi(t*). This is multiplied by the negative of the 
last of the numbers (33) and by Eo(t*). The long row 
of dials now shows the quantity in braces in the first 
of equations (32). This is divided by D(t*). The 
quotient is set into the keyboard, and the first of 
numbers (33) added to it to furnish f(t*, T). 


Now let us apply this to find the effects of a de- 
parture from standard density. A unit change in density 
ratio is one for which ô H = H for all y. The corre- 
sponding ej, by (VIII.4.12), is 


(3L) e) * = EX. 


At any particular T, the differential effect on range 
produced by a departure from standard density such 
that A H = O before time t* and AH = H thereafter is 
h(t*, T). If the interval from O to T is subdivided 
into small intervals by points 

to = 0, ty, to, e009 T, 


each small enough so that £1 does not change sign 
on it (note that €] is positive), then (27) holds. 
Although t is unknown, a good approximation can be 
had by replacing ex (5)/e (5) by the arithmetic mean 
of its values at the beginning and end of the small 
interval. But 


(35) e,/e, = 1/[h - d - 2) a]. 
Hence, approximately, 
(ty, T) - h(ts_), T) 
| = (Av(35))[f(*4, T) - f(tyy, Τ)], 
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where (Av (35)) means the average of the values of the 
quantity in (35) at t4.j and at t4. Since h(T, T) = O, 
by addition of the differences in (36) we can find 
h(t4, T) for each t4. 


In case aj = O, the process is a little simpler, for 
then the quantity (35) is always 1/h, and therefore 


(37) h(t, T) = f(t, T)/h. 


In either case, from h(t, T) we proceed as in Sec- 
tion 5 of Chapter VIII to compute either unit effects 
and weighting factor curves, or else norm effects and 
normalized effect curves, completing the task. 


Next consider a departure from standard tempera- 
ture such that A O/G = 1. By (VIII.4.12), the cor- 
responding ej 18. 


(38) ei(t) = Ex(n - 2)/2. 
Therefore 
(39) e,(t)/e,(t) = - (n - 2)/2[h - (n = 2)a,]. 


As before, let h(t*, T) be the differential effect 
on range produced by a departure from standard tempera- 
ture such that A @ = O before time t* and 46 = © 
after time t*. Then by (27) we have approximately 


h(t4, T) - h(t4 5, T) = (Av(39) f(t,, T) - f(t, 3, Τ)], 


where Av(39) is the average of the values of the quan- 
tity in (39) at t4.1 and at ty. Since h(T, T) = O, 
this permits us to find by addition the values of 
h(t4, T), which as usual can be used to compute either 
unit effect and weighting factor curve, or else norm 
effect and normalized effect curve. 


A similar procedure can be applied to a change in 
G, but in this case only the differential effect is 
desired; na weighting factor curves are required. 
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9. Non-linear effects of large temperature changes. 


In the process of finding the differential effects 
of disturbances, there was in essence a double linear- 
ization. In the first step, equations (VIII.2.17) were 
shown to provide linear functionals of the ὁ f; which 
approximated the effects of the disturbances Δ {1 with 
an error which vanished to the second order with the 
norm of the disturbances. In the second step, the 
A f4 themselves were replaced by approximations linear 
in the several variables appearing as parameters in 
the f4, which in the ballistic applications were the 
density, relative sound velocity, etc. This second 
step in linearization leads to no additional error 
in the case of density, since E is already linear in H. 
But the temperature ©, expressed in degrees Kelvin, 
enters through the relative sound velocity 


(1) a= X 0/288, 


which occurs in the equation 
(2) E =y H(y) a G(u/a). 


The dependence of E on ϐ is therefore by no means 
exactly linear. We may anticipate, as a result, that 
the differential effect of:'a fairly large departure 
from standard temperature will be a less accurate ap- 
proximation to the actual effect than will the dif- 
ferential effect of a comparably large departure from 
standard density. This is in fact the case. Differ- 
ential corrections are adequately accurate for small 
departures from standard temperatures, but leave rather 
excessive residual errors when the departure from 
standard temperature is as much as 50 degrees or 
60 degrees Centigrade. 


- 


Insofar as these departures from standard tempera- 
ture are caused by fluctuations, not much can be done 
about them. But at high altitudes there is not much 
fluctuation, and it is possible to keep the depar- 
tures from standard rather small by judicious choice 
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of standard temperature law. Unfortunately, in the 
case of the trajectories of bombs we are handicapped 
in the choice of temperature law by the need of using 
a constant standard temperature. It was pointed out 
in Section 2 of Chapter IV that by assuming aj = O, 
it was made possible to eliminate one parameter and 
thereby greatly reduce the number of trajectory com- 
putations needed to prepare a set of bomb ballistic 
tables. Although the assumption of constant tempera- 
ture of 59 degrees Fahrenheit is rather far from the 
truth, it leads to no serious trouble when the altitude 
of release does not exceed some 25,000 feet. For then 
in the upper portions of the trajectory 4 © may be 
quite large, but the bomb has not yet reached velocities 
near the velocity of sound, so E is not yet large and 
the factor η - 2 is also not much different from zero. 
In the lower parts of the trajectory (n - 2)E is larger, 
but these parts of the trajectory are in the warmer 
levels of the atmosphere near the ground, and so A ϐ 
is not so large. However, when the release altitude 
exceeds 25,000 feet the effect of departure from stan- 
dard temperature becomes more significant. But it 
is hardly feasible to make a differential correction 
for departure from standard temperature. At strato- 
spheric levels the departure from the constant standard 
of 59 degrees Fahrenheit is normally over 100 degrees 
Fahrenheit, and the differential effect of such a de- 
parture from standard temperature may be a very poor 
approximation to the actual effect. 


Let us then envisage ourselves in the following 
situation. A number of trajectories have been computed, 
with an assortment of values of vy andy, (or C), each 
running through a range of values of y beginning with 
O and ascending to a bound greater than any reasonable 
bombing altitude. Each of these is computed on the 
assumption that standard sound velocity ratio a is 
constantly equal to l. From them a set of ballistic 
tables has been prepared, showing range and time of 
flight as functions of release altitude Y, initial 
velocity vg and reciprocal ballistic coefficient Y. 
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Also, unit effects and weighting factor curves are 
prepared for several types of disturbance, including 
departure from standard density. Now we choose a new 
_standard relative sound velocity function a*(y) which 
is a better approximation to average conditions than 
the original standard a = 1. We wish to find adequately 
accurate answers to two questions: 


(A). Suppose that a bomb of reciprocal ballistic co- 
efficient y is dropped from altitude Y with speed v,, 
all conditions being standard including the relative 
sound velocity, which is the new standard a*. The 
bomb. will have a certain range X and a certain time 
of flight T. If in the ballistic tables we find the 
reciprocal ballistic coefficient of a bomb whose range 
is X when release altitude is Y and initial velocity 
is vg, the value we find will not be Y, but will be 
some other value Yy y, because the ballistic tables 
were prepared under the assumption a = l. (The sub- 
scripts b, X are intended to signify that the Y was 
found from the ranze by using the ballistic tables.) 
Similarly, from the ballistic tables we find that if a 
bomb has time of flight T when dropped from altitude Y 
at speed vg, its ballistic coefficient must be Yp T, 
which will be different from y because of the assumption 
a= l underlying the ballistic tables. How can we 
determine T, y from Y, and conversely; and how can we 
determine Yb,T from T, and conversely? 


(B). On any given day, the temperature will not be 
the same as standard. How can we find the differen- 
tial correction for the effect of the difference be- 
tween actual temperature and that corresponding to 
the new standard relative sound velocity function a*? 


If the drag function on which the tables are based 
is not greatly different from the actual drag function 
of a given bomb, after corrections have been made for 
all departures from standard conditions we should 
anticipate that experimental range bombings from 
various altitudes will provide nearly equal values 
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for the reciprocal ballistic coefficient. But if the 
tables have been based on constant 59 degree Fahren- 
heit temperature, and no correction is made for de- 
parture from standard temperature, it is to be expected 
that experiments at different altitudes will lead to 
different estimates for y, the variability being es- 
pecially marked when the release altitude is great. 
This makes extrapolation to altitudes and speeds be- 
yond those of the experiments both more difficult 
and more doubtful. If we can answer (A) and (B) with 
satisfactory accuracy, we will be able to correct 
for effects of temperature and thus (presumably) to 
obtain more nearly constant values of y from the ex- 
periments, with consequent gain in ease and trustworth- 
iness of extrapolation. 


Since we are interested in effects of temperature 
changes and not in effects of change of initial con- 
ditions, we shall assume that the bomb is launched 
horizontally with speed vg at height Y. We can choose 
the origin vertically below the point of release and 
integrate the equations of motion with initial values 
x(0) = O, y(0) = Y, x(0) = v,, y(0) = O. At the point 
at which y = O the x-coordinate will be the range X 
and the time will be the time of flight T. It is of 
course not usual to choose the axes in this way, since 
the axis system in Section 2 of Chapter IV is more 
convenient in practice. Nevertheless the present 
choice is logically sound and is more easily fitted 
into the discussion about to be presented. 


The range X will depend on the reciprocal ballistic 
coefficient v, on the function H which specifies rela- 
tive air density as a function of altitude y, and on 
the function a which specifies relative sound velocity 
as a function of altitude y. In the terminology of 
. Section 1 of Chapter VIII, X is a functional of these 
two functions; and in accordance with the notation 
we have been using for functionals, we write 


(3) x= Xv, HC ), αἰ )]. 
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Likewise the time of flight T also depends on these 
same variables, so that 


(ἐν) | T = T[ ys H( 5 a( )]. 


The dependence on Y and v, and g will be omitted from 
the notation, since these quantities are not to be 
changed in this discussion. If the standard density 
function is denoted by H*(y), the ranges and times 
of flight in the ballistic tables, for initial velocity 
vg and altitude Y, are the quantities 


(5) X= x[y, H*( )s 1], T = Ly, H*( m 1]. 


Suppose now that at some time the relative sound 
velocity function is a(y). For given values Y, vg and 
Υ» of altitude, initial velocity and reciprocal ballis- 
tic coefficient the normal trajectory is the solution 
of the equations 


i À = - Y, Hy) ο(ν) ἃ, 


y = - vy Hey) G(v) ¥ - g. 


For each y we can find the corresponding v and com- 
pute the ratio 


(7) | R(y) = G(v)/a(y)G(v/a(y)). 


In (6) we substitute the value of G(v) from (7), ob- 
taining 


X *- vy [R(y)H*(y)] aly) G(v/aly)) x, 
y =~, RGOR*G] aly) Glv/aly)) ¥ - g. 


For the given vg and Y the solutions of (6) and (8) 
are identical, since the equations are in fact iden- 
tical. Hence at y = O the solutions of (6) have 
the same values of x and t as the solutions of (8). 
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In the notation (5) and (lj 
Xr R( )H* ( ), a( )] = XY,, g*( )s 1], 
ty, Β( )H*( ), a( )] = dy,, ο, 11. 


If density is normal, or (more realistically) if ef- 
fects of departure from normal density have been re- 
moved, the quantities of interest to us are the range 
and time of flight corresponding to density law H* 
and relative sound velocity a(y). If the reciprocal 
ballistic coefficient of a bomb is Y, and it is dropped 
at initial velocity νο from height Y, and all conditions 
are standard except that the sound velocity function is 
a(y), the range and time of flight will be 


(10) X= Xv, H*( ); a( )], T = tly, H*( P a( )]. 


With the given altitude and initial velocity, the 
ballistic tables will show the range X as that cor- 
responding to a certain reciprocal ballistic coeffi- 
cient ΥΓ. This is what we called yp y in (A); tempo- 
rarily we are omitting the subscript X for ease in 
printing. So by (5), 


(11) X[v, H*( ), al )] = X vy; H*( ), 1]. 

A similar equation would hold for time of flight, but 
the Y would then be what was termed Yb,T in (A). 
By (ο) and (11), 


(12) χ[υ, H*( ), a( )] S χ[υς, R( )H*( P a( )]. 


(9) 


Our approximate evaluation of the terms in (12) 
will be based on two assumptions. The first is that 
the difference between the right member of (12) and 
the corresponding term with the second argument re- 
placed by the standard H*(y) can be adequately esti- 
mated by means of the differential effect of change 
of density on range. We may feel confident of this, 
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because many numerical trials have shown that the 
linear approximation to effect of change of den- 
sity is quite accurate over a large range of density 
change. The second assumption is that the differ- 
ential effect of replacing, say, Xy, H*( ), a*( )] 
by Yp, R*( )H*( ), a*( )], can be adequately estimated 
by using the weighting factor curve for effect of change 
of density on range which was computed for the normal 
trajectory with the same yy, vg and Y. This is probably 
a satisfactory assumption, since the weighting factor 
curves for effect of change of density on ἅ orT ata 
given Y are seen by inspection to be insensitive to 
change of Y or vg. So the weighting factor curve which 
we should use, namely the one corresponding to the tra- 
jectory with the same Y}, vg and Y, standard density H* 
and standard relative sound velocity a*, is presumably 
not much different from the one with the same Yp, Vo and 
Y, and the same H*, but with a = l; and tne latter has 
the virtue of being available, while the former is not. 


Let p(k) be the function whose graph is the weight- 
ing factor curve for differential effect of departure 
from standard density, determined for altitude Y with 
reciprocal ballistic coefficient Y and initial velo- 
city νο. At altitude kY (ΟΞ k S1) the density used in 
computing Χίγν, R( )H*( ), a( ) Jis R(kY) times standard 
density at that altitude. The ballistic density (for 
range) defined as in (VIII.5.12) is then 


l 
(13) B, = βαν, Vo» T, a( )] " |. R(kY) dp(k). 


Then to first-order terms the equation 
(11) Ary» R( )H*( ), αί )] x: Xv,, ByH*( ), al )] 


is satisfied, by the definition of ballistic density, 
or ballistic density-excess. But it is evident from (6) 
that multiplying H* by the constant Bp has the same 
effect as multiplying y by By. Hence (1h) implies 


(15) X[v,, R( )H*( ), a )] = υγ», H*( ), αἱ )j. 
See. 9 | 579 
Google 


For given Y, vg, given density law H* and given relative 
sound velocity a(y), different values of y correspond to 
different ranges. By (12) and (15), y and YpBp corre- 
spond to the same range, and therefore must be equal: 


(16) Y = YyByl s, νο» Y, af )1. 


In particular, if the relative sound velocity func- 
tion is the new standard a*(y) we shall use the abbre- 
viation 


(17) By = Bly: Vg? Y] > Bd; Vo? Y, a*( )]. 


By use of (13) we can compute the values of this 
function for a collection of values of Yy, vg and Y. 
This furnishes us with the answer to question (A). 
If the relative sound velocity function at the time 
of a range bombing were a*(y), other conditions being 
standard, and its reciprocal ballistic coefficient 
deduced from range is yp according to the ballistic 
tables, then its reciprocal ballistic coefficient is 
actually Y = YyBylYy, Vo, Y]. Conversely, given Y, 
the range of a bomb dropped under new standard condi- 
tions can be found from the ballistic tables by solv- 
ing (16) for Y} and then looking up the range determined 
by Vo, Y and Yy according to the ballistic tables. 
This latter process can be made a bit easier by first 
re-tabulating By as a function of Y, Vo and Y. Having 
determined the function (17), for each tabular vo and 
Y the value of Y} determines both Y and By. The lat- 
ter is tabulated against the former, and by interpo- 
lation By can be found for equally spaced values of y. 
In this form we denote it by 


(18) By = Bly, νο, Y], 


the subscript b being omitted from the functional symbol 
B to remind us that it is also absent from the Y inside 
the brackets. In terms of this new function, (16) 
becomes 

(19) Yp = Y/B[v, τον Υ]. . 
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The foregoing discussion has been in terms of range, 
merely for brevity. A similar discussion applies to 
time of flight also. For this we would use in (13) 
the weighting factor curve for effect of departure 
from standard density on time of flight. To distin- 
guish the v, of the preceding paragraphs from that 
when the weYgnting factor curve for effect on time 
of flight is used, we shall add a subscript X to the 
Υο and Bp of the preceding paragraphs, and add a sub- 
script T when the weighting factor curve for effect 
on time of flight is used. Thus under the new stan- 
dard conditions, (16), (19) and their analogues for 
time of flight take the form 


Y = Υρχθρχίχχ» Yo» Y) 
= oro yp Yo» Τὶ, 


(20) 
Yox = Y /By[v, Vo? Y], 


Yor = Y/BplY, Vo? Y]. 


The computation in (13) is a rather straightforward 
one. For a set of tabular values of t on the normal 
trajectory the corresponding altitude is found, and 
from this the new standard a*(y) is found. From the 
trajectory sheet we read v2/100, divide it by [a*(y)]?, 
and use the G-table to find G(v/a*). We now compute 
R by (7). Knowing the altitude y we compute k = y/Y 
and read p(k) from the weighting factor curve. For 
each pair of consecutive values of k we multiply the 
difference of the values of p(k) by the average of 
the values of R. The result is approximately the 
integral in (13). 


Next we take up the problem of making corrections 
for departures from the new standard relative sound 
velocity law. Suppose that the relative sound velocity 
a(y) exceeds the standard a*(y) by an amount ô a(y). 
If all the other conditions are standard, the range 
will be X[v, H*( ), a( )], while if temperature also 
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had been (new) standard, the range would have been 
My, H*( ), a*( )]. The effect of the departure from 
Standard temperature is the former of these minus the 
latter. That is, 


aX( δ aly = Y) 
= X[v, H*( ), a( )] - Χ[γ, 8*C ), a*( )]. 


By (11) the first term on the right is Myp, H*( ), 1]. 
We define γρ by (11) with a* in place of a. Then (21) 
becomes i 


5 X( Δ αἰγ = Y) 


(22) 
æ X v,, H*( js 1] - Χυς", H*( ), 1]. 


To first-order terms, the right member is the product of 
δχ/9Υ evaluated at Yp by the difference Yp - Yb". Tem 
porarily we use R* for the guantity defined by (7) with 
a* in place of a, and Bp for the quantity defined 
by (13) with R* in place of R. Then by (16) 


(23) Υ 0 B -Ύχβο» 
whence 
Yo -Yp 
= = V /8)(8, - 8) 
(2h) = &,"/8,) 


(2) 


lan ata Y |) MN } αρίκ). 
. a*(kY)G(v/a*(kY)) a(kY)G(v/a(kY)) 


If we multiply both members by δΧ/9 y, evaluated at vp, 
we obtain the first-order estimate of 4X. If we re- 
place a by a* + Aa and expand to first-order terms, we 
further obtain | 


AX( Δ aly = Y) 
"" lag 
-- (ry /Βυ)[ϑχ/ϑῃ ον |: ae (n - 2R'() dp(k). 
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Here we have replaced Aa/a* by A O/20*, which is 
correct to first-order terms. To first order, we 
identify γρ’ and yp in the right member of (25). The 
right member of (25) is the linear (principal) part 
of the left member, and is therefore the same as 
dx(4 aly = Y) or dx(A Ə|y = Y). The computation of 
the right member for a given disturbance ΔΩ can 
best be done by preparing normalized effect curves. 
To do this we choose a set of tabular values of k, 
and for each one of these we compute the right member 
for the particular A O which is O for greater values 
of k and is © for smaller values of k. That is, we 
compute the usual finite sum which approximates 


k 
(26) | [ία - 2)/2] R*(kY) ap(k) 
ο 


for each tabular k, and we multiply this by the co- 
efficient of the integral in (25). The product is 
a function of k whose graph is the "effect curve." 
From this we can deduce the norm effect and the normal- 
ized effect curve, or if preferred we can deduce the 
unit effect and the weighting factor curve. As an 
alternative procedure we could compute the integral (26) 
and refrain from multiplying it by the coefficient 
of the integral in (25). If this resulting function 
of k is graphed, the result is the "effect curve" for 
the differential effect of departure from new standard 
temperature on the coefficient By. For this differen- 
tial effect we could compute norm effects and normalized 
effect curves, and for any given departure from new 
standard temperature we could use these to find the 
effect on Bh. With the corrected Bp we would then use 
(16) to compute y. The advantage of this procedure 
would be that (26) is more nearly constant than (25), 
so that interpolation would be easier. 


Sec. 9 583 
Go gle 


Chapter X 


BOMBING 


l. The bombing problem. 


It is our purpose here to consider certain prob- 
lems which are not part of the general problem of ex- 
terior ballistics, the problem of predicting the mo- 
tion of a projectile, but which are closely related 
to this. We suppose that the principal problem of ex- 
terior ballistics for bombing has been solved, and 
that trajectories, computed for each bomb for all 
usable combinations of air speed and altitude of re- 
lease, are available. The question is, in what form 
is the ballistic data most readily usable by the bom- 
bardier, and what will his procedures be? 


We first list some of the assumptions under which 
the operation of bombing is usually performed. It is 
assumed that the atmosphere has a standard density 
and temperature structure, that the acceleration due 
to gravity has a standard value, that the target is 
at sea-level, and that the launching is perfect, there 
being no initial angular velocity and the axis cf the 
bomb pointinz in the direction of ihe initial veloci- 
ty. The earth is supposed flat and the motion of the 
aircraft is presumed to be straight-line motion in a 
horizontal plane at a uniform speed. However, it is not 
assumed that there is no wind. The vertical compon- 
ent of the wind is supposed to be zero, and the hori- 
zontal component is supposed constant, independent of 
the altitude. Even under these restrictive assumptions 
the bombing problem is not trivial. 
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First, let us consider the motion of the bomb fron 
the point of view of the man doing the bombing. The 
bomb is released in the bomb bay and is subject to 
two major forces, the force of gravity, and the drag. 
Since the first of these is directed downward and the 
second is initially opposite in direction to the mo- 
tion of the plane, the bomb must appear to the bom- 
bardier to fall down and back from the airplane. The 
bomb, in fact, will never leave the vertical plane 
which is attached to the airplane and contains the 
velocity vector of the aircraft. The most natural 
description of the trajectory, from the point of view 
of the man in the airplane, would be to list the dis- 
tance of the bomb behind the airplane and the depth 
of the bomb beneath the airplane against the time from 
release. It is this fact which motivates the defini- 
tion of trail which we give. 


(1) Definition. Suppose that a bomb is dropped from 
an aircraft moving horizontally with constant veloci- 
ty. The trail, r, is the horizontal component of the 
vector from the position of the aircraft at the im- 
pact of the bomb to the position of impact. The sym- 
bol T (time of flight) is used for the time from re- 
lease of the bomb to impact. 


Both r and T depend on the air speed, u, the alti- 
tude at release, Y, and on the particular bomb. Under 
standard bombing table conditions there is no other 
dependence. 


The condition that a bomb dropped be a hit can now 
be stated concisely. The bombardier must fly along 
such a stralght line and drop his bomb at such a time 
that T seconds later the target lies r feet directly 
behind him. Thus the bombing table consists primarily 
of trail and time of flight, or quantities equivalent 
to these, listed against air speed and altitude. Both 
trail am time of flight must be considered as impor- 
tant, in contrast to the sítuation as regards artil- 
lery firing against fixed targets where only one func- 
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AIRPLANE POSITIO 
RELE ASE AT IMPACT 
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X = RANGE , B=RANGE LAG, 
T = TIME OF FLIGHT, A=TIME LAG, 
r = TRAIL, uU =AIR SPEED. 
Figure X.1.1 


Elements of a Bomb Trajectory 
in the Absence of Wind 
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tion, the angle of elevation, is of primary importance. 
This fact is due to the presence of wind. In the ab- 
sence of wind, or to be more precise, in the absence 
of relative motion of the air and the target, a single 
function, the range, would furnish sufficient informa- 
tion to the bombardier to permit him to make a hit. 
There is, however, an advantage in having a mechanism 
which is independent of the wind. A motion of the 
target will be treated precisely by the same mechan- 
ism. For example, the problem of bombing a ship which 
4s steaming north at 20 knots when there is no wind is 
precisely the same as the problem of bombing the ship 
when it is motionless with respect to the water, but 
when there is a wind of 20 knots blowing to the south. 
The pertinent data are the motion of the aircraft 
relative to the air (because this information is easily 
available to the bombardier) and the motion of the 
target relative to the air. Motion of the target 
relative to the ground and motion of the ground rela- 
tive to the air are quite irrelevant. Thus, any de- 
vice which may be used to get a hit on a target when 
there is wind may also be used to get a hit on a tar- 
get which is in uniform straight-line motion. For 
convenience, we shall speak only of wind, but it will 
be understood that target motion is automatically 
covered. 


It is convenient to define here certain terms and 
symbols which will be used in the remainder of the 
chapter. First, let us consider a trajectory when there 
is no wind. (See Figure 1.) Under these conditions 
we define the following nomenclature and symbols. 


(2) Definitions. The range, X, is the Length of the 
horizontal component of the vector from the point of 
release to the point of impact. The difference be- 
tween the range in vacuo and the range for the same 
initial conditions 1s the range lag, B. The differ- 
ence between the time of flight, T, and the time of 
flight in vacuo is the time lag, A. 
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ee OF AIRCRAFT 


RELEASE T IMPACT 


IMPACT 
U = VECTOR AIR VELOCITY, ` W = VECTOR WIND, 
V = GROUND VELOCITY, X = DRIFTANGLE, 


T COS Y= RANGE COMPONENT OF TRAIL, P sin Xa CROSS TRAIL, 
C= DROPPING ANGLE. 


Figure X.1.2 


Elements of a Bomb Trajectory 
in Ground Coordinates 
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The bomb ballistic tables give the quantities A and 
B as functions of u, Y and the reciprocal ballistic 
coefficient, y 1/6. The quantities A and B are 
smaller and change much móre slowly with changes in 
u, Y and Y than do the range, X, and the time of 
flight, T, and interpolation is correspondingly sim- 
plified. The relation between A, B and r is easy to 
see. A bomb falling in vacuo would remain directly 
under the bombing aircraft. At the end of the time 
of flight in vacuo the aircraft would therefore be B 
feet ahead of the (eventual) position of impact of the 
bomb. In the remaining time, A seconds, before the 
actual impact the airplane would travel uA feet. Thus 


(3) r= B4 uA. 


In the presence of wind the situation is more com- 
plicated. The following terms are used. (See Fig- 
ure 2). 


(L) Definitions. The course, sometimes called the 
heading, of an aircraft is the dírection of the vec- 
tor velocity of the airplane with respect. to the air. 
The track is the vertical projection of the path of 
the airplane. Its direction is the direction of the 
vector velocity of the aircraft with respect to the 
ground. The drift angle Y,is the angle, measured 
positively to the right, from the course to the di- 
‘rection of the track. The wind speed is denoted w, 
the component, the range wind, along the track being 
Wy and the component, the cross wind, perpendicular 
to the track being w,. A tail wind is a positive 
range wind. The range component of trail is the pro- 
jection of the trail on the track, and the cross trail 
is the projection of the trail perpendicular to the 
track. The dropping angle is the angle measured at 
release from the vertical to the aircraft-target line. 


We note that the trail is measured from the foot 
of the vertical from the aircraft at impact, back- 
wards in the direction opposite the course. That this 
is the correct direction is clear from the argument 
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Schematic Bombsight 
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presented earlier, showing that with constant wind the 
bomb always falls directly back from the airplane. 


2. An hypothetical bombsight. 


In this section we show how knowledge of the trail 
and time of flight permits a bombardier to obtain a 
hit. The bombsight we describe is suggestive of some 
of Rube Goldberg's creations, but circumstances do not 
permit discussion of the sights currently used. How- 
ever, the bombsight will have enough of the features 
common to several German, British, and American sights 
to give a basis for discussing certain problems which 
occur in bombing. 


The bembsight is shown in Figure l. The line ab 
is fixed in the plane of symmetry of the aircraft— 
its direction is supposed to be the course. The dis- 
tance AF is supposed adjustable, and the entire re- 
maining mechanism of the sight pivots about F. Ina 
position h units vertically above F is the "driven® 
disc, C. The inner bearing surface of C is supposed 
to be threaded, so that the rod.R, which is slotted 
to prevent rotation, is driven forward or backward by 
rotation of C. The disc C is driven by contact with 
the drive disc D, and the distance, p, from C to the 
axis of D is supposed to be adjustable, so that the 
rate is controllable. 


The bombardier's procedure is, very roughly, as 
follows. After noting the air speed u and the alti- 
tude Y the bombardier finds in a table the value of 
r/Y, called the trail ratio, and the value of the re- 
ciprocal of the time of flight, 1/T, for the partic- 
ular bomb. He then begins the process known as syn- 
chronization. First, he attempts to adjust the dis- 
tance p, and thereby the rate of motion of the rod, 
so that the cross-hair remains on the target. If the 
target moves, say to the left, relative to the cross- 
hair, the aircraft is turned to the left beyond the 
target and the angie X. is increased slightly. Suc- 
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cessive adjustment eventually reaches the stage where, 
without further change by the bombardier, the line of 
sight remains on the target. At this stage the rel- 
ative motion of the target with respect to the air- 
craft is determined and the bombing problem is solved. 
We have actually set up a duplicate of the Figure 1.2 
in the bombsight, and a little computation will indi- 
cate at what point the release must be made to get 
a hit. The rod R is moving at a rate a proportional 
to the distance p multiplied by the angular rate of 
D, which in turn is proportional to 1/T. Let us sup- 
pose that the constant of proportionality is one. 
Then a " p/T. We assert that tne bomb should be re- 
leased when the position of the eyepiece E reaches the 
axis of the driving disc D. For, T seconds later, 
since a * p/T, the eyepiece would reach the disc C, 
the bomb would hit the ground and the line of sight 
would run from C through A. The line of sight would 
then run through a point on the ground which is 


(hr/Y)Y/h * r 


feet behind the aircraft. This is precisely the po- 
sition of the bomb. 


The bombsight has, in the process of synchroniza- 
tion, actually found the ground speed of the plane (to 
be more precise, the relative velocity of the plane 
with respect to the target). Using straight propor- 
tionality, we must have 


a/h * p/Th* v/Y. 
Thus v * Yp/Th 


and these quantities are known after synchronization. 


Finally, it should be remarked that a bombsight op- 
erating on this principle has certain advantageous fea- 
tures. The problem solved by tne bombsight is purely 
geometric and no ballistic data are "built into" the 
sight. If different bombs are employed, different 
sight settings are used, but a complete redesign of 
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the entire series of bombs used would not require re- 
design of the sight. 


3. Differential corrections. 


The operation of bombing must be performed in a 
very short time. The bombing run, during which the 
bombardier makes instrument settings, synchronizes and 
releases his bomb, must be made as short as possible 
since this is the time when the aircraft is most vul- 
nerable to anti-aircraft fire. Anti-aircraft directors 
are at their best in tracking and predicting the mo- 
tion of an aircraft in the straight-line uniform mo- 
tion of, the bombing run, and the risk in making a run 
over a well-protected target goes up tremendously 
after the first twenty seconds. These facts require 
that the operation of bombing be kept as simple as 
possible. The magnitude of the dispersion at present 
inherent in bombing, together with this requirenent, 
makes the inclusion of a large number of differential 
effects impractical. Save for a few general remarks 
our discussion will therefore be limited to an anal- 
ysis of differential ballistic wind. 


Any deviation of the actual bombing conditions from 
standard will in general result in a change in both 
trail and time of flight. In order to be more easily 
usable the effects are frequently listed as an effect 
on trail alone, following the argument we now give. 
Suppose the correct trail to use in a given situation 
if r, and the correct time of flight, T. We shall 
compute the error resulting from the use of an incor- 
rect trail r' and an incorrect time of flight T'. The 
error will be broken into components along and perpen- 
dicular to the track, the first being referred to as 
range error and the second as deflection error. At 
time T' after release, since the bombsight is unaware 
of the deception practiced on it, the aircraft will 
be r' cos X ahead of the target where X is the drift 
angle. Therefore, at T after release the aircraft 
is τ! cos Χ. + (T - T')v ahead of the target. Howe 
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ever, in order to secure a hit, at time T the aircraft 
shouid have been r cos Χ. ahead and the range error is 
accordingly (r - r') cos X + (T =T')v. On the other 
hand, the aircraft will fly a distance r' sin% to one 
side of a line parallel to the track and passing through 
the target. Since its correct position is r sin A to 
one side, the deflection error is (r - r') sinYX. 
Sumnarizing: 

(1) If the correct trail and time of flight are r 
and T, and r' and T' are used in bombing, the range 
error is 


(τ -r')cos K+ (T - T')v 


and the deflection error is 


(r - τι) sin X. 

The first of these formulae suggests strongly the 
advisability of making an error in both trail and time 
of flight, if an error is to be made. For example, 
suppose the values ro and To correspond to standard 
bombing conditions and the correct values for the par- 
ticular conditions are r = ro «/Ar and T= To + AT. 
Instead of listing /\r and/A T it is desired to list a 
single correction on trail. The incorrect value 
ΤΙ = Tg for time is therefore used. We then decide 
to use an incorrect trail, r', so that the range error 
will be zero if there is no wind; i.e., 


(το «ΔΤ - τι) + (T + AT -1)u2 0 


and hence (τ! - ro) » /Ar αλλ T. The quantity 
(r' - rg) is listed as the correction to trail. If 
there is a wind the error can be computed from (1). The 
range error is 


(r - τι) cos X+ (T - T!)v 
= - NT u cos X+ AT v 
= At Wx 


where Wy is the range wind. The deflection error 
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will be 


(r-r!) sin: = u/A sin} 
"Nw 
where wa is the cross wind. These errors may, if /\T 
is not large, be quite tolerable. 


i. Differential ballistic wind. 


Of the many oversimplifications made in the assump- 
tions which comprise the standard bombing conditions 
one of the most serious is the assumption of a con- 
stant wind. In actual practice the wind is found to 
vary markedly with altitude, resulting in errors 
which, for certain combinations of bomb and atmospher- 
ic conditions, are too large to ignore. As a result 
it has become necessary to devise sone sort of proce- 
dure to correct for the effects of a variable wind 
structure. In order to do this it is convenient to 
make use of the concept of "ballistic wind," as defined 
in Section 5 of Chapter VIII. Let us first define the 
"differential wind" at altitude y to be the vector 
difference (wind at altitude y minus wind at bombing 
altitude Y). The effect on range caused by this dif- 
ferential wind is not strictly a linear functional of 
the differential wind. But there is a strictly linear 
functional which approximates the actual effect to 
within a small error (an infinitesimal of order higher 
order than l in the "norm" of the disturbance.) This 
linear approximation is the differential effect on 
range produced by the variable differential wind. 
There is a certain constant differential wind, having 
the same value at all levels from target to just below 
bomb bay, which would produce the same differential 
effect. This is called the differential ballistic 
wind, abbreviated DBW. It should be noted that tne 
exact effects of the variable differential wind and 
the DBW may not be the same. Their differential ef- 
fects are equal; their full effects may differ by a 
higher order term. 
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The DBW is computed from the variable differential 
wind by use of the appropriate weighting factor curves, 
and thus depends on the true air speed of the air- 
plane, the altitude of release and the ballistic co- 
efficient of the bomb, as well as on the wind struc- 
ture. 


The differential wind at altitude y is the veloci- 
ty of the air at altitude y with respect to axes mov- 
ing with the air at bombing altitude Y. Consequently 
it is desirable to refer positions to such a set of 
axes. We choose a set of axes fixed with respect to 
the air at altitude Y, with origin vertically under the 
release point, y-axis vertically upward, x'-axis in 
the direction of the course, and z'-axis perpendic- 
ularly to the right. These are obtained, by rotation 
through the angle X, from thexyz-axes, where x is 
along the track. If the vector differential wind 
Swi(y) at altitude y is resolved into components 
6w,',b w,' along the x'- and zZ'-axes, the ballistic 
wind along the x'-axis is found by use of the weight- 
ing factor curves for effect of range wind on range, 
and we shall therefore denote it by W,[ówy']; the bal- 
listic wind along the z'-axis is found by use of 
weighting factor curves for effect of cross wind 
on deflection, and we shall therefore denote it by 
We [owes Ἱ. The differential effect on x' produced by 
the component ὅπχι is the same as the differential 
effect of a constant component Wy[5w,:]. It is given 
by (VII.L.8). In the present notation, t - tg is T, 
or Tyac + A, while x at y = O is X, or Tyacu - B, and 
Vxo is u, the true air speed of the airplane. So 
(VII.4.8) becomes 


ἀχ' (ow ly = 0) = (T - eX/auP [ew ] 


= (A + B/ðu) klo wy: ] . 

The A, B, X: T refer of course to time lag, etc., in 
absence of differential wind. In a similar way, 
(VII.h.23) yields 
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(1) 


(2) dz'(dwz1|y = 0) =(T - X/u)W, bw, ] 
* (4 + B/u)W lon). 


The differential effect of ὅποι on time of flight is 0. 
The differential effect of òw χιοη time oi flight is 
obtained by computing the corresponding ballistic 
wind and multiplying by unit effect. Since the weight- 
ing factor curve used is that for effect of range wind 
on time, we denote it by Νε[δπχι ]. By (VII.L.8), 


dt(6w: |y 2 O)= = (4ῑ/ϑα)Ν, bw, ] 


= = (9A/ am) [dq ]. 


Inspection of the bomb ballistic tables snows that 
B is not far from linear as a function of u, so that 
(A + 98Β/δυ) and (A + B/u) are not widely different. 
However, differential winds are necessarily O at alti- 
tude Y and are greater near the ground. For a wind 
Sw which is large near y= O and small near y= Y, it 
will be found that W,[bw] is greater than Wy [5 w ], 
while (A 4 0B/Óu) is greater than (A + B/u). The result 
is that (A + 3B/ðu)W [òw] and (A + B/u)W [òw] differ 
by a significantly smaller amount than a comparison 
of the unit effects would indicate, usually roughly 
half as much. In addition, it is tactically desirable 
to approach the target nearly down-wind when the wind 
is large, so that the cross wind effect is not very 
great. Therefore we shall henceforth use the quantity 
(A + 8B/üu)Wy[5wa:)] instead of the correct value 
(A + B/u)W,[8w,:] for tne differential effect of cross- 
course wind on the coordinate z' at impact. Now, to 
this approximation, the differential effect of the 
differential wind is a vector with components 


(4) (A + aB/du)W,[ow,, ], (A + 8B/8u)W,[5w,,]. 

This is the same as though in computing the differ- 
ential ballistic wind, the vector zone-wind dw(y) had 
been multiplied by the zone-weight, and the products 
added. In vector notation, to the approximation we 
are using, the differential effect in the coordinate- 
system moving witn the air at altitude Y is the vector 
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(3) 


(5) (A + 9B/au)W,[ dw). 

In the absence of differential wind, impact would 
occur at a point x' = X, 2' = O at time T(u). In 
the presence of the differential wind, impact occurs 
at 


x' = X + (A + 8B/ou)W 5 wy, ], 
2! - (A + 8B/8 u)W,[ 5w, , ], 


approximately, and at time T(u) - (δΑ/ϑυ)Βε[δπει J. 
The delay in impact is - (3A/ðu) [wx], and during 
this time the (x', y, z')-system has moved a vector 
amount - w(Y)(64/8u)W,[5wy:] with respect to the 
(x, y, 2)-system. So on the ground the impact has 
been displaced by the vector amount 


(7) | (A «δΒ/δυ) [δν] - w(Y)(aA/8u)W, [ow,, ]. 


The second term is far smaller then tne first; for ex- 
ample, at Y = 30,000 ft, y= 0.5, u= 500 mi/hr, even 
with ôw in the x'-direction and w(Y) = 100 mi/hr, the 
second term is about «Οἱ times the first. It will be 
ignored. The result is: 


(6) 


(8) Except for an error term which is negligible un- 
less the air speed at release and the differentia] 
winds are very great, the displacement of the impact 
point caused by the differential wind dbw(y) is the 
vector 


(A «8B/ou)W, [ow]. 
5. Correcting for effects of DBW. 


A discussion of differential wind essentially as in 
the preceding section was made by one of the authors 
before the Second World War, and a method of correct- 
ing for the effect was proposed. Since at the Aber- 
deen Proving Ground the wind structure is measured 
frequently, it is feasible to furnish a bombardier 
with the DBW. The quantity (11.8) is divided by Y/1000 
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to convert to mils and plotted as a vector on the 
usual navigational computer, to resolve into trail and 
deflection effects. The trail effect can be set on 
the sight; the deflection effect must be allowed for 
by estimation. Trials during range bombings, by Col. 
S. C. Smink and bombardiers under his command, showed 
that the method is feasible when the wind structure 
is known. However, there are obvious difficulties in 
attempting to use such a procedure operationally. It 
is necessary by some means or other to determine the 
wind structure over the target area, so as to deter- 
mine the DBW. Two methods suggest themselves. First, 
a prediction of the winds over the target can be made by 
meteorologists. However, this prediction is of neces- 
sity based on weather data taken at a distance from 
the target, a distance which in certain theatres was 
of the order of a thousand miles. Such predictions 
are of course subject to large errors. A second pos- 
sibility is to measure the wind over the target, or 
near the target, shortly before the attack. This is 
feasible, but requires that aircraft fly at several 
altitudes over enemy territory for periods long enough 
to make a ground speed determination. Moreover, while 
in this undesirable situation the navigator is re- 
quired to perform certain computations. So the data 
obtained may well be inaccurate—-even if they are 
brought back. Therefore the procedure under discus- 
sion, while theoretically sound, is seldom a practicable 
one under service conditions. 
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Chapter XI 
ANGULAR MOTION OF A 


PROJECTILE 


1. Requirements for a theory of motion of a projec- 
tile. 


This chapter is devoted to the solution of the 
equations of motion of a projectile when it is not 
assumed that drag is the only aerodynamic force. The 
equations considered are those derived: in Cnapter II, 
which include a complete system of aerodynamic forces 
and torques. Before undertaking this rather involved 
computation it seems proper to explain why it is nec- 
essary. 


Suppose that all observations are interpreted on 
the basis of drag alone. If the experimental data 
consist of range bombing from 2000 feet altitude, which 
is part of the range bombing of every bomb, serious 
difficulties may result. The value of the ballistic 
coefficient which results from the measurement of 
range may-differ by a factor of two or three from the 
value obtained from the measurement of time of flight. 
This is utterly inexplicable on the basis of drag 
alone. Worse, if the altitude of release is 1000 feet, 
the range of the bomb may be more than the range in 
v&cuo, giving a negative ballistic coefficient, while 
the time of flight may give a small ballistic coeffi- 
cient. The reason for this phenomenon was given in 
& qualitative way by one of the autnors several years 
ago. This chapter will contain a later precise anal- 
ysis. Of course, the result of interpreting data such 
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as these on the basis of drag alone is that wind ef- 
fects, etc., are totally incorrect. Another extreme 
example of this sort of thing occurred in the range 
firing of a mortar. The ballistic coefficient changed 
violently with angle of elevation — in itself an indi- 
cation of the inadequacy of the theory applied. When 
the effect on range of a head wind was computed, it 
was found that a head wind increased the range! It 
is surely necessary to have a theory to predict what 
sort of "non-particle" effects to expect, and to 
interpret and properly reduce range firing data. 


In many cases, rather extreme extrapolations must 
be made in constructing a firing table. For example, 
aircraft firing tables must predict the trajectories 
of bullets fired under densities as low as one fifth 
normal, at temperatures iown to - 55 degrees F., with 
initial yaw as high as 10 degrees. It is quite im- 
possible to conduct range firings which cover in an 
adequate fashion the tremendous variety of initial 
conditions. In addition to density and temperature 
variations, one has to consider variations in aircraft 
speed, in azimuth and elevation of the fire. It ace 
tually comes down to the following situation: we must 
construct a theory which is adequate to predict, from 
. firings conducted on a range in the basement of the 
Ballistic Research Laboratory, the trajectory of a 
bullet fired sideways from an aircraft travelling at 
300 miles per hour at an altitude of 25,000 feet. It 
would be foolhardy (and wrong) to assume tnat the drag 
coefficient alone was sufficient information on which 
to base this prediction. The solution of the equations 
of motion must tell us what tne important factors in 
this prediction are, and must indicate a method of 
measuring these. 


Finally, the principal assumption of the normal 
trajectory, that the yaw is small enough to be neg- 
ligible, certainly requires a careful examination. 
This is the problem of stability. It is necessary to 
have a reasonable mathematical basis for predicting 


Sec. 1 601 


Google 


when a shell will travel with small yaw. The theory 
must be capable of being used to devise experiments 
to test the stability of shell and to indicate in the 
light of such tests what measures are necessary to 
improve the stability. 


Since the force system on a projectile has been 
analyzed in Chapter II the principal problem of the 
present chapter is simply that of obtaining a suffi- 
ciently accurate approximate solution to the equations 
(II.7.1h). This solution must then be utilized to 
answer the questions we have raised. The presentation 
given here differs from tnose previously given in two 
ways. No assumption will be made concerning the mag- 
nitude of the spin of the projectile, so that the 
analysis is simultaneously valid for bombs and for 
shell. This added generality is utilized in the dis- 
cussion of stability, and a criterion for stable mo- 
tion is derived which is new. This criterion explains 
in a rather satisfactory way the observed instability 
of certain spinning bombs. Further, the theory ex- 
plains and gives a basis for the treatment of the 
rather remarkable experimental results on range bomb- 
ing. Finally, we obtain, with somewhat more precision 
than the earlier authors, the necessary formulas for 
computation of non-drag effects in sideways fire from 
aircraft. 


Some rather involved mathematical calculations are 
used in obtaining the solution of the equations of 
motion, but the method used is intrinsically simple. 
It is a method of successive approximation. It is 
first assumed that the motion of the center of mass 
is given by the solution of the normal equations. On 
this basis a solution for the yawing motion is ob- 
ta ned. Using this solution for the yawing motion, a 
second solution for the motion of the center of mass 
is made. The equations are "almost" linear and this 
fact is used strongly in obtaining a solution. A 
number of simplifying approximations are made, and of 
course the final test of their validity lies in the 
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accuracy with which the solution obtained fits experi- 
mental data. In the next chapter we will give some 
discussion of the adequacy of the analysis. 


2.  Simplification of the equations of motion. 


We now begin the task of simplifying the equations 
of motion which comprise (II.7.1h). Because of the 
large number of terms this is extremely tedious. The 
procedure of this section is the following. We first 
re-state the equations and adopt a notation which is a 
first step in a general scheme to reduce the equations 
to a dimensionless form. It is then assumed tempo- 
rarily that the normal equations give an adequate 
approximation to the motion of the center of mass. 
On the basis of this assumption, we then change inde- 
pendent variable from time to arc length measured in 
calibers, which gives a dimensionless independent 
variable. Finally, we change dependent variables, in 
two ways. First, instead of the cross velocity, the 
cross velocity divided by axial velocity is used so 
that the tangent of the yaw instead of cross velocity 
is the dependent variable. We then change the coor- 
dinate frame, which was attached to the projectile, 
to a non-spinning frame. To aid in following the 
argument we break it into short subsections. 


a. The equations. 


For convenience, the equations from (II.7.11) which 
will be needed are re-stated. The notation used is that 
of Section II.7. 


n(b-iunsiaQU -c£* con - mY, 
B + (B - A)i wqn = c3ķ + cys 
(1) m (a, - (Ñ -ξη)ι/2] = Fi - my), 
Ad = G), δι = (YA - Yn)is2, 
Y = iy; 1 - ωχ), = uy + (EY £05/2. 
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The values of ση, Cos ση, Chs F and G4 in terms of the 
aerodynamic coefficients b the projectile are given 


by (II.h.6). 
b. New notation. 


To simplify notation we make the following conven- 
tion: 


(2) Convention: The symbol J with a subscript is de- 
fined to be the corresponding aer amic coefficient 
ο. by the "density factor"pd-/m. For example, 
Jy = pd^Ky/m. The J's are dimensionless. We further 
use Pan α per caliber of travel instead of spin. Thus 


(3) y= u4 d/u, - 


Then the c's and G} can be written in the following 
form: 


οι * ( - Jn + ivdp)mu,/d, 

c, = (νυ + iJg)jmu, 

n = ( = Jg + i ν Jyp)mdui, 
ο. Approximation by means of the normal equations. 


We now take the normal equations as a first approxi- 
mation to the motion of the center of mass. If 6 
is the angle measured from the horizontal to the tan- 
gent to the trajectory, the normal Eanecsons have the 
form (II.8.3): 


ἃ - - pd*u?K,/m - g sin 9, 
- = ue Jp/d =- g sin 6, 


(5) ροο5θ/υ, 


Qe 
a 
| 


Dde 
R 
E 


cos 0, Y = u sin 0. 
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The assumption which will be made in order to obtain 
the approximate yawing motion.is the following. 


(6) Assumption. The equations (5) are supposed solved, 
and it is presumed that uj may be replaced by the so- 
lution U of these equations. 


In terms of the J notation the first of equations (5) 
can be written: 


(1) Ù=. JyU*/d - g sin e. 


d. Change of independent variable. 


The new dimensionless independent variable can now 
be defined: 


t t 
(8) p= | (uy/d) dt = | (U/d) dt. 


ο ο 


This is simply the arc length measured along the 
trajectory in calibers. The reason for adopting 
this parameter is that by this means the equations 
determining the yawing motion will become essentially 
independent of the size of the projectile. This will 
imply, for example, that a large bomb has the same 
period of yaw, measured in calibers of travel, as a 
smaller model. Returning to the calculation, the 
derivative of any quantity with respect to t is simply 
its derivative with respect to p multiplied by 


The derivatives with respect to p will be denoted by 
primes. Equations E then must be modified by replac- 
ing É, η, j y, Y A by E'U/d, n'U/d, etc. It will be 
convenient ud out explicitly the equations for 
U', 6), vi. From (7) it follows at once that 


U' = - Wp - gd sin θ/ῦ, 


(9) 
0! = - gd cos 9/U?, 
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To compute v, from the fourth of equations (1), 
ω1! = dG1/AU. Replacing 6] by its value in terms of 
aerodynamic coefficients from (l) gives 
ωγ! - - Jay mdU/A. 
Hence 
vious (®,d/U)' = w,'d/U - c 4 dU! /U? 
= - J, Vmd?/A + v Jp + vgdU-? sin 8, 
and we may write 


-2 


(19) v' = v(Jp- Jamd/A + gdU~* sin 0). 


e. Change of dependent variable. 


We now transform the dependent variables bL, n, g) 
and Y by the formulas: Ἡ 


A = ( &/U) exo [i [νος], 
ο 


: 
u = (nd/U) exp E | TI 
(11) ο 
Ρ 
Y = g(4 exp E | νὰν |, 
ο 
61 " 81° 


Geometrically, these equations can be interpreted as 
follows. The quantity E/U is the "vector" yaw. It 
has the magnitude of the sine of the angle of yaw. 


*Recall that exp ( ) is the notation for ef ), 
where e is the base for natural logarithms. 
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The factor 


p t 
exp E | vap | - exp i | w dt 
ο ο 


changes the coordinate system from one which rotates 
with the projectile to one which does not rotate about 
the x,-axis. Explicitly, Ais the complex yaw measured 
from the axis of the projectile to the trajectory, on a 
coordinate system with one axis along the axis of the 
shell, and which is not spinning about this axis. Simi- 
larly, H, Y, gj have interpretations in this system. 


The coordinate system thus described is determined 
up to a constant angular rotation about the xj-axis. 
For convenience we describe a particular coordinate 
system which meets the specifications rather closely 
except for high-angle fire. 


(12) The x54'-axis is supposed to lie in a vertical 
plane containing the xj-axis and points downward. 
The x4'-axis is therefore perpendicular to this plane 


and points to the left. 


We shall not use this specification immediately. 
It will not be needed until Section 5, where the yaw 
of repose is discussed. However, with a view to 
future convenience we make a further slight digres- 
sion. The aerodynamic force perpendicular to the 
axis of the shell has the complex number representa- 
tion, in coordinates fixed in the shell, 


Y *(-Jy*1ivJp)nUg/d + ( vJyg + 1Jg)mUn. 


In a non-rotating coordinate system the force is 
this quantity multiplied by 


P 
exp i v dp 
ο 
which is 


σι =( - Jy * i v Jg)mU? A/d + ( νόχε 3 1ζς)πυζμ /d. 
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Suppose we now consider a coordinatd system with 
X5"-axis perpendicular to the trajectory and pointing 
downward, and X4"-axis horizontal and pointing to the 
left. The aepcdynandc force acting on the projectile 
would have the complex number representation (to first- 
order terms), (g', together with that component of the 
axial drag which is in the X5" X4" -plane. This com- 
ponent is AJpU*m/d, so that we may state: 


(13) The aerodynamic force perpendicular to the tra- 
jectory has the complex number representation 


[(Jp - dy * 1 VJg)À + (vdyp + ide)h ] mU?/a. 
The real axis is perpendicular to the trajectory point- 
ing downward, and the imaginary axis is horizontal 


pointing to the left. The quantities ies Nand p are the 
cross velocity divided by t the axial velocity U and the 


cross angular velocity multiplied by d/U. 
We now return to the main line of argument. 
f. Final form of equations. 
The remaining task is simply to transform equations 


(1) to equations in À, u, Y and gy, with p as inde- 
pendent variable. Computing: 


: p ; 
taewa- re [ -a f ver | U/d 
ο 


a [A'U +A( - Jj - gdU7? sin θ)ῦ - ivi] 
B | 
[v [-1 (νον ] να 
ο 
z[A'-ivA- A(Jp + gau? sin @) ] 


| (U?/d) exp | -i x Ji 
ο 
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Similarly, 
a Cp! - ivp- u(Jp * gau? sin 0)] 


1 (U*/a?) exp EE \" vap | : 
i ο 


. P 
gY= (Y' - 1vY(U/d) exp | -i | ν ap | n 
ο 


Substituting these values in (1) leads to the equations: 
m [N - N Jp + gdU-* sin @) - iu] 
= (c1 + con - mY) 


. P 
denm exp | +i | v ap || 
(1h) ο 


= ciX(d/U) + δομί1/0) - m Y (a/U?), 
B[u' =n (dp + gau"? sin 0) - iAvu 

m c4X3?/U) + οι µά/ ὔ) 
Y = igib, ϱι = (TR - Yu )i/2. 


We now exhibit these equations with the values of the 
c's substituted from (L). For ease of writing, one 
more abbreviation is made. We define 


(15) k? = B/md? 
- (transverse radius of gyration in calibers L 
From (lh) and (4), the final equations are then formed. 
A' = (Jp- Jy + i vJp + gdU"? sin θ)λ 
+ (Wyp + ἐὺς + i)n - và, 
pt = ( =vdp - 1Jy)Ac? 


16 
(16) + (Jp - k-?Jy * i v Κ-2ύχῃ 
+ gdU-? sin O + iA v/B)u, 
Y = Ίβημ, δι " (YÈ -7p )i/2. 
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3. Solutions of the equations of motion. 


In this section we shall find an approximate so~ 
lution of the "homogeneous" part of equations (2.16). 
But for reasons that will be clearer to the reader 
if he glances ahead to equations (5.5), we group to- 
gether the pair of terms in the first of equations 
(2.16) which contain a factor g: one of these visibly 
depends on A, but the other is less conspicuously 
dependent on Å in such a way that the sum of the two 
is very nearly a function of p alone. With this 
grouping the first two of equations (2.16) become 
the following pair, whose homogeneous part (omitting 
the last term in the first equation) we shall try 
to solve: | 


A! = (Jp - ον: ivdp) + (νόχε * AJg + i)p 
- + (gX sin 0 - v)aU*, 
u' *(- VJ, - idy)k-? λ 
+ (Jp = Keo, + ivi dum + gdU-? sin O + 1Αν/Β)µ. 


It is necessary to make some approximations, and to 
do this some estimates of the order of magnitude of the 
various terms in (1) must be made. Each J-term con- 
tains a factor pd^/m, which will be quite small. For 
a hundred-pound bomb, with a diameter of 8 inches, this 
factor is less than 1/6000, and for a 3-inch shell, 
weighing about 17 pounds, the factor is less than 
1/14000. It is therefore very reasonable to neglect 
J-terms in comparison with terms of the order of mag- 
nitude of A/B, which is usually about 1/10 and is at 
least 1/20. Further, gd/U? is less than 1/1000 if d is 
less than 1 foot and U is greater than 180 feet per 
second, and it will therefore be assumed that this is of 
the same order of magnitude as a J-term. Finally, the 
derivatives of J-terms will be neglected. These terms 
are functions of the depsity p and the Mach number, and 
except in the immediate neighborhood of the velocity of 
sound this treatment should be wholly justified. 
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The equations (1) are rather cumbersome and it 


will be convenient to abbreviate them as follows: 

À' = ay A+ anh + b 

(2) M a 
μι s a3 A+ 8), Bs 


where, recalling the remarks about the order of magni- 
tude of J-terms, 

8] = Jp - Jy * i VJp, 

89 = VJyp * i, 
(3) ag = ( -Y Jp- 130&"*, 

a), " Jp - k^? Jg * αὐτό sin 9 + iAv/B, 

b = (gà sin @ - v)av^*. 
We now proceed to eliminate μ from the equations (2) 
by solving the first equation for u and substituting 
in the second. The result of this computation, which 
is performed in a perfectly straightforward manner, is 

A" 4 A'( = 8 = ay - 89/89) 
(L) + A(ayay, - apa3 + 8182'/82 - ay') 

+ Ὀ(8ρ!/8ρ + aj - b'/b) = 0. 

Under our assumptions, in computing the derivative of 


an a, it is only necessary to examine the terms in v. 
For convenience we recall equation (2.10): 


(5)  v' = ( = damd@/A + Jp + gal? sin @) v. 


Examining the equation (L) we find that in each paren- 
thesis the real and imaginary parts contain terms of 
the order of J at least, whereas a'/a and aj' are of 
the order of J. It is therefore permissible to re- 
place (L) with the equation 

E A" + At( -= a - aj) 

€ + ^(a18], - 8281) + bla, - b'/b) = 0. 


For the remainder of this section we consider 
only the homogeneous part of (6), deferring the find- 
ing of a particular solution to Section 5. 
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There is a standard way of changing the dependent 
variable in such a second-order linear equation in 
order to eliminate the first-derivative term. This 
is done by defining q by the equation 


| P 
(7) X= q exp 2 | (ai + aj) dp. 
ο 
Computing, 
P 
λ! 5 [a' + Xa + a )a ] exo ἆ | (aj + a) dp, 
ο 
A* = Lat * (a1 + ayat + (ay + aj) a + $a) + ap)'a] 
P 
. exp à M (aj * a) dp. 


This substitution of these expressions in (6) leads 
to the equation 


(8) q" - r?q = 0, 
where 
r2 = 30 (ay + a)? - bagay - agag) - Σία + ap)'] 
= i{[(a,- a)? + kasaz -2(81 + &)'] " 
We are now faced with the problem* of finding an 
approximate solution to the equation q" - rq = 0, 


where r is a slowly varying function of the independent 
variable p. This equation is "almost" a familiar type. 


*Approximate solutions of equations of this type have 
been obtained by H. Jeffreys, Proceedings of the London 
Mathematical Society (2) Vol. 23 (1923), p. 438, and by 
Wentzel, Kramers, Brillouin ("WKB method"). See, for 
examples G. Wentzel, Zeitschrift fur Physik, Vol. 38 
(1926), p. 518. The solütion we obtain will be essen- 
tially the same as the solution obtained by these 
methods. 
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If the substitution 

(9) z= (log q)', (log = log to the base e), 
is made, the resulting equation is 

(10) 2! * z^ -τὲ = 0, 


If r were actually constant, this equation would have 
the solution z =Ë r. Since r is nearly constant, the 
equation may be expected to have solutions nearly equal 
to r and - r respectively. Consider first the solution 
which is nearly equal to r. Writing it in the form 


(11) Z=rte 
where € is small, the equation (10) becomes 
(12) E! + 2r€ + εξ + r! = 0, 


Thus if we define* 

| Ea —r'/2r, 
the differential equation is satisfied except for 
terms εἰ and ες, The error thus is in the ratio 
(e' + c*)/r* to one of the terms of the equation, 
and we can verify that for the problem at hand this 


is negligible. Referring to (11), the solution for 
zis z = r-r'/2r, and hence for q, from (9), 


Ῥ 
(13) q = exp | (r - r'/2r) dp. 
ο 


Of course, the term r'/2r can be integrated at once. 
With notable restraint we refrain from doing this 
integration. Use of - r instead of r in the above 
argument leads to another solution, so that we have 
the pair of solutions 


p 
(11) q = exp | [( - r'/2r) tr ] dp. 
ο 


*We omit discussion of the case where r may be zero. 
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Since the equations are linear, every solution is a 
linear combination of these. 


Returning to the variable A, by the definition (7) 
of q, the solutions for À are 


(15) A = exp \" [ία +a, «!/τ)/2 τ] dp 
ο 


We must now put this solution for the yaw à in terms of 
the original combinations of aerodynamic coefficients. 
This simply requires use of the definitions (3) and (8) 
of the a's and of, r. Keeping in mind the relative mag- 
nitude of the various terms, we compute: 


aj + aj = 2Jp - Jy - k^? Jy 
(16) j 
+ gdU^* sin O + iAv /B 


and 
hr? = (a1 - aj)? + laoa3 - 2(a, + &j)' 
= (= Jy κό - gdU7? sin 0 - 1A v /B)? 
+ h( vJyg + i) ( - v Jp - AJy)K"? - 21A v'/B, 
or, referring to the expression (5) for v', 
hr? = - A? v ?/B? + y?y 
(17) + [Jy - Jp - k7?Jy 
- (244 - J4)md2/A ] 2iA v /B. 
A further approximation will be applied in computing 
r'/r. Certain terms in the expression for [τς are 


frequently useful later and have special nomenclature. 
Namely we define 


s = stability factor = A? v 2/4 Bk-2d,,, 
18) 
σα“ Ύ l - 1/8. 
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The real part of re cán then be written - A? v — 


In computing r'/r we shall ignore the imaginary part 
of hr^. In a sense this is quite justifiable. If 


r'/r is computed precisely and the denominator mul- 
tiplied by its conjugate, our usual conventions con- 
cerning magnitudes would lead us to precisely the same 
form unless r is extremely small. When r is small the 
form of solution is no longer valid; to avoid com 
plication we shall omit discussion of this special 
case. Computing on this basis, 


r'/r = (hr2)'/2(hr2) 


= (v262)1/2 v? c? 
(19) 
=vi/v * g'/g 
= Jp - J,md?/A + gd"? sin 6 + σ'/σ. 


Making use of this expression leads at once to the form 
of solution needed for the discussion of stability. 


(20) The yawing motion is a combination of the solu- 
tions 


P 
À «νο /0 exp à | [o - Jy 7k AUS + J maÊ/A + Sy AB) 
ο 


5 { - a2v2/p2 + lic-2Jy 
- (224 = J,)nd?/A] avast | dp 


For stable projectiles it will turn out that there 
is a simpler form which is an adequate approxima- 
tion. For all adequately stable projectiles, spin- 
ning or not, the ratio of the imaginary part of r 
to the real part is less than 1/20, so that the bi- 
nomial theorem may be used to approximate the square 
root, and thus obtain a simple expression for r. 
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According to the binomial theorem, “if | a| » | b |, 
a+ D= α (1 : b/a)? 
= Wa (l + b/2a - b?/8a? + PEG 
Thus if the ratio | b/a | is less than 1/20, the error 
in approximating V a * b by 
Và (1 + 0/28) = Wa « t/2 va 


is s than 1/2000. Applying this to the expression 
for lr* shows that 


Or = 1A V0 /B + [Jy - Jn - koe 
(21) N 7 “Ὁ H 
- (23, - J4)md2/A]/o. 


Applying this approximation to equation (20) leads 
to the conclusion*: 


(22) If a projectile is adequately stable, its yawing 
motion is given by an arbitrary combination of the 


two solutions: 


P 
xe sem ἃ | ( Jp - Jy - k7“Jq + Jamd?/A 
ο 


+ [ Jy - Jp - kg -(2ὐ1 - J4)md2/A]/o 
+ 1vA(1 Σσ)/Β] dp. 


*The authors are grateful to Mr. B. Fallon for pointing 
out an error, an omission of a "gd" term, in their 
earlier work. It is to be understood that g is the 
acceleration due to gravity and d is the diameter of 
the projectile. 
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This is the form of solution which has been used 
at Aberdeen in the reduction of spark range data. We 
refer to Chapter XIII for a geometric description of 
this function. 

An alternate form of the solution (22) may also 


be noted. In computing r'/r, referring to (17), we 
may write: 


r'/r = (lhr2)'/2(hr?) 
£ a A? ν νι /Be( xs A? ν2σὲ/82) 
= (Jp - J4nd2/A)/c2. 


The equations (15), (16), (17) and (21) then lead to 
the following form. 


- (Jp - md*J,/A + gdU7? sin ϐ)/σ2 
* [Jy - Jp - k"?gg 

- (234 - J4)nà2/A]/o 
+ [iva(l = σ)β] } ap. 

We íntend to base an analysis of spark range data 
on the form (23), instead of, as is now done, on (22). 
Of course the validity of (22) and (23) depends on 
O being at least 20 times as large as a J-term. We 
now turn to a discussion of stability, which will 


show that for adequately stable shell this assumption 
is justified. 
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l. Stability. 


We are now prepared to discuss the question of 
stability*. One might define a projectile as stable 
provided the yaw decreased, tending toward zero as p, 
the arc length in calibers, increased. The definition 
of stability which we wish to adopt is not, however, 
of this sort. We will say a projectile is stable if 
small disturbances have no permanent effect, that is, 
if the.yawing motion does not, in the limit, depend 
on the initial yaw and the initial yawing motion (the 
initial cross spin). To be precise, the yawing motion 
of the projectile is given as a linear combination 
of the solutions (15) of the previous section and a 
particular solution. The projectile is stable if the 
solutions (3.15) decrease in magnitude, so that in 
the limit only the particular solution remains. This 
does not always mean that the yaw will become and 
remain small, for the particular solution may give a 
large value of the yaw. For example, if the spin given 
a shell is excessive, its rate of precession is slow, 
and the direction of its axis changes only slowly. 
Since the trajectory curves, the yaw becomes large. 
Nevertheless, the projectile may be stable in the sense 
in which we use the word. In order to assure that the 
yaw be small it is necessary to know that the projec- 
tile is stable and that the particular integral is 
small. Actually, except in the case of high-angle 
fire, the particular integral will be small, so that 
if the projectile is ΗΕ its yaw will become and 
remain small. 


*The "first stability condition" (see (9)) is quite 
old, and is probably due to George Greenhill. The 
criteria we derive are new. For shell with normal 
spin, this stability condition, in a somewhat less 
precise form, was contained implicitly in the work of 
Fowler, Gallop, Lock and Richmond, as was stated by 
R. H. Kent. 


618 Ch. XI 


Google 


The question to be decided in this section is then 
the following: what are the necessary and sufficient 
conditions that the solutions given by (3.20) approach 
zero as the arc length p increases? Except for the 
trivial case where r is extremely small (in which 
case the solution must be replaced by another simpler 
form), it is easy to see that the yaw will decrease if 
and only if the real part of the first bracket under 
the integral is negative, and in absolute value greater 
than the real part of the second. That is, the pro- 
jectile is stable if and only if* 


(1) a>|R /b*ie|, 
where R denotes "real part of" and 
a*(- Jp + Jy * k-@dy - J,nd?/A), 
b = - (A? v2/B2) + μον, 
c = 2Αν [Jy - Jp - kody 
- (234 - J4)md?/A] /B. 


*"To be precise, we should consider stability in the 
special case where r is very near zero. However, 
such an investigation would be of no practical interest, 
since, for military use a projectile must not only 
be stable, but projectiles with aerodynamic charac- 
teristics differing somewhat from the design must be 
stable. (Production items frequently show fairly 
substantial differences.) It seems quite improbable 
then that stability attained for r = 0 could give 
satisfactory performance on producticn items.  Con- 
sequently, when in this chapter we state "necessary 
and sufficient" conditions for stability, we mean in 
this practical sense and not in the strict mathe- 
matical sense. 
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The quantity b + ic can be written as 


b? + c? (cos P + i sin P), 


where 

cos P = b/ V»? + c? 
and 

sin P = c/ ye? + οἆ, 
Since 


cos?(P/2) = (1 + cos P)/2, 
it follows from De Moivre's theorem that 


| | R 5 * 1c | - νε οὗ νὮ + ο/γοξ + οἆ)/9 
2) / 
= / (b+ Vs + ο2)/2. 


The inequality (2) is therefore equivalent to one of 
the form 


(3) a » (b+ Vt? + c? )/2, 


where a is the negative of the real part of aj * aj, 


and b and c are respectively the real and imaginary 


parts of Lr. We now perform a few elementary alge- 


braic manipulations with the inequality (3). Each 
line in the following list is equivalent to the pre- 
ceding and to the inequality (3). 
a? > (b + Vb? + c2)/2 and a > 0, 
2a? > (Ὁ + lb? + c2) and a> 0, 
(2a? - Ὁ)» yy + c? and a> 0, 
(L) (2a? ~ b)? > b? + c? ana a» 0 
(since always | Ὁ| = V»? * cĉ), 
- Lab > c? - hal and a >0, 
-b»-a e. (οἆ/!ᾳαξ) and a > 0. 
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The condition (h4) is then necessary and sufficient 
for stability. From the expressions (1) it is easy 
to see that a? is of the order of J?, while οὖ/ια 

and b are of the order of one, so that the a?-term 
may be neglected. For convenience, let us denote the 
part of c which is inside the bracket by f, so that 
c = (f2aV /B). Then the inequality (1) can be written 


(A? ν 5/92) - Lk7@Jy > (£24 v /B)?/ha*, 
1 - (LBK? yA? v2) > £2/22, 
" (uB2k-27,yA? v 2) 
< 1 - (f2/a?) = (a+ £)(a - £)/a*. 
We now state the principal result of this sec- 


tion, defining the stability factors sj, so and 83 as 
a, a+ f and a - f respectively. 


be satisfied. 
1/5 = LB*k-?Jy/A? v? : 
Jy - Jp - k^^Jg - (234 - J4)mà2/A 
- | 
Jy + k"ÊJy - Jp - Jamd?/A > ο. 
(7) An equivalent form is: 
1/s < 8283/81* and sj 20, 
where 
81 = Jy + k"^Jg - Jp - Jamd?/A, 
85 = 2Jy - 2Jp - 2Jqmd^/A, 
83 = 2k"?Jg + (2Jp - 2J,4)nd?/A. 
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The notable feature of ei'ther form is that the spin 
v occurs only as a factor on one síde of the inequality 
so that it is extremely simple to discover the effect 
on stability of varying the spin. We now consider 
separately the stability of spin-stabilized and fin- 
stabilized projectiles. 


Case I. Spin-stabilized projectile: Ky,» 0. 


We first remark that the classical stability con- 
dition, s > 1, is shown to be necessary by (6). Of 
course this condition (s » 1) is by no means suffi- 
cient. Inspection of the equations shows that if s is 
greater than one, hy an amount which is large relative 
to the J-terms, say by 0.5, then the yawing motion of 
the projectile will be epicyclic, and there will be many 
maxima of yaw. (See Chapter XIII.) However, the 
successive values of the yaw at maxima may increase 
without bound. On the other hand, if s « l the yaw 
increases steadily, and the motion is very similar 
to the falling-down motion of a top when its spin 
becomes too small. 


A remarkable fact obtained from these inequalities 
is that it is quite possible that shell exist which 
are incapable of spin stabilization. First, the pro- 
Jectile is surely unstable if sj is negative. This 
is actually rather improbable, ‘for Jy and Jy are 
usually positive and of the order of ten times the 
magnitude of Jp. However, the possibility of Jy 
being negative cannot be ruled out, in view of the 
formula (II.5.7) which gives the change in Kg for a 
change in center of mass position. Even if s4 is 
positive, it may not be possible to stabilize the 
shell, for, referring to (6), the bracketed quantity 
may be greater than l, whereas the quantity on the 
left is always positive. If 5130, the bracketed 
quantity will be 1655 than one if and only if the 
denominator X the numerator are both positive, i. e., if 
So and s3 are positive. On the other hand, if so and 81 
are positive, their sum, which is 25i, is positive. 
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Thus we may state: 


(8) A ectile miih ositive S 15 ca capable of s 
tabi Tination If and c IT. d 53 are posters. 
tr the ICODADUESB ca Sle raat stabilization 
the amount of spin EE is glven by 

5 > 8] 2/3983. 


We remark that this can be considered as a sharp- 
ening of the classical stability condition; instead 
of requiring that s >1 we require that s be greater 
than a certain combination of aerodynamic coefficients 
which is, by reason of its form, always greater than l. 


There is ample experimental evidence of the im- 
portance of the complete stability conditions. For 
example, A. C. Charters has fired rounds in the aero- 
dynamic range at Aberdeen which, although having a 
Stability factor s of 1.5, were unstable. Further, 
models have been fired which were unstable, and yet 
a model having the same exterior contour but a center 
of mass farther back was stable. That is, by a change 
in distribution of mass, which reduced the factor s, 
stability was attained. In this case the cause of 
the instability was the excessive magnitude of J«4. 
As we have remarked, Jņ is usually negative and M 
this case the factor s4 was therefore negative. By 
moving the center of mass to the rear the magnitude 
of Jp was decreased and consequently the shell became 
stable. 


Too little is known about the stability character- 
istics of shell to be able to draw any conclusions 
about design criteria. It is known, in a general 
way, that very short shell seldom have stability 
troubles of thís sort. Unfortunately, very short 
shell are unsuitable for most ballistic purposes 
because of their high drag. The question of stability 
is now being studied experimentally in some detail. 


Sec. li 623 


Google 


P 


Case II. Fin-stabilized projectiles: Ky <0. 


For fin-stabilized projectiles the implications of 
the stability criteria are quite different. If sj is 
positive and the spin is sufficiently small the pro- 
jectile, in view of (7), is surely stable. If, further, 
5283 is positive the projectile is stable regardless 
of spin. (In this case, since 26] = 52 + 81, both 
S2 and 83 are positive.) On the other hand, if either 
82 or 81 is negative then the condition (7) limits 
the amount of spin possible before instability ensues. 
Summing up: 


(9) For a projectile with Ky negative it is neces- 


‘gary that 85 + s} be positive in order that tne pro- 


jectile be stable. If both sj and s4 are positive 
the projectile is stable regardless of the amount 
of spin. If 82 + s} is positive but either s, or s 


of the spin be less than 
| L823yk7? 5, ?/4?2254 | . 


It would be rather exceptional if for a fin-stabi- 

lized projectile the quantity 
89 + 83° 28] 

were negative. The normal force coefficient for a 
bomb is usually of the order of twice the coefficient 
for a shell at the same Mach number. The damping 
coefficient Ky is usually larger by an even greater 
factor, and for some bombs this coefficient is as large 
as 30. These are, of course, natural effects of the 
guiding surfaces. On the other hand, there is no par- 
ticular reason to expect that one of the numbers 
Sy and $3 should not, for some designs, be negative. 
that this is the case is indicated by the fact that 
a number of bombs, particularly those of marginal 
stability, have been observed to go into a "flat spin" 
when, due to launching or to misalignment of fins, some 
axial spin had been induced. 
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Actually, the analysis which we have given does 
not apply to most bombs. In defining the aerodynamic 
coefficients a factor 


w * axial component of angular velocity 


was removed from the Magnus forces and torques on 
the grounds that, if the projectile has a plane of 
mirror symmetry these forces and torques are odd 
functions of Q4. Most bombs do not have a plane of 
mirror symmetry. The edges of the fins are usually 
turned over to give the fins additional rigidity. 
This means that when the bomb is yawing the fins act 
like the vanes on an anemometer, inducing a spin on 
the bomb. Further, in this instance there is no reason 
to suppose that even with spin zero the force perpen- 
dicular to the plane of yaw, which we call Magnus force, 
vanishes. The form chosen for the aerodynamic coeffi- 
cients is then not suitable, since it cannot be supposed 
that they are almost constant — in fact, there is 
reason to think that for such a projectile the Magnus 
force coefficient as defined here would have an in- 
finite discontinuity at w] = O. A further analysis 
thus seems necessary to get adequate criteria for this 
sort of fin-stabilized projectile. This analysis will 
not be carried out here; presumably criteria similar 
to (6) and (7) would result. 


5. A particular integral; the yaw of repbse. 


The solutions so far obtained are solutions of the 
homogeneous equations (3.2). For stable projectiles 
these solutions are transients, that is and u decrease 
exponentially along the trajectory and eventually 
become negligibly small. The importance of these 
solutions lies in the fact that they enable us to ana- 
lyze the initial motion of a projectile and to compute 
the effects of a particular set of launching conditions. 
We now turn our attention to a particular solution. 
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This solution is essentially unique, in that it is the 
non-transient part of any complete solution. The ex— 
pression for À we obtain is called the yaw of repose, 
since it is that yaw which a λα eee have after 
the transients have died out. 


It might at first seem strange that the "repose" 
position of a projectile is not that of zero yaw, but 
a little reflection serves to show that this must be 
the case. If a projectile moves with no yaw, the 
fact that the trajectory is curved means that the 
projectile must have a non-zero angular velocity, 


ὃ = - g cos 0/U. 


This angular velocity changes along the trajectory, 
decreasing steadily along the upward branch. The 
question 1s, what torque causes this change? If the 
yaw is zero, the only possible torque is the damping 
torque, depending on Ki, and if Kj is positive this is 
of the wrong sign. One must conclude that in general 
the rest position of a projectile is not a position 
of zero yaw. We now proceed to compute this yaw, 
the corresponding angular velocity and the effects 
of these. 


It will be convenient to obtain the particular solu- 
tion for À and p in terms of Y . We return to the 
notation of Section 3, and recall that the equations, 
a particular solution of which is desired, are: 


A' = αλ: aout Ὁ, 


e iia 84À* aH» 
where 
a] = Jp - Jy + LVR; 
a9 = VJypr + i, 
-2 
37(- hy sear 
i = Jp- k Jg + edu oo Ə + iA V/B, 
b = (gà sin 6 - y aun? 
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Further, the equation which is obtained by eliminating 
p from this system is equation (3.6), which is 
AW λε] - a), ) 
(2) 
+ A(aj ay, - 8584) * b( ay, - b'/b) = 0. 

The solution which would exist if the coefficients 
of this equation were constant instead of slowly vary- 
ing functions of the arc length p actually furnishes 


an adequately accurate approximation. We define the 
yaw of repose, Aus by 


(3) Ay s. b(a, - b! /b)/(a1aj - 8281). 


If the values of the a's and b in terms of the aero- 
dynamic coefficients are written, as they will be 
below, it can be verified that Ἀφ! is of the order of 
J.times ba), and Af is even smaller. Thus Ay fur- 
nishes a particular solution of the equations (1). 


We now compute the expression for A, in terms of 
the definition (1) of the a's and b. If, as before, 
J*-terms are neglected, 


(b) aja), - 828} " (Jp - Jy + 1 vJp)iv A/B 
+ Ak7?( v Jp + iJy). 
We now choose that coordinate system described just 
before (2.13). In this system we make the following 


approximations, whose justification is given in a note 
at the end of this chapter: 


Y -gà sin 6 = -g cos O, 
b = gdU~* cos 0. 


The expressions (2.9) for U' and 0' máy be used to 
compute b'/b. 


b'/b = (U-? cos θ)!/0-2 cos 0 

= - 2U'/U - Ə' sin 6/cos 8 

= - 2( - Jp - gdU-? sin 0) + gdU^? sin 9 
= 2Jp + 3gdU-? sin 0.. 


(5) 


Sec. 5 627 


Google 


Thus, 
aj - b'/b = - Jp - k"^Jg - 2842 sin θ + 1 VA/B). 


We therefore have the following expression for the 
yaw of repose: 


(6) - ga0-? cos θί - Jp - KÓJg - 26403 sin ϐ + 1 vA/B) 6 


᾽ (Jp -Jyt iv Jp)iva/B + 1k7?( v Jy + idy) 


This expression is actually of a different order of 
magnitude depending on whether the projectile is spin- 
stabilized or fin-stabilized. We therefore consider 
separately the two cases. First, if v = Q, we have 
at once: ' 


(7) If the spin vis zero the yaw of repose is given by 
A, * gdU-? cos 0 ( - Jj - kd, - 2gdU7? sin 8)/k"2,. 


Since for a bomb the coefficient Jy is negative, the 
yaw of repose is positive real, which means that the 
trajectory is below the axis of the projectile. Thus 
the "repose" position of a fin-stabilized projectile 
is such that the nose of the projectile is above the 
trajectory. This, as we shall see, causes a "lift 
effect," so that the range of a bomb is greater than 
would be the case if drag alone were acting. Further, 
the time of flight is greater than would be the case 
on the basis of drag alone. 


The other special case we wish to consider is that 
of a spin-stabilized projectile with normal spin; 
i. e., V A/B is of the order of 1/50. In this case 
the first part of the denominator of the expression 
for Ay is much smaller than the second pert. Thus, 
if both numerator and denominator are multiplied by 
the conjugate of the denominator, the resulting de- 
nominator can be approximated by k^ (v2Jn2 + Jy*). 
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The numerator is then 
- (gdU~? cos Θ)( - Jp - δη - 2gau-* sin 0 + i vA/B) 
-[- κέικ - A ν 26/8 
- iv A(Jp - Jy + Jqma?/A)/8]. 


Under the assumption on the order of magnitude of yA/B 
this can be replaced by 


- (gaU-? cos @)( - κ-ξύμ - Jp v?A/B)1 v A/B. 


Thus the yaw of repose can be approximated by 


Ap = (gdU~* cos @)(iyA) 


(8) 
«(κ-ξσμ + Jp v?2A/B)/Bk"( vJ? + uy). 


This is not as good an approximation as (7), but in 
practice an even peers» SPPEOXIDACEOD is usually 
used. This is 


(9) For projectiles for which v A/B is of the order 


of 1/50, the following equation gives the yaw of re- 
pose to about 5 per cent. 


A p * gdU-? tos © i v A/JyBk-? 
= gdU7* cos ϐ i vA/J,nd?. 


This expression indicates that the repose position 
of a shell is with its axis pointing slightly to the 
right of the trajectory. An inspection of the more 
precise form (6) shows that in general the shell also 
points above its trajectory, although to a much lesser 
extent. This rest position shows the reason for the 
drift of a projectile. A shell with normal right- 
handed spin will, in the absence of wind, always fall 
to the right of the vertical plane which contains 
its initial velocity vector. The equation (9) will 
. permit us to compute the amount of this deviation. 
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Corresponding to the yaw of repose there is an 
angular velocity M, which, according to equations (1), 
is given by 


(10) Bot (A, - ai^. - b)/8^. 


In case the spin is zero (equation (7)), bothA,' and 

p are of the order of J times b. In the other case, 
(equation (9)), these terms are of the order of 1/50 
of b. In either case, to an accuracy corresponding to 
the accuracy of the expression for Ay , we may write 


2 


(11) Ha = gdU ^ cos e/( ν ὄχι + i). 


We now return to Section 2, equation (13), to compute 
the acceleration due to À,. and μ.. We have at once: 


(12) The component of acceleration perpendicular to 
the trajectory due to aerodynamic forces is given by 


a= [(Jp- Jy + $ vJg) A * (νύχρ + idg)p) U?/a. 


A positive imaginary acceleration is measured to the 
left of ‘the trajectory and a positive real downward. 


For a non-spinning projectile this gives an accel- 
eration a,, corresponding to A, andu,, of, (by equa- 
tion (7)), 


ap = g cos 0 (Jp - Jy) = Jp - κ όμ)/ τον 
+ g cos O (Jp - Jy)( - aga? sin ϱ)/ τον 
(13) + g cos 0 Js 
= g cos 0 (Jj/k AJ) (J + k 


+ g cos 8 Js. 


We have replaced Jy - Jp by Jy, (see (II.4.9)). Since 
Jy is negative for fin-stabilized projectiles, this 
acceleration will ordinarily be directed upward. 
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Making the corresponding calculation for spin- 
stabilized projectiles, employing (9) and (11), we 
have 


ap = ( -J + ivd,)(ig cos @)(vA/J ma?) 
+ (vJyg + idg)(g cos θ)/(ν ὅκῃ + 1). 


The second term here is of the order of J, while the 
first is of the order of 1/50. Thus, to an accuracy 
which is quite adequate, considering the accuracy of 
Ap? 

r 


(1L) a. = ig cos Ov A( - J, + i v Jp)/Jynd?. 


Of course the J's in this equation can be replaced 
by the aerodynamic coefficients ΚΙ, Kp and Ky, since 
the density factor pd3/m is common to numerator and 
denominator. 


The computation of the effects of the acceleration 
ar is best made by the method of differential correc- 
tions. The real part of a,, which represents an accel- 
eration in the vertical plane of the trajectory, re- 
quires, for the computation of its effect, solutions 
either of the equations of variation or the associated 
adjoint system. The imaginary part of ap permits a 
direct computation by means of quadratures. In fact, 
referring to (IX.3.10), we may state: 


(15) The drift, which is the deflection due to the 


yaw of repose, is given by 


T 
gA | [x(T) - x(t)] v cos © Κι } 
PM MM IM a 


Drift = - — 
md? a(t) Ky 


to 
Of course, V cos ϐ may be replaced by wd x(t) y"? 
if desired. | 
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59. Initial motion of the center of mass; swerve. 

It is the purpose of this section to display the 
equations describing the angular and spatial motion 
of a projectile in a form suitable for use in experi- 
ments in which the initial motion of a projectile 
is measured. In particular, we have in mind spark 
range measurements and yaw card trials, both of which 
are discussed at some length in Chapter XIII. In 
both of these cases one is concerned with the motion 
of the projectile for a relatively short distance — 
a distance of the order of 7000 calibers. The meas- 
urements which we will wish to interpret are of vary- 
ing accuracy. In the case of spark range data, the 
angular position of a shell is measured to an accuracy 
corresponding to a probable error of about 0.1 degrees, 
while in yaw card trials the accuracy is roughly one 
degree. In either case the most important range is 
from a yaw of two degrees (although this is usually 
too small for successful yaw card experiments) to a 
yaw of ten degrees, with some importance attached to 
yaws up to twenty degrees. 


It is convenient to measure the yaw of the pro- 
jectile from the trajectory to the axis, instead of 
in the reverse direction. The coordinate system com- 
monly used in the spark range at Aberdeen has one 
axis pointing along the trajectory, another, the 
H-axis, pointing to the left and horizontal, and the 
V-axis pointing upward. (These axes are obviously 
connected with the horizontal and vertical plates 
on which the silhouette of the projectile is photo- 
graphed.) The components of yaw in the H- and V- 
directions, or, to be precise, the tangents of the 
angles from the H- and V-axes respectively, to the 
axis of the projectile, are denoted by ζῃ and Ey. 
Recalling the definition of A, and the coordinate 
systen (2.12), one sees that 


(1) EE SET EDS 
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The form of the variation of Eg + 1€y with distance 
is thus the same as that of À, a linear combination 
of the solutions (3.23) with the yaw of repose added. 
Two small simplifications are possible. Since in the 
spark range the, projectile is fired almost horizontally 
the terms gdU * sin 9 may be neglected. Secondly, the 
yaw of repose may surely be approximated as in equa- 
tion (5.9), and the cos © tern there may be replaced 
by one. These two simplifications made, one obtains 


(2) The yaw as a function of distance in calibers 
is given by 


ξ- Sy + iby = ο] exp 94 + co exp 9, - gU ^A / δ.μὰ, 
where 94, and Φ 2 are given by 


j -2 TA. 
ὃ» zn i οὖρ - ὃν - κ Jy - (Jp - J,4md /Α)/σ 


ξ [dy - Jp - K h Cip - J4 )md*/A] /o 
+ 1vA(1 + σ)/Β } dp. 


We now consider the motion of the center of mass, 
taking the point of view that the yaw is a know func- 
tion of the arc length p. Referring to equation (2.13), 
the aerodynamic force on the projectile has the form 


Force = [ (Jp - Jy + ivJg)À * ( Vdyp + 17ο)μ] mU2/d. 


This is, of course, the representation of the force 
in the coordinate system of λ and μ. If Ἆ 15 known, 
according to equations (3.2) and (3.3), μ is given by 


B= [A!' - (Jp - dy + iv JgJA + YaU7*] /(i + Vdyp). 


If we now inspect the expression for force above, we see 
that terms within the bracket which are much smaller 
than JA-terms may be neglected. In computing the 
force, therefore, one may surely replace the ex- 
pression for u by the simpler form u = À'/(i + Wy). 
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If the numerator and denominator of this fraction are 
multiplied by the conjugate of the denominator, in- 
spection of the expression for force shows that the 
VJyp term may be neglected, so the aerodynamic force 
takes the form: 


(3) Force = [ (Jp - Jy + 9 Jg) ^- ἀ(νόχε + iJ )A"] αὐζ/ά, 


We are now in a position to determine the motion of 
the center of mass. The spatial coordinate system 
used in the spark range has the x-axis horizontal 
and to the left, the y-axis pointing vertically up- 
ward and the z-axis horizontal and (approximately) 
along the initial line of fire. Because the photo- 
graphic plates used are small (8 inches by 10 inches) 
the line of fire is always within a few mils of the 
direction of the z-axis. Equation (3) gives the com- 
ponent of aerodynamic force perpendicular to the tra- 
jectory. The component perpendicular to the z-axis, 
m(% + iy), will be the expression (3) multiplied by 
the cosine of a very small angle, together with a 
component of the aerodynamic force along the trajec- 
tory, the drag. The coordinate system in which (3) 
is valid has its real axis downward, the imaginary 
to the left. Using S as an abbreviation for x + iy, 
it then follows that 


(L) mS = m(X + 15) = - 1(Force) + mUS/U - img, 


where "Force" is given by (3). The drag is mÜ, and 
$/U projects this force perpendicular to the z-axis. 
The two terms.in S can be combined to give a sirpler 
and more convenient form. Using primes, as usual, 
to denote derivatives to arc length, p, we compute: 


mS - mUS/U = (SU - US)m/U = (Š/1 mU 
= (S'/a)'mU2/d = S"mU*/d2. 


Modifying (L4) by means of this computation and re- 
placing id by & gives 


S" -- [ (Jp - Jy +i vJp)Š 
(5) - il vJyp + iJg)t'] d - iga?/v?. 
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We now obtain S by repeated integration. According 
to (2) the yaw 5 15 of the form 


-2 
cq exp $1 + eo exp 5 - gU vA/J πὰ, 


where 91 and 95 are almost linear in arc length p. 
In what follows the integration for S will be performed 
as if these were linear functions, This amounts to 
ignoring the variation of y. Thus, 


P 
| exp Φ] dp = (exp Φ] -1)/91', 
ο 


P (P 
| | ΘΧΡ Φ] dp dp = (exp Φ1 - 1)/(Φ11)2 - ϱΡ/Φ1', 
ο ο 


and similarly for exp Φα. Using this equation, and 
grouping terms in the order constant, linear func- 
tion of p, exponential, drift and gravity drop, leads 
to the following equation for S: 


S=So+(-d +i νόρ)ὰ [οι/(Φ 11 )2 + co/( 62)? ] 
- 1(ν ὄχρ + 1ὐα)ά(οῃ/8 η! + co/@ οἱ) 
+ PS! «γί - όν + ἐνύρ)ά(σῃ/θ η! + 02/02") 
- i(v Jyp + iJe)dp(c} + Co) 


+ ed exp €i [= C- J; + Avdp)/(o,')? 
(6) + if V * iJs)/ 94' ] 


+ cod exp %5 C-(-Jd,+ 1vJg)/(6 ο.) 
+ 1(ν Jyp + 1J5)/0 ot] 


P (P 
+ [ eX - J, + ivd,)/jm ] | | U* vy dp dp 
p p 5 ο ο 
- igd? | | U^* dp dp. 
ο ο 
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One term, that corresponding to the rate of change of 
the yaw of repose, - gU-?A v /Jymd, has been omitted, 
and Jp - Jy has been replaced by - Jj. It is possible 
to obtain several useful facts from the form of (6). 
In particular we can discover the effects of the ini- 
tial yawing motion. The exponential terms in (6) 
will damp out if the projectile is stable, and the 
constant terms involving cj and co are too small to 
be of practical significance. However, there is a 
term linear in p which involves cj and co. This term 
shows that as a result of the initial yawing motion 
there is actually a change in direction of the mean 
trajectory. We state explicitly for future reference: 


(7) An initial yawing motion, ο] exp 94 + Co exp 95, 
changes the direction of motion of a projectile by 


( = dp + 14g) (e) / 0! - 05/05!) - ilvdyp + 1σε)ίσι + c2), 
where 
-2 2 2 

Φ1), Φο' = i {2Jp - Jy - κ Jg - (Jp - J Amd /A)/o 

ZT Jy - Jp - KÊJy - (2dp - J4)md?/A]/c 

+ iva(l  σ)/Β]. 
This result will be used in the discussion of the ef- 
fects of yaw in aircraft fire. 


It will also be convenient to state explicitly the 
facts from equation (6) which will be used in the 
spark range reduction. 


(8) If the initial yawing motion is given by 
E= c] exp 41 + co exp 92, 


amme O D D αμ.” ου 8 —— κ 


S = (linear function of p) 
+ (drift) + (gravity drop) | 


tri exp 94 + ro exp Φ2, 
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where 
ri * odl - ( = Jj + iwy)/( 04")? + (Wy + 1σο)/ϑη1] 
.and r5 is a similar expression in Ορ and Φ2. 


As far as spark range work is concerned it is pos- 
sible to use approximate forms for the drift and 
gravity drop in the above equation which will be very 
simple computationally. The equation governing the 
velocity permits simplification since the fire is 
very nearly horizontal, so that U is the solution 
of the equation U' = - Wp. Hence U = Ug exp( - Jpp). 
By straightforward computation one then obtains: 


P [P 
ga? | | υ-2 dp dp 
ο Jo 


2. -2 (P (P 
= gdu, exp (2Jpp) dp dp 
ο ο 


2 2 Ρ 
= (gd'Ug /2Jp) [exp (2Jpp) - 1 ] dp 
ο 


= (gd?U,-72/2J5) {[ (exp 2Jpp - 1)/275] - p}. 


For normal rounds fired in the range the velocity 
loss is at most 10 per cent, and the exponential term 
above can be approximated by a polynomial. Replacing 


exp ?Jpp by 
1 + 2Jpp + (2Jpp)?/2 * (2ύΠΡ) 2/6 + 94999 


we have 


| P [5 
ga? | | U^? dp dp 
(9) owe 


= lgd?U,7?p? [1 + (2ὐῃρ/3) + ...]. 
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The procedure which is used in the spark range reduc- 
tion is to subtract from the measured values of S 
the quadratic and cubic terms of (9) and the terms 
of the same order in the expression for drift. The 
revised values should then be of the form, a linear 
function of p added to a combination of the exponentials 
exp Φ] and exp $925. Since these exponentials are 
obtained from the yaw reduction it is then possible 
to fit the revised values of S with a linear combina- 
tion of four known functions, namely, a constant, 
the function p and the two exponentials. This can 
be done by a more or less routine least squares pro- 
cedure, and the values of r4 and ro (see equation (8)) 
= ο... can be used to evaluate the coefficients 
and Ke. Actually, as we shall see, only 
di AO of these, Κι, can usually be evaluated with 
meaningful accuracy. In line with this program an 
approximate expression for the drift is also needed. 


The drift is of the form 


P (P 
| | U-2 y dp dp 
ο ο 


multiplied by a constant. In approximating this inte- 
gral we shall use the fact that the spin-decelerating 
moment is small, so that if v is written w,d/U, the 
variation of πα can be neglected. Thus, 


; P (P 
|. | U-?v dp dp = od U73 dp dp 
ο ο ο ο 


P (P 
3 dUg7? . Jom (3Jpp) dp dp 


ωιάϊς-2 exp (3Jpp)/(3Jp)? + (linear terms) 
νοῦο ὁ exp (3Jpp)/(3Jp)? + (linear teras) 


ἐν υδρία + Jpp + soe) 
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Actually, vg should be taken as a mean value of y. 
Making use of this approximate formula gives at once 
the desired form: 


P [P 2 
[( - J, + ivJ5)/J] (gA/m) | | U^ vdp dp 
(10) ο Jo 
- b^ [ ( -J+ ivJg)/Jy ] (εν A/mU,2)(1 + Upp * wee ). 


7. | Initial motion; evaluation of constants. 
The two constants, cj and C5, which appear in the 
expression for the yaw €, are determined by the initial 
yaw and the initial angular velocity of the projectile. 
We will now evaluate the constants in terms of these 
quantities. This evaluation will be needed in com- 
puting the effects of particular launching conditions. 


In making this computation it is quite justifiable 
to ignore the yaw of repose, since this ordinarily has 
the magnitude of only a fraction of a degree. The 
yawing motion is then of the form 


(1) ξ = cj exp 64 + Co exp Oo; 


where 94 and Φ 2 are given by (6.2). For p = O, the 
equation (1) and the equation obtained by differen- 
tiating it show that 
ξ. -ο +c 
ο 1 2? 
(2) 1 |) t 
δο 9191’ * 9ρ9ρ'. 


These equations may be solved for cj and co easily, 
resulting in the following values for the constants: 


(3) Cy = (ξοὶ - Eo 95! )/( Φη' - Φο'), 
Co = ( £,' = ξο 91' )/( Φο' wre 91')* 
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These equations are in a fairly convenient form ex- 
cept that it is desirable to have ξρ' expressed in 
terms of the initial angular velocity. Let us denote 
the component of initial angular velocity Md TEN 
lar to the initial tangent to an trajectory by Q 

or, to be more precise, let be the complex πιο. 
representation of this vector, ge in the same coor- 
dinate system as & The relation between ^and p is 
given by equations (3.2) and (3.3), but for present 
purposes a very approximate form of these equations 
will be used. We shall assume À' = in. Sinceyp is 
a representation of the cross angular velocity multi- 
plied by d/U, this equation gives very simply a rela- 
tion between Q, and&.'. In the previous section we 
noted that 1X * £, and a direct comparison of the 
coordinate systems. (2.12) and that of the previous 
section shows that - iu, = Q d/U. Thus 


(L) Lo! =- iQ 4/0. 

This value may now be used to replace ζοἳ in the equa- 
tions (3) for c4 and co. Summarizing the information 
contained in equations (1), (3) and (hl) we may state: 


(5) The initial yawing motion of a projectile which 
is launched with yaw Eo and cross angular velocity y Qo 


is given by 
ξ- (- i Q a/u - $692) exp 9 1/( 04! = $5!) 
*(-iQgd/U-L,06,') exp Φ/(Φ2' - 94"), 


where 94 and and 9, are are given by (6.2). 
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NOTE: We now give the omitted justification of the 
approximation (5.5). Let (σι, yo, y3) be the unit vec- 
tor pointing upward. In our coordinate system, the 
X-axis is coplanar with this and the velocity vector 
(uj, uo, u3), so the vector (0, 1, O) is a combination 
of those vectors, That is, there are numbers h and k 


such that hy eb ue ui ei m 
Then y3 = y1(u3/uj), which is nearly (u3/u) sin ©. The 
xj-axis lies above the trajectory by a small angle C 
whose sine is uo/u, so to a close approximation 
yo = - cos(0 + C) = - cos 0 cos C + sin © sin C 
= - cos @ + (12/4) sin 6. 
Hence 


yo * iyj = - cos O + [ορ * 1u3)/u] sin 9. 
On multiplying by g and transposing, this becomes (5.5). 
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Chapter XII 
LAUNCHING EFFECTS 
l5 Preliminaries. 


It is the purpose of this chapter to compute the 
magnitude and direction of the deviations of certain 
trajectories from normal; in particular, deviations 
which are due to the character of the launching. 
There are really two distinct sorts of effects which 
will be considered. One sort may be called systematic. 
Of primary importance among these is the effect of 
launching with large initial yaw, as is done in side- 
ways fire from aircraft. Such effects are predictable, 
since the character of the launching is known, and 
they form an integral part of computed firing tables. 
The second sort of effect is not systematic, but simply 
adds to the dispersion of the weapon. Among these 
are the effect of yaw in the gun (although the magni- 
tude of this yaw is predictable, its direction is not) 
and the effects of eccentricity of mass. The study 
of these is not intended as a preliminary to firing 
table computation but simply as a means of setting up 
suitable tolerances in the manufacture of projectiles 
and guns. It also gives an indication of the impor- 
tance of these factors in dispersion. 


As a part of the procedure for the computation of 
the systematic effects, Sections 2 and 3 are devoted 
to a description of the experimental procedure and 
the analysis of data required to evaluate these. The 
second of these procedures, drift firing, is almost 
self-explanatory. The first, yaw card firings, is 
essentially the same experiment as that conducted in 
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the spark range. The angular motion of the shell is 
analyzed more or less completely. Because the same 
data, but given to a higher order of accuracy, are 
analyzed fully in our discussion of the spark range, 
and because the method has been described previously 
by Fowler, Gallop, Lock and Richmond, the discussion 
of yaw card firings here is rather sketchy. 


The fourth and fifth sections are devoted to the 
computation of windage jump and yaw drag. These 
sections are definitely designed for use in construc- 
tion of aircraft tables, where the range is short and 
the trajectory very flat. This specialization is 
justified since this is the only case in which pro- 
jectiles are systematically launched with large yaw. 
Further, since this yaw occurs when the projectile 
has its maximum velocity, the effect is vastly greater 
than in the case of bombing, since for most bombs 
aerodynamic factors are least important at launching. 
However, there is, in the case of bombing, a "shel- 
tering" effect which is of. some importance. 


The discussion of the effect of yaw in the gun, of 
eccentricity of mass and of muzzle blast is intended 
to give some estimate of those components of disper- 
sion which are.due to the non-particle character of 
the trajectory. A complete discussion of dispersion 
is beyond the scope of this book. The effects con- 
sidered here, together with those considered in pre- 
vious chapters, such as the effect of non-standard 
ballistic coefficient, include the principal campo- 
nents of dispersion which are primarily exterior 
ballistic in character. | | 


The accuracy required in the computations which 
follow is not extreme. As has been remarked, the 
windage jump and yaw drag computations are done pri- 
marily for sideways fire from aircraft, where the 
trajectory is very flat and the range is short. On 
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the other hand, in the computation of effects which 
are not systematic there is no reason to require high 
accuracy. An accuracy of 10 per cent is more than 
adequate. Accordingly, the simplest forms of the 
various computations made in the previous chapter can 
be used. It is convenient to assemble all the facts 
from that chapter which are needed in what follows, 
and to adopt a less complex notation. Accordingly, 
we rewrite equations (XI.3.22), in a simplified form. 
For convenience x term Jy - Jp will be replaced by 
- Ju. The factor/co/c will be replaced by 1. Finally, 
the integration indicated in (XI.3.22) will be per- 
formed as if the integrand were constant. These sim- 
plifications then yield: 


(1) If the yaw of repose is neglected, the yawing mo- 
tion of a projectile is given by 


ξ = c] exp (hy + if))p + co exp (ho + ifo)p, 


where ci and c5 are constants determined by the ini- 
tial conditions, p is the arc length along the tra- 
jectory measured in calibers and hi, ho, {1 and f? 
are given by the following, where the subscript 


corresponds to the positive choice of sign: 
hy, ho = $ { - Jj - k-?204 + Jy md?/A 
& [Ji - k-?Jg - (2dp - Jg)md2/a ] /σ }, 


f., fa = A v (1 2 0)/2B. 


i^ 2 


The symbols in this equation are defined in Section 
2 of the preceding chapter, except for o e yl -= 1/s, 
where s is the stability factor defined in (XI.3.18). 
It is to be remembered that the h's are very much 
smaller than the f's. For normal shell, the ratio 
h/f would hardly be more than one or two hundredths. 
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For use in the discussion of drift firings we also 
ote from (XI.5.15). 


) A projectile drifts to the right of the vertical 
.ane containing its initial velocity vector by the 


un 


] T 
Drift = Ελ. [x(T) - αν) ! v cos © Ky dt. 
to | 


. aye x is the horizontal component of the distance 
zem the muzzle to ihe shell. 
The constants contained in the expression (1) for 

1e yaw were evaluated in Section 7 of the previous 
. hapter. It was shom in (XI.7.5) that if the initial 

otion of a shell was given by 

S. cq exp 94 + c, exp 9,, 
- shen the constant c4 was 
( - 1Q,0/U - £5 952!)/(0,' - 95"), 

ahere (Ωρ is the initial cross angular velocity and 
«ξο is the initial yaw. Referring to (1), we see that 

in the present notation €] = (hj + ifi)p. The deriva- 


tive Φ]' contains two terms, but the larger of these 
if ifj. Using this term as the derivative we may the 


state: 
(3) The constants cj and ορ of (1) have the values 

ci = - (Qod/U +% of2)/(f1 - ο), 

| co = - (Qod/U « E,£3)/(f5 - 21), 
, Qo is the initial cross angular velocity and 


bois the initial yaw. 


There is one more result which will be needed. 
According to equation (XI.6.7), an effect of the 
,initial yawing motion ξ = ci exp 6 1! co exp 6» is 
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to change the direction of the mean trajectory by the 
angle 
= (p - Jg c3! - οϱ/ρ!) - 1(νύχρ - idg)(c) + ορ). 


In the present novation, and to the accuracy used 
here, this states: 


(L) An effect of the yawing motion given by (1) is 
to change » the direction of the mean mean trajectory by the 


angle ug αυ 
i( + J, - iv Jg)(o3/f1 + co/f2). 


2. Yaw card firings. 


We now proceed to discuss a method of observation 
of the angular motion of a projectile and the deduc- 
tions that can be made from the observation. This 
method was devised by Fowler, Gallop, Lock and Rich- 
mond, and even today is used on almost all firing 
table construction. A series of cards, called yaw 
cards, are placed at intervals in front of the muzsle 
of the gun. Upon firing, the projectile punctures 
each card. From the shape of the hole, an estimate can 
be made of the yaw of the shell at that position. (We 
discuss this estimate further in the next paragraph.) 
Thus, what amounts essentially to a continuous record 
of the yaw as a function of distance is obtained. 
This record is compared with the theoretically known 
form of the yawing motion and the pertinent constants 
are deduced. This is, in outline, the procedure. In 
practice there are many difficulties, some of which 
will be discussed below. The reduction of the data 
is a rather delicate operation, and the accuracy of 
the results depends greatly on the person performing 
the reduction. For optimum results, one might suggest 
getting H. P. Hitchcock to look at the data. 


The precise relation between the perforation in the 
yaw card and the yaw of the projectile depends, of 
course, on the shape of the shell. If, for example, 
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it is known that the bourrelet of the shell (this is 
the point of forward support, in the gun, and is the 
first point where the shell is a full caliber in 
width) and the band cut the top and bottom of the hole, 
the yaw of the shell could be deduced as follows. The 
upper half of the bourrelet would cut out a half ellipse 
having a major axis d and a minor axis d cos ò. If 
the distance from the bourrelet to the band is b, there 
would be a straight section of length b sin 5, and then 
. 8 lower half ellipse of minor axis d cos 6. The max- 
imum díameter of the perforation is then 


d cos 5 Ὁ sin ὃ, 
and the yaw is approximately 
(maximum diameter - d)/b. 


This is an oversimplified case, but it is clear that 
the geometry of the shell together with the maximum 
Giameter of the perforation determines the magnitude 
of the yaw. The orientation of the yaw is determined 
by the line of symmetry along the direction of maxi- 
mum diameter. An individual measurement of yaw is 
good to about one degree. The analysis is complicated 
by the peculiar properties of the cards. For example, 
it is possible for a shell to pass through a cardboard 
leaving a perforation of diameter smaller than that 
of the shell! Very careful examination is necessary 
in order to secure accurate measurements. 


It is unfortunately true that the cards themselves 
have an effect on the motion of the shell. Certain 
corrections can be made for this effect. One can 
assume that the effect of each card is to impart a 
discrete amount of angular momentum to the shell, this 
amount depending linearly on the yaw. Firings can then 
be made with dense and with sparse distribution of 
cards, and the change in behavior of the shell attrib- 
uted to the change in number of cards. This gives a 
means of evaluating the amount of angular momentum 
transmitted to the shell. (Another way of thinking 
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of this is to extrapolate from a dense distribution 
and a sparse distribution to a vacuous distribution. ) 
We shall not go into the methods of making these cor- 
rections. It may be well to point out that they pre- 
suppose a certain amount of uniformity in the yawing 
motion from round to round. This uniformity actually 
exists, at least to a degree. If shell are loaded 
in the same manner they will have similar initial con- 
ditions and hence similar initial motion. This is, 
however, true only in a general way. No two shell are 
identical, and no two are seated in precisely the same 
way in the bore of the gun. 


Let us suppose that we have available a continuous 
record of the yaw ζ as a function of distance, a series 
of points in the plane, each corresponding to a known 
distance from the muzzle. What sort of pattern is to 
be expected? We begin the analysis with a geometric 
description of this yawing motion. According to (1.1), 
the yaw is given by 


ξ -οι exp (h) + if, )p + Ορ exp (ho + if5)p. 
Let us consider first the case where co is zero. Then 


ξ = c exp (h) + if) )p 
= ο] (exp h)p)(cos f)p + i sin fip). 


Tis has a simple meaning. The point ἕ is moving in 
. the xy-plane with an angular velocity of fj radians 
per caliber of travel about the origin. The distance 
of the point ξ from the origin is |c] exp (hj + ifj)p| 
and if the shell is stable this distance decreases, 
although relatively slowly. If the xy-plane is thought 
of as being situated with its origin on the trajectory; 
and moving so that it is always one unit ahead of the 
center of mass of the shell, this circular pattern 
with decreasing radius is the pattern that would be. 
traced on the plane by the axis of the shell. Or the 
shell may be thought of as writing this pattern on a 
blackboard which travels along the trajectory ahead 
of it. In three dimensions, one may consider the 
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axis of the shell to be moving around on a conical sure 
face, the vertex angle of which is constantly decreas- 


ing. 


The other simple motion, & = co exp (ho + ifo)p, is 
of the same type, a damped circular motion. In general, 
one would expect, then, to have a combination of these 
two motions, with neither cj nor co zero. This is 
a vector sum, and the pattern can be visualized as 
follows. An arm rotates about the origin with speed 
fo, the arm decreasing at the logarithmic rate ho. 
At the end of this arm another arm is pivoted, and this 
arm rotates at rate fi and shrinks at the logarithmic 
rate hj. The pattern drawn by the end of the second 
arm is the pattern described by ξ. This is called an 
epicycle, and the motion is called damped epicyclic 
motion. 


It might be remarked that epicyclic motion is not 
uncommon. Suppose that we refer the positions of all 
objects to a coordinate frame fixed with respect to 
the earth. To the ancients these were the only reason- 
able reference frames. We know that they are incon- 
venient in astronomy, because they are not inertial 
frames. Nevertheless we continue to use them for 
many purposes; for example in celestial navigation 
the first step is the measurement of the angular dis- 
tance from the sun or a star to the horizon, which is 
an earth-bound reference frame. To a first approxi- 
mation, in a system fixed to the earth it will be 
found that the sun travels in a circle centered on the 
earth, the angular velocity being 15 degrees per hour. 
To a first approximation, the motion of a planet in 
our reference system is then an epicycle; the first 
arm rotates about the earth, and the sun is its other 
end; the second arm starts at the sun, and the planet 
is its other end. Before 100 A. D. it was known that 
the description is not adequate. In the second cen- 
tury Claudius Ptolemy showed that it could be made 
highly accurate by using more than a mere two revolving 
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arms, forming what might be called epi-epi-epicycles 
(but nevertheless were called epicycles). Today we 
prefer inertial frames, and compute orbits as ellipses 
with superposed perturbations. But this preference is 
based on the essential simplicity and casprehensi veness 
of the Newtonian theory, not on any defect of accuracy 
of the Ptolemaic predictions. 


We now proceed to consideration of the yaw card 
data. Suppose that the absolute value of the yaw is 
plotted against distance, giving a graph of which Fig- 
ure 1 19 typical. We may ask what the distance should 
be between successive maxima of yaw. If the damping 
rates hj and h, were both O, so that the motion were 
a true undamped epicycle, maxima would occur when the 
two epicyclic arms pointed in the same direction, and 
minima when the arms pointed in opposite directions. 
This is not strictly accurate in the presence of damp- 
ing. But hi and h are so much smaller than fj and 
f that even in the most accurate spark range measure- 
ments the maxima occur at an imperceptible distance 
from the places where the epicyclic arms have the 
same direction. The angle between the arms changes 
at the rate f] - {2 radians per caliber since one 
rotates at the rate fj and the other at the rate f». 
The distance between maxima is then 24 divided by this 
rate. Thus, substituting the values from (1.1) in 
the expression 2u/(f4 - fo); 


(1) The distance between two maxima of yaw is 2nB/Avo 
calibers of travel. 


Since A and B for a shell can be measured before 
firing, the measurement of the distance between maxima 
yields at once a value of yo. An approximate value 
for y may be obtained from the known twist of the 
rifling. Thus if the barrel has rifling making one 
turn in thirty calibers, V must be very nearly 2n/30. 
We say "very nearly" because there is some increase in 
the velocity of the shell due to muzzle blast, whereas 
there is no corresponding increase in spin. However, 
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this increase in velocity is small, perhaps of the 
order of one per cent. Further, most of the change 
in ν beyond the muzsle is due to change in the velo- 
city, and this change can be camputed if the drag of 
the shell is known. Thus, the value of v is known 
and, since νσ is known, the value of o may be deduced. 
‘Since o? = 1 - 1/5, ad 


s = Av B^ Jyk 7, 


(equations (XI.3.18)) the value of Jy and then of Ky 
may be computed. Thus, from the distance between two 
maxima of yaw and the twist of the rifling, together 
with certain physical constants, the value of Ky may 
be deduced. 


So far, from the record of the yaw ξ, only the 
distance between successive maxima has been used. 
The yaw is a plane vector, and one might well inquire 
what can be deduced from the angular orientation of 
the yaw, in particular, the angle between the positions 
of at two successive maxima. Since the maxima 
correspond to the geometric situation where the two 
arms have the same direction, this angle is precisely 
the angle through which the slow arm turns in the pe- 
riod between two maxima. This is 


f528B/Av ce M1 - o)/o. 


This then gives another possible way of findingo. 
The equation (1) could then be used to find v. Actu- 
ally, all of this information should be used simulta- 
neously to determine c. We state formally the above 
result. 


(2) The angle between the vector yaws correspond 


Ihe amplitude of the maxima and the minimum yaw 
can also be plotted as a function of distance (Fig- 
ure 1). Recalling that the maxima correspond to posi- 
tions where the two arms have the same direction and 
the minima to positions where the arms have opposite 
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directions, it is at once clear that 


| E [πας " |l οι | exp hyp +| ορ | exp he, 
3) 

| ξ | min = | cy | exp hp - | Co | exp hop | ° 
It is easy to decide whether | οι | ος | ορ | is 
larger by inspecting the pattern of yaw. On the basis 
of this decision either one or the other of the signs 
in the following can be chosen. 


(L) (| δ] max *18lmin ) = 2| 91 | exe typ, 
(| ξ | max 22 mm )=2| Co | exp hop. 


These equations are obtained by adding and subtracting 
the equations (3). 


Equations (4) permit the computation of exp hjp and 
exp hop. If the logarithms of these are taken, the 
slopes of the resulting functions of p are hj and ho 
respectively. One can thus compute hj and ho, and, 
referring to equations (1.1), one may compute 


' (h) + hy)m/pd? = - Κι - k"?K, + Kymd2/a, 


(hj - h2)om/od2 = Κι = k-2K, - (2K, - Κι) md?/A. 
Adding and subtracting these equations we see that 
- οκ-ἔκῃ - ο(Κη - K,)md?/A 
(6) (009 - 2? (CK, + (Κε - K,)B/A ) and 
2K, - 2Kqmd^/A 
can be computed. It is not possible to evaluate the 
particular aerodynamic coefficients which occur here. 
Nevertheless, the damping rates hi and h5 can be eval- 
uated, and the combinations of coefficients given 
by (6). To summarize what information is available as 
a result of yaw card trials, one can obtain g and v 
and from these Ky; further, hj and họ can be evaluated 
and, from these and the values of o, the combinations 
of coefficients (6) can be found. 
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Unfortunately, the accuracy of determination leaves 
something to be desired. The determination of ky is 
usually sufficiently accurate, but the determination 
of the damping rates hj and ho is usually quite poor. 
This is to be expected from the nature of the measure- 
ments, The value of K depends on the distance between 
two successive maxima of yaw. Cards may be placed to 
locate the approximate distance between two successive 
maxima, and more cards may be used mich farther away 
‘to locate a later maximum. Knowing the approximate 
period, the number of unobserved periods can be cal- 
culated and an evaluation made over a very long dis- 
tance. On the other hand, the measurement of the 
damping rates requires differentiating the experimental 
data, in itself a notable way of losing accuracy. 
Further, the evaluation depends on the derivative of 
the logarithm of the experimentally determined func- 
tion, so that the percentage accuracy is the determin- 
ing factor. The measurement of the minimum yaw is a 
particularly bad source of error. Further, with normal 
launching the yaw is very small near the muzzle — ex- 
cept for effects at the muzzle itself, it would be 
simply the yaw in the gun. This means that the two arms 
of the epicyclic motion are initially nearly equal, so 
that the minimum yaw is initially almost zero. The rate 
of increase of this minimum yaw is (logarithmically) 
the difference of the damping rates, and it is some- 
times impossible to distinguish the minimum yaw from 
zero at any position. At one time, due to experimental 
difficulties, it was common practice to assume the 
two damping rates equal. This amounts to assuming that 
the second of the expressions in (5) was always zero. 
This is obviously an incredibly unlikely identity — 
one that could be invalidated by changing the mass 
distribution, since this expression contains the phys- 
ical constants k”? and md°/A. Naturally enough, this 
assumption leads to inconsistencies. 


If hi, ho and are known for a shell there are 
still important effects which cannot be computed. 
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Computation of these effects requires in particular the 
value of Ky. This cannot be obtained from yaw card 
firings of the sort so far discussed. A possible pro- 
cedure is to manufacture shell with the same external 
contour but with different center of mass position. 
By yaw card firings, Ky may be evaluated for both types. 
The difference in the moment coefficient values: thus 
obtained is, referring to (II.5.7), the normal force 
coefficient Ky multiplied by the distance in calibers 
between the two centers of mass. This method is quite 
practical. It is the method used by Fowler et al in 
their classical experiments. However, it is time-con- 
suming and expensive to modify standard shell — a 
dozen special shell are generally more expensive than 
200 standard. Another method of finding Κι exists 
which does not require special shell, but does require 
a special gun. This is the method which is now in 
Standard use at Aberdeen, and we now turn to the dis- 
cussion of this experiment. 


3. Drift firings. 


We recall that the drift of a projectile is the 
lateral deviation due to the yaw of repose. It is ne- 
cessary to list the drift in any firing table, and 
hence the prediction of drift is an integral part of 
exterior ballistic computation. A measurement of 
drift can be deduced from any range firing. The only 
causes of deflection, that is, the only causes for mo- 
tion of the projectile perpendicular to the vertical 
plane containing its initial velocity vector, are cross 
wind, the effect of the rotation of the earth and the 
force causing drift. The first two of these can be 
computed, since meteorological data are taken and the 
drag coefficient is known — or at least independently 
deducible from the range firing. Any remaining system- 
atic deflection after the observed data have been cor- 
rected for cross wind and rotation of the earth must 
be drift. For artillery fire it is possible to use 
this direct measurement of drift for a range table. 
It is not exactly correct, it is true, since the drift 
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is actually a function of density and range wind struc- 
ture, etc. However, the discrepancies caused by. these 
terms are essentially of second order, and there is 
Justification for using the measured drift directly. 
Nevertheless, in many cases, there are cogent reasons 
for arranging special firings to measure the drift. 
Ihe cross wind effects may be quite large relative to 
the drift. The computation of the cross wind effect 
is subject to errors, and these in turn are reflected 
in the deduced value of the drift. One of the most 
successful ways to lose accuracy in a measurement is 
to obtain it as the difference of two relatively large 
quantities. In cases where maximum accuracy is desired, 
such as anti-aircraft firings, or in cases where the 
drift measurement is to be used for purposes other 
than prediction of drift, such as for guns fired side- 
ways from aircraft, a drift firing is considered es- 
sential. 


The basis for such firings lies in the fact that 
reversing the spin of a shell reverses the direction 
of the drift. Thus, if guns are available having both 
right- and left-handed rifling, shell may be fired 
alternately in a comparative firing. The wind condi- 
tions, density etc., will be the same for rounds fired 
from both guns. The difference in the trajectories 
is then only the difference in direction of the drift. 


For small caliber guns a cardboard target is usually 
set up at a distance from each gun.* After careful 
boresighting, a number of rounds are fired from both 
guns. From the target cards the horizontal distance 
from the point of boresight to the center of impact 
of the rounds fired may be measured. The difference 


*a Mann barrel is usually used for the firing. This 
is simply a very heavy gun barrel which is permitted 
to slide freely in a V-block. This arrangement leads 
to extremely great accuracy in the firing — much 
higher than can be obtained with ordinary guns. 
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in these distances, for rounds fired from the right- 
handed and left-handed barrels respectively, is clear- 
ly twice the drift. 


For anti-aircraft guns the procedure is in prin- 
ciple the same, although naturally more complicated. 
Instead of target cards the positions of burst are 
observed, either by cameras or by mirror position 
finders. (These are optical instruments designed for 
visual observation of space positions.) The drift is 
still obtained as half of the difference between the 
deflections observed for rounds from the right-handed 
and left-handed gun barrels. 


In any.case the result of a drift firing is a col- 
lection of values of drift corresponding to different 
ranges, and, in the case of anti-aircraft fire, also 
to different angles of elevation. We recall from 
equations (1.2) that 


T 
(1) Drift = 24, | CUORE κ eS κ igs cos O E, at, 


to 


For small caliber guns it is justifiable to assume 
that Kj/Ky is constant over the rather short ranges 
used. These may then be taken outside the integral 
sign, and we see that the drift is ΚΙ/ΚΝ multiplied 
by physical constants and by the integral of known 
functions. This integral may be computed quite ac- 
curately — the only difficulty lies in the estima- 
tion of V, and this question was discussed in the pre- 
vious section. Thus, from drift firings one may ob- 
tain an estimate of K,/K,. 


In the case of drift firings in the larger calibers 
certain other questions arise. Both Ky and Ky are 
functions of the Mach number, (speed)/(speed of sound). 
This variation can hardly be neglected over a long 
trajectory. Several methods have been used to allow 
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for this variation. One of the most attractive of 
these is to assume a farm for the variation of Ky /Ky 
with Mach number. For example, above sound one might 
well choose a form a + b/M, where M is Mach number. 
The constants a and b are then evaluated by fitting 
the observed drifts by means of a least squares pro- 
cedure. 


hl. | Windage jump. 


If a gun is fired sideways from an aircraft the 
projectile is launched with an initial yaw, since it 
has, initially, the velocity of the aircraft superim- 
posed on its muzzle velocity. There are two effects 
of this "abnormal" launching, one which can be inter- 
preted as a change in the line of departure and another 
whcih can be interpreted as an instantaneous loss in 
velocity. The first of these, the windage jump, will 
now be evaluated. 


We begin by simply computing the effect of an in- 
itial yaw ο with zero initial cross angular velocity. 
According to (1.3), the constants c4 and c^ then have 
the values, setting “59 = 0, 


ey = - bofo/ (f, - £5), 

Co = - &ofy/(f£ - f). 
According to (1.1) the effect of the yawing motion 
with constants cj and co is to change the line of de- 
parture by the angle i(Jr, - ivJp)(cji/fj + co/f2). 
Computing, using the values of the constants from (1), 

fo fj 

c/f T ο) /12 s -z | f - f3) T fo f^ - το) 


(1) 


Since fi, f, = AV(1 = g)/2B, f5 + f) = Av/B and 
fif, = A? ye(1 = c? )/LB? - A? y? /LB?s = k7*Jy. 
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These last two equalities come from the definitions 
of g and s, equations (XI.3.18). Hence 


(fo + f, )/f fo = Αν /md@Jy. 
Thus: 


(2) Ihe initial yaw ἔο causes a change in the angle 
of departure of RTE - iv Jp)A v /md^Jy or 


iA v (Kr, = ike) £o/md?Ky. 


This is the basic result which is needed to com- 
pute the windage jump. The nose angle 1 is defined to 
be the angle from the direction of motion of the air- 
craft to the direction of the gun. If Vp is the speed 
of the aircraft and ug the muzzle velocity then the 
initial speed of the projectile with respect to the 


air is 
uy = Y το + ΓΝ cos n , 


P o P 


and the yaw at emergence is arc sin [(vj/ug) sinn]. 
This is the magnitude of the yaw. The vector yaw lies 
in the plane of the tilt, that is, the plane containing 
the velocity vector of the plane and the initial ve- 
locity vector of the projectile. Further, the yaw vec- 
tor points forward. Thus i multiplied by this vector 
is a vector which on the right-hand side of the air- 
craft points above the plane of tilt and on the left- 
hand síde points below. We may thus state the prin- 
cipal result of this section: 


(3) One of the effects in firing sideways from air- 


craft, the mindage jump, changes the effective li line o of 
departure This change is equivalent to tur to turning the 
piane containing the velocity vector of | the aircraft 
and the line of the barrel by 


(AvKy/md@Ky) arc sin [(vp/ug) sin n]. 


If the projectile has right-handed spin, on the right- 
hand s side of the aircraft the line of fire is raised 
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5e Yaw drag. 


Another effect of the initial yawing motion of a 
projectile is to increase the drag on the shell. Al- 
though this is a second-order effect, i.e., it depends 
on the square of the magnitude of the yaw, it is quite 
appreciable. We shall compute first the yaw drag 
effect of an initial yawing motion 


ξ- ο] exp (hy + 15 2)Ρ + Cy exp (hs * if 2)Ρ. 


This effect will be computed in the following form. 
We ask if, instead of the given yawing motion and ini- 
tial velocity ug, it is possible to find an equivalent 
trajectory with no initial yawing motion and with an 
initial velocity up — a "fictitious" initial velocity. 
According to (II.9.2) the variation of drag coefficient 
with yaw ls of the form 


(1) Kp = Kpo(1 + Kpg8*), 


where Kpo is the drag coefficient at zero yaw, Kpg is 
the yaw drag coefficient, and 5 is the yaw. The equa- 
tion IM the velocity is (XI.2.9), 


U' = - Wp - (gd sin 6)/U, 


where the derivative is with respect to are length 
measured in calibers. For the present purposes it will 
be adequate to ignore the gd sin 9/U, or one may con- 
sider that the Siacci approximation is to be used and 
solve first for velocity. The two trajectories which 
we wish to compare are then given, as far as velocity 
is concerned, by 


" U' = - UJgg(1 + κος 9?), initially U = ug, 
U' = UJpo, initially U = ur. 


Since ô? = EE is known as a function of p, both of these 
equations are easily solvable. The solutions are 
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P 
U * ug exp |- | ποοί1 + Hos ξξ) ap |, 
ο 


P 
U = Up exp |- | wè | 

ο 
The problem may, now be phrased in the following way: 
what value of uf will make the ratio of these two soe 


lutions approach one as p goes to infinity? This rae 
tio is 


(3) 


Ρ 
(ug/urg) exp | - | JpoKps ££ dp | , 
ο 


and. in order that this ratio approach one it is nec- 
essary and sufficient that 


Ρ m 
(L) Up = up lim exp |- | οροίων ἕ ap | ; 
ο 


pro 
It remains to compute this limit. Since 
ξ = cy exp (h) + if} )p + Co exp (ho + ifs)p, 
EE = 915]. exp (20119) + αρδο exp (2129) 
+ €365 exp (hj + h, + ifj - if,)p 
+ 8]ο, exp (h) +h, - if, + 152) p. 
We recall that the f's are many times larger than the 
h's. Upon integrating with respect to p, the first 
two terms of this expression will be multiplied by 
factors of the order of the reciprocal of h, while 
the last two will be of the order of the reciprocal 


of f. The last two may then be neglected, and we may 
write | 


P.- à 

| ξξ dp = ο1δι [exp (2hyp) - 1 ]y2hı 

ο 
+ Colo [ exp (2hop) - l ] /?h». 
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Since hj and h, are negative (we are not interested 
in making this computation for unstable shell), the 
limit of this integral as p approaches.infinity is 
- c16j/2hj - CoCo/2ho. Applying this result to (lh) 
we have 


(5) Suppose that a projectile is launched so that its 


-———-— «-α-.--- ο ία AA 


initial yawing motion is given by | 
& = cj exp (hj + ify)p + co exp (ho + ifo)p, 
and its initial velocity is u Then, if a shell is 
l d initial tial 


launched with initial yaw and 
velocity zero, and and if its initial veloc: velocity is is given by 


ME = ug exp οροΐῃ δ (c161/2hi * C oC o/?h»), 


proach one as p approaches infinity. 


Of course the trajectories of the two shell will 
not be precisely the same. The time it takes to reach 
a given distance p, and the drop below the line of fire 
corresponding to that distance will be slightly dif- 
ferent for the two shell. However, if the Siacci ap- 
proximation is used, both tire and drop can be obtained 
as integrals with respect to p and in both cases the 
integrands contain factors which are negative powers 
of the velocity. Small differences in velocity in a 
region where the velocity is large therefore make rel- 
atively little difference in the values of time and 
drop obtained. Thus as an approximation, the effect 
of the initial yawing motion is to change the initial 
velocity from u, to the ug given by (5). 


This can be immediately applied to the problem of 
sideways fire from aircraft. As was remarked in the 
previous section, the yaw at emergence is (vp/ug) sin η, 
where Vp is the speed of the airplane, ug the initial 
velocity of the projectile and η 15 the angle from the 
nose to the line of fire. The constants cj and co are 
then, by (1.3), 
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(6) cj = - (vp/ug)sin n fo/(fy - fo); 
d. a æ (v,/u,)sin η f,/(f5 - £4). 


We now compute the expression (5). We have: 
(c,&)/2h,) + (ο 52/21) 
= (vy/ug)? sin? η [ f27/2ny(f, - fp)? 
2 2 
+ £2/2h (£4 - £4? ]. 
Recalling that f], fo = AV(1 * g)/2B, 
fo*/(fy - £5)? = (1 - 1/0)2/h, 
and | 
f£,2/(£4 - fp)? = (1 + 1/σ)λι, 
Thus 
- (v/o)? sin? n [ (1 - 1/9)?/8h] 
+ (1 + 1/5)?/80h, ] , 
and we may summarize: 
(7) The effect of the yaw drag in aircraft fire may 
be approximated as a change in initial air speed of 
the shell from u, to 
αρ = [ ug exp JpoKps( vp/uo)? sin? η] 
τα - 1/0)?/8ny + (1 + 1/6) 2/8n2 ], 


where vp is the velocity of the aircraft, η is the nose 
angle, and hj and họ are the damping rates of the yaw. 


6. Effect of yaw in the gun. 


In seeking the causes of dispersion one of the first 
conjectures might well be that "undue" clearance in 
the gun might add greatly to the random error. That 
this is actually the case has been shown repeatedly 
by experiment. For example, some firings conducted 
at Aberdeen under carefully controlled conditions of 
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105 mm. shell showed a statistically significant dif- 
ference in range for a difference in diameter at the 
bourrelet of 0.001 inch. This difference in range 
was entirely due to exterior ballistic differences, 
for the ranges were corrected to a standard muzzle 
velocity, and since the firings were conducted on a 
comparative basis (one round of each of several classi- 
fications of shell alternately from the same gun) no 
other factor enters. In this section we shall make 
an analysis which will indicate the reasons for this 
situation. We shall first derive a formula of R. H. 
Kent giving the relation between the yaw in the gun 
and the yaw in flight, and it will then be possible 
to compute, as has been done for sideways fire fron 
aircraft, the effects of the yawing motion. 


In making the analysis it is necessary to know 
something about the motion of the shell in the gun. 
The rotating band, at the rear of the body of the 
shell, serves to center the rear of the shell quite 
accurately, and to give essentially zero clearance 
at the back. The other point of support of a shell 
is the bourrelet. Any clearance at the bourrelet will 
usually be immediately reflected in yaw of the pro- 
jectile. An analysis of the motion of the shell within 
the gun has been made by one of the authors and also 
by L. H. Thomas. For non-pathological shell it turns 
out that the bourrelet (after certain possible in- 
itial bouncing) rides smoothly along one land of the 
rifling. This ís shown clearly by the markings on 
recovered shell, which, typically, show engraving marks 
on one side of the bourrelet only. This is intui- 
tively very reasonable, for the shell is supported 
at the band behind the center of mass and, if the 
center of mass at any time does not lie on the axis 
of the gun, centrifugal force will cause the center 
of mass to move farther out. Further, the result- 
ant of the force exerted by burning of the powder 
gas lies along the axis of the gun, so that any dis- 
Placement of the center of mass of the shell results 
in a torque tending to increase the displacement. 
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This, it may be remarked, is in contrast with the motion 
of 8 rocket in a tube, where the propulsive force is 
along the axis of the projectile and results in a torque 
exerted by the tube on the bourrelet of the rocket. 


Let us now suppose that the clearance at the bour- 
relet is of magnitude e, that is, this is the differ- 
ence between the diameter of the shell and that of 
the bore of the gun. If the distance between the 
bourrelet and band is b, then the yaw in the gun should 
be e/2b, and this we denote by E, This will ordin- 
arily be a rather small quantity. However, the spin 
of the shell, under the description given about of its 
motion in the gun, will be about the axis of the gun. 
If œw is the spin per caliber imparted by the rifling, 
there will be a component of angular velocity perpen- 
dicular to the axis of the shell, a cross angular ve- 
locity, of ὦ multiplied by the sine of the yaw. This 
angular velocity has the direction opposite that of 
the yaw, and is therefore equal to - E pw. The in- 
itial conditions for the trajectory are therefore 

= ὃς and Qo = ~&, W, if the effect of muzzle 
blast ie neglected. Recording to equations (1.3), 
the values of the constants c4 and c, are then 


eq--(- ξρωὰ/ῦ + Epfo)/(f1 - £2), 

Cos -(- ξρ od/U * Ef D/(fo - fi). 
Making the substitutions fi, fo = AK1 * 9 yoB, and 
writing v for «o d/U, these reauCe to the statement: 


(1) If the yaw in the gun is E, then the constants ο] 
and co which determine the yawing motion are given by 
ej = (EgB/Ao) [1 - (1 - σ)λ/2Β ], 
ο," - (& 8/0) [1-(1+0)A/2B ]. 
From this form it is easy to see that cj and co are 
vectors pointing in opposite directions, i.e., initially 
the yaw is at a minimum. The maximum yaw can be com- 


puted easily from this form. It will have the magni- 
tude of ci - co. This is Kent's formula. 
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(2) If the yaw E tpe gun un is €, then the maximum yaw 
is (2B/A = - 1) 


This formula shows at once the importance of having 
the yaw in the gun small. For ordinary shell the fac- 
tor B/A is of the order of ten, and o is perhaps 0.7. 
The yaw in the gun b, then — in a maximum yaw 
of approximately 28 | pM . Thus, if it is desired to 
keep the maximum yaw lesd P. 3 degrees, it is neces- 
sary to have the yaw in the gun less than 0.1 degree, 
which is less than two thousandths radians. If the 
shell is of one caliber length from band to bourrelet, . 
this lies that the clearance in the gun mst be less 
than 2/1000 of the diameter of the bore. 


The quantitative effects of the yaw in the gun can 
be computed rather easily. They are of two sorts, 
yaw drag and a "jump," just as the effects of initial 
yaw in firing from aircraft. We first compute the 
jump, making use of the fact that by equations (1.4) 
this jump has the form i(J; - iwp)(c /f1 * Co/fo). The 
constants Οι and Cy are given by ( d above, and from 
Section I, fy, fọ = Av(1 = o)/2B. Pen computing, 


(e4/f4 * Co/f^) 


á l - Α(1 - σχδβ8 1 -A(1 + σ)/2Β 
( $ ,B/Ao) | Αν(1 + 5) /2B Αν(1 - YE | 


= (EgB/Ao) {[ - 20+ 2λσ/Β]/ [Ανί1 - c?)/28]). 


According to (XI.3.18), 
1 -σέ = 1/5. 


and 
s = Α2ν2/ιβὲκ-2υμ. 


666 Ch. XII 
Go gle 


Thus 

(ο1/151 + co/fo) 
= (EgB/Ac) { - 2o(1 - A/B)/(2Bk"?Jy/Av) } 
= - EQ - A/B)/k72J.. 

Substituting in the fora for the jump, we have 


(3) If the yaw in the gun is 3 g» the direction of mo- 


Jump = - 15 ον(1 - piss - αν κρ)/κ- :)/k-?,. 


Since the ratio A/B is of the order of 1/10 and Ky/Ky 
may be expected to be of. the order of unity, the jump 
due to yaw in the gun is of the order of magnitude of 
the yaw multiplied by y. The direction of this jump 
is at right angles to the yaw in the gun and can be 
predigted only if one has some way of knowing the di- 
rection of g» 


We now compute the effect of yaw drag due to yaw 
in the gun. To do this, we make one simplification. 
The velocity effect given by (5.5) depends on the 
squares of the magnitudes of ο] and 62. The values 
of c4 and cy for the present situation may be approx- 
imatsd to about 5 per cent by 


(L) ο] = ἔρΒ/Ασ, Co = - Gg B/Ac. 


This approximation will lead to an error of the order 
of 10 per cent in the squares of the magnitudes, but 
this accuracy is quite adequate for the present dis- 

cussion. According to (5.5), the effect of the yar- 
. ing motion can be described as the same as the effect 
of launching the shell with no yaw, but with a "ficti- 
tious" velocity 


Up = up exp JpoÉKpe( 2484 /2h4 * c56,/2h.). 
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Using the values of cj and c, from (L) we have at once: 


(5) The. yaw drag effect of the yaw ἕξ, in the gun 
is equivalent to changing the "muzzle velocity from 
ug to 
Up = ug exp JpoKps(1/hi + l/ho) | Eg |*B2/2A7e*. 

We shall make an estimate of the order of magnitude 
of this change in velocity in order to indicate the 
sort of tolerance this imposes on gun and shell design. 
The ratio of Jpg to one of the h's is about 1/10, and 
Kp& may be expected to be of the order of 16 or 20 
(per radian 2). The factor B/Ao is ordinarily of the 
order of 15, so that the entire exponent is of the 
order of 2 | 15 ἔ 4 Since exp x = 1+ x * ... the 
effect is to E e the velocity by the factor 


2 | 156 |? u 
If it is required that the yaw in the gun reduce the 
velocity by not more than $ per cent, which is a reas- 
onable requirement, tnis requires that 


2 | 15 £g |*<.005, 
| δρ] < ,003.... 


Again, as for the jump, we see that the effects of 
yaw in the gun require that the clearance be kept to 
a minimum. There is, however, one difference between 
the velocity effect and the jump. The former is sys- 
tematic, always resulting in a decrease in velocity, 
whereas the latter is essentially random, since the 
initial orientation of the yaw vector usually cannot 
be specified. 


T. | Bffect of eccentricity of mass. 


Another cause of dispersion which is of importance 
is possible eccentricity of mass of shell, Since 
shell are first forged, forming the inner cavity, and 
then turned on a lathe to form tne outside surface, it 
requires rather fine machining to be certain that the 
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axis of the cavity coincides with the axis of the out- 
side form of the shell. Lack of coincidence results 
in one or both of two different kinds of unbalance. 
The first of these, called static unbalance, consists 
of the center of mass of the shell lying off the 
axis of form of the projectile. The second, called 

amic unbalance, consists of the axis of inertia 
of the shell being not parallel with the axis of form. 
As a measure of the static eccentricity we may use the 
distance e, measured from the axis of form to the 
center of mass, and the dynamic eccentricity is meas- 
ured by the angle c between the axis of inertia and 
& line parallel to the axis of form. 


The static eccentricity has in the past been meas- 
ured by rolling the shell on a pair of parallel bars. 
The angular motion of the shell is mthematically sim- 
ilar to that of a pendulum, since there is a torque 
proportional to the eccentricity e, the mass of the 
shell and the sine of the angle by which the line from 
the center of mass to the axis of the shell is dis- 
placed from vertical. Unfortunately, the rolling 
friction is of such magnitude that it is almost true 
that shell which show static unbalance under this test 
are not fit for use. A more direct, but an experimen- 
tally delicate, procedure is the following. The shell 
is placed in a V-block which is attached to a rigid 
framework, the framework being pivoted at one end and 
the other end resting on a balance system. The line 
from pivot to balance is perpendicular to the axis of 
the shell. Balance readings are then taken, the shell 
is turned on'its axis in the V-block and the readings 
are again taken. If the shell is eccentric, the bal- 
ance readings, plotted against angle, will show a 
sinusoidal variation. If a is the distance from pivot 
to the axis of the shell and b is the distance from 
the pivot to the balance, the maximum balance reading 
will be (a * e)m/b and the minimum, (a - e)m/b, more 
than the balance reading when the framework, but not 
the shell, is present. The difference 2em/b then leads 
directly to an evaluation of the eccentricity e. Of 
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course, in this form the eccentricity is obtained as 
the difference of two large quantities and adequate 
accuracy is difficult to achieve. This may, to some 
extent, be offset by properly counterbalancing the 
framework, but the experiment still requires a very 
exacting technique. 


The measurement of dynamic unbalance is rather 
more complicated. It is necessary that the projectile 
be spun upon its axis and the resulting motion ob- 
served. This is much the same problem as the problem 
occurring in the balancing of crankshafts, and a ma- 
chine whose basic design was for the purpose of mease 
uring the unbalance of crankshafts has been used very 
satisfactorily for measurements on shell. Another 
machine has been constructed for use on small project- 
iles which spins the projectile by means of an air jet 
and makes a selection af projectiles with small eccen- 
tricity. Both of these machines are based on the 
principle tnat a rigid body "prefers" to rotate about 
a principal axis of inertia. We shall not go into the 
details of these measurements. 


The problem of predicting the motion of an eccentric 
shell is purely a question of mechanics. The aero- 
dynamic force system is know, for, of course, this 
system is independent of the mass distribution. Howe 
ever, the problem presents one of the most involved 
computations imaginable, and its importance scarcely 
warrants devoting the amount of space necessary to 
present it. We shall therefore be content to summarize 
the results of the computation, which was made ὉΥ one 
of the authors (amid blood, sweat and tears). 


The effect of static unbalance is extremely easy to 
describe. The shell, in the gun, rotates about the 
axis of the tube. Its center of mass is therefore 
moving about the axis of the tube at the rate 60; 
where ω is the spin of the shell. This velocity is 
in a direction perpendicular to the axis of the gun, 
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so that angular deflection results which has the mag- 
nitude e w/U, or ve/d. The direction of this de- 
flection is perpendicular to the line joining the 
center of mass to the axis of the shell (it is precisely 
the same physical principle used at least as far back 
as the historic engagement of David and Goliath). If 
the gun has rifling having one twist in thirty, vis 
2/30; and in order that the effect of static unbalance 
be less than one mil, it would be necessary to specify 
that the static eccentricity be less than (approxi- 
mately) 5/1000 of one caliber. 


The effects of dynamic unbalance can be described 
in terms almost as simple. The angular motion of the 
axis of form of a dynamically unbalanced shell is 
tricyclic. That is, superimposed on the normal epi- 
cyclic motion is a thi-d circular motion. For shell 
having the normal ratio of moments of inertia, a rather 
accurate description is to say that the axis of mine 
imum inertia describes the same pattern as for non- 
eccentric shell. By far the largest effect of the 
eccentricity & is one which is physically very rea- 
sonable under these circumstances. Since the shell 
will spin about its axis of form in the gun, its an- 
gular velocity vector will have, relative to its axis 
of minimum inertia, the same relation as if the shell 
had a yaw in the gun of ει The effects of the eccen- 
tricity € are, as a matter of fact, almost precisely 
the effects of a yaw in the gun of €, These effects 
may therefore be computed by means of the formulas of 
the previous section, and the remarks made there about 
orders of magnitude are valid in this situation. That 
is, eccentricity ε will cause a jump of the order 
€ V, and a velocity loss of the order 5.108€? per 
cent. (e is in radians.) 


It should be remarked that the effects of yaw in 
the gun and eccentricity are probably not statisticallv 
independent. Although no theory of motion in the gun 
is sufficiently complete to predict with certainty, 
it seems highly probable that these effects are, at 
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least to a degree, comulative. That is, whereas if 
the two effects are truly independent, the mean square 
deflection when both are present would be the sum of 
the mean square deflection due to each, it is probably 
more nearly true that the deflection due to both effects 
is the sum of the deflections due to each. 


8. Muszle blast. 


The phenomenon of muszle blast is responsible for 
part of the dispersion of shell. As soon as the 
driving band on the shell is free of the gun the powder 
gas surges past the shell, imparting momentum to it. 
The remarkable series of photographs in Figure 1, made 
by A. C. Charters, shows clearly this phenomenon. An 
exact analysis of the situation appears to be impossi- 
ble. However, a rather crude investigation can be 
made which should indicate the order of magnitude of 
the effects. 


As can be observed on the photographs, the period 
in which the velocity of the gas exceeds that of the 
projectile is very short. It therefore seems reasona- 
ble to consider the phenomenon as impulsive, that is, 
to presume that there is an instantaneous transfer of 
momentum and angular momentum to the shell. This 
assumption then implies that the momentum transferred 
does not depend on the angular velocity of the projec- 
tile, but only on its position. From the symmetry of 
the situation, if the shell has no yaw at the muzzle 
the momentum transferred must be in the direction of 
the axis of the shell. This momentum can be measured, 
at least roughly, since there is no increase in angu- 
lar momentum, and measurement of the spin immediately 
beyond the muzzle blast then indicates a spin lower 
than that given by the twist of the rifling. Such 
measurements indicate that an increase in the linear 
velocity of the shell of the order of one per cent 
may result from the muzzle blast. We shall use this 
figure to get an order of magnitude for other estimates. 
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Suppose now that the shell does not have zero yaw 
at the muzzle. If ἕ is a complex number representation 
of the vector yaw, the component M of momentum perpen- 
dicular to the axis of the shell may be seen, by the 
same symmetry arguments used on the aerodynamic force 
aystem, to be of the form M = c£, where the imaginary 
part of the complex number c vanishes if the spin is 
sero. If the analogy with the aerodynamic situation 
is carried further, one might expect | c | to be of the 
order of ten times the increment in momentum along the 
axis of the shell, since Ky/Kp.is usually about ten. 
Using the previous estimate for increase in axial mo- 
mentum |c | should be of the order of magnitude of 
mu/lO. The effect of M is to change the direction of 
the shell by M/mu radians; thus a deviation of | ξ | /10 
radians might be expected. Since the yaw at emergence 
is always small, this effect is presumably negligible 
in most cases. However, if the boattail is eccentric, 
and in small caliber projectiles this my easily occur, 
the effective value of |t | may be large. For example, 
if the boattail is sufficiently eccentric that the 
effective value of | ἕξ | is l degrees, a deviation of 
7 mils might well result. 


A similar rough analysis can be made on the angular 
impulse resulting from muzzle blast. If T is the an- 
gular momentum, we might expect it to be of the order 
of mud | ξ |/10. For normal shell, having a radius of 
gyration of about one caliber. the result would be a 
cross angular velocity of about u| ξ |/104,. Applying an 
analysis similar to that in Section 7, this would re- 
sult in a jump of magnitude 


| ξ l1 - A/B)(E - 1vkg)/10k-?k,. 


This is of the same order of magnitude as that obtained 
from the cross component of linear momentum, but in a 
direction perpendicular to the previous effect. Again, 
no serious dispersion should result from this cause 
except for projectiles with eccentric afterbodies. 
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Figure XII.8.1 


Photographs of Muzzle Blast 
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Figure XIII 1.1 


Shadowgraph from Aerodynamics Range 
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Chapter XIII 
REDUCTION OF 
SPARK RANGE DATA 
1. Preliminaries. 


The most accurate and reliable values which have 
so far been obtained for the various aerodynamic co- 
efficients have been based on free flight data, ob- 
tained in a spark range. The basic equipment con- 
sists.of a series of spark stations, placed at in- 
tervals along the early part of the trajectory. The 
Aberdeen range, which we intend to discuss in this 
chapter, is about 300 feet long and contains 25 spark 
stations. Each station consists of two photographic 
plates, mutually perpendicular, arranged so that the 
projectile passes above the horizontal plate and to 
the left of the vertical plate.  Projectiles fired 
from guns normally have a static charge of electric- 
ity and this fact is used to trigger a spark. As the 
shell passes through the antenna, which is at the 
leading edge of the plates, a condenser is discharged 
through a spark gap, which is at a distance of about 
five feet from the vertical plate. The spark leaves 
& silhouette of the shell on the vertical plate, and 
a mirror, above the horizontal plate and at an angle 
of approximately l5 degrees, reflects the spark and 
gives a silhouette of the projectile on the horizon- 
tal plate. Since the position of the spark gap is 
known, and tbe positions of the silhouettes are knom, 
it is a question of a little elementary projective 
geometry to find the position of the projectile in 
space — the position is actually overdetermined since 
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it is obtained as the intersection of two rays. Simi- 
larly the angular position of the projectile can be 
determined fran the angular positions of the silhou- 
ettes. We shall not give the details of this determi- 
nation, since it is quite straightforward. The result 
of the measurements is that one knows to about 0.01 
inch the position of the center of mass of the projec- 
tile at 25 positions down the range, as well as the 
angular position of the axis of the projectile to about 
0.0015 radims. At certain stations a record is made 
of the time of the spark, so that the time at which 
the projectiles passed certain of the stations is 
known, usually to an accuracy of about one microsecond 
(0.000001 second). The performance of this experiment 
requires the utmost in experimental technique — it is 
a rather difficult proposition to measure the positions 
of fixed equipment, spread along a 300-foot distance, 
to an accuracy of 0.01 inch. The length of the range, 
for exanple, is subject to seasonal variations depend- 
ing on the condition of the ground adjoining. 


The results of a spark range firing deserve and re- 
ceive very careful reduction. The basic data require 
treatment quite different from that obtained from 
yaw cards. The number of measurements is relatively 
much smaller, and the accuracy is of an entirely dif- 
ferent order of magnitude. This chapter is devoted 
to a discussion of the method of reduction of these 
measurements. The procedure is primarily one of 
curve-fitting. We attempt in every case to fit the 
observed data with a curve of the type predicted by 
the theory of Chapter XI. The methods used are still 
in a process of evolution, and we shall point out, 
as we proceed, certain shortcomings of the process. 
The reduction as given here is primarily the work 
of the authors and of Professor H. Federer. 


For convenience we list here certain formulas 
from Chapter XI which will be needed. These furnish 
the specification of the type of curve to which the 
fitting will be made. First, quoting (XI.6.2), 
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is given by 2 
E= by + iby = οι expe, + Co expe, - BU Av/mdJ 


where ci and co are constants and ® and % are given 
91,92 
= P -2 2 2 

2 {F { 23, - Jy - k Jg - (Jp - mded,/A)b 


a [dy - Jp - 2d, - (294 - J,)md?/A ] /o 
+ 1Av(1x0)/8 } dp. 


We also use the following notation, where Κι, ko, h 
and 92 are real: 
ky exp 1649 cy exp Φ] 


and 


ko exp 1$52* Co exp £2. 

In what follows we shall consider the real part of 
94! and 959! to be constants, but will permit the imag- 
inary part to be a slowly varying function of distance. 
The last term in the expression for € is the yaw of 
repose. It is very small in magnitude, and in certain 
cases is entirely negligible. It is always possible 
to neglect this term as a first approximation. (The 
notation used is that of Chapter XI, the definitions of 

the aerodynamic coefficients being given in Chapter II.) 

We further recall, from (XI.3.18) that 


(2) 
S m A? y? Bek? 

The formula for the motion of the center of mass, the 
swerve formula, will be quoted later in the chapter 
when we come to the reduction of the measurements of 
the center of mass positions. We shall derive later 
the form of the time-distance relation which is used 
there. Both of these forms are used only after the 
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(b) 


Figure XIII.2.1 


Epicyclic Motion 
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yawing motion has been reduced, and we turn now to 
the detailed consideration of the angular motion. 


2.  Yaw reduction; first approximation. 


The primary task, once the photographic plates 
for a round have been measured, is to reduce the meas- 
ured angles and positions to space positions and di- 
rection cosines of the axis of the projectile. (We 
shall not give the details of this computation.) The 
coordinate system for the range is taken with the 
y-axis vertically upward, the x-axis horizontal and 
to the left of the line of fire, and the z-axis along 
the approximate line of fire. The direction cosines 
of the tangent to the trajectory are computed approxi- 
mately, and the values of the yaw are then deduced 
from these and the direction cosines of the axis of 
the shell. The numbers bg and Ly are respectively 
the horizontal and vertical components of the yaw, 
measured from a coordinate system with H-axis hori- 
zontal and V-axis (upward) perpendicular to the H-axis 
and to the tangent to the trajectory. A plot of Ey 
and & at successive stations is called a plot of the 


Yaw. 


The stations are arranged in groups down the range, 
five in each group. The stations within a single 
group are spaced at 5 or 7.5 feet, so that a very 
short range is covered. Within this range it is quite 
permissible to consider the yawing motion to be pure 
epicyclic. That is, we may write (1.1) in the form 


where k4 and k, are real constants and θη and 02 are 
real linear functions of distance. (See (1.1).) Such 
a motion is susceptible to easy geometric inter- 
pretation. (See Section 2 of Chapter XII for greater 
detail). The term kj exp i6) represents a circular 


motion at constant rate, as shown on (a) of Figure l. 
The second term is of the same type, but it has a 
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(θἱ - 62) DISTANCETS 


Figure XIII.2.2 


Three-point Determination 
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different rate and a different "arm" ko. The come 
bination is then as shown on (c) of Figure 1. The 
problem to be solved in the reduction of the data 
from a single group of stations is to deduce from 
the plot of the yaw the "arms" k4 and Ko and the 
phase angles 9, and ZL 


Since, within a group,0j and 05 are supposed lin- 
ear functions of distance, this amounts to deter- 
mining six constants: two arms, two rates (the deri- 
vatives of and 05) and two phase angles. Since 
two numbers, and ὃν are measured at each station,it 
is clear that three stations should be precisely | 
enough to determine these constants. It is, of course, 
preferable to use more stations since one station may 
fail on a particular round, and the determination by 
means of three stations is rather sensitive to error. 
We give, in the following, several methods of making 
the determination, none of which is entirely satis- 
factory, but all of which have been and are being used. 
In the several methods the geometric picture is the 
same. Observing Figure Kc), we see that if each ob- 
served yaw, 1, 2, l; and 5, is rotated about the origin 
until the arms ko coincide with ko at 3 the result 
will be 5 points spaced on a circle with center at the 
end of the ko(3) arm. If, and this is for the prelim- 
inary reduction possible, we assume the yaws are meas- 
ured at equal intervals of distance, the rotated 
points will be at equal intervals along the circle. 
In practice this amounts to, by some method, esti- 
mating the rate of change of 6, selecting a station, 
say 3, which is left invariant, and then rotating 
l and 2 forward, and | and 5 backward by angles pro- 
portional to the distance of the corresponding meas- 
urement from station 3 until the five rotated points 
lie equispaced on a circle. We now go into some 
detail on the particular methods of doing this. 


ae Geometric three-point determination. 


Three. successive values, say 1, 2, 3, of the yaw, 
taken at equal intervals of distance, may be used 
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to determine Κι and Κο, z and ©, as follows. Pass 
circles with center at the origin O through 1 and 
through 3. Mark, clockwise from 3 and counterclock- 
wise from l, scales showing every 2 degrees. (See 
Figure 2.) With one point of a pair of dividers fixed 
at 2, find the smallest angle such that the other end 
of the dividers strikes points on the 1 and 3 scales 
with the same scale coordinate. Mark the points on 
the 1 and 3 scales respectively as 1' and 3', find 
the center of the circle through 1', 2 and 3' and 
mark it C5. Then the epicycle through 1, 2 and 3 
can be described as follows: 


k, = 006, k) = 008, 


0,at 2 is the angle fran H-axis to OG, , 


2 


θη at 2 is the angle from a parallel to the H-axis 
to 052; 


9, = derivative of 9, measured in degrees per foot, 


= number of degrees from l to 1' (or 3 to 3!) 
divided by the distance from station 1 to 
station 3, 


ej - 05 = number of degrees subtended at C, by 
1131 divided by the distance from sta- 
tion 1 to station 3. 


This determination is rather sensitive to experimental 
errors, and it fails if distance 12 = distance 23. 
However, the procedure is indicative of the general 
method, and is itself occasionally useful. 


b. Geometric determination for a group of four or more | 
equispaced stations. 


If four or more stations in a group have func- 
tioned, the above procedure is modified in a trial-and- 
error sort of way. A reference station is first 
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chosen, say 3. As before, draw circles with centers 
at the origin through each point corresponding to a 
station different from the reference station. For 
stations 2 and l two-degree intervals are marked 
counterclockwise and clockwise respectively from the 
plotted points. For stations 1 and 5, four-degree 
intervals are marked. Then, using a pair of dividers, 
one attempts to find a division mark so that the 
corresponding marks for each station are equispaced. 
(The first step in doing this would generally be to 
use 2, 3, 4 and 1, 3, 5 as in the three-point deter- 
mination.) This can be done only approximately, but 
from this, one obtains an approximate ldea of the 
magnitude of the change in 85 from station to station. 
The approximation is then continued by attempting to 
pass a circle through the division marks tnus obtained. 
Eventually, through successive trials, one reaches the 
following stage: for each value 1, 2, lh, 5, there 
corresponds a rotated value 1', 2', l' and 5', the 
rotation being through an angle proportional to the 
distance of the corresponding station from 3, such 
that the points 1', 2', 3, h' and 5' lie approximately 
equispaced on a circle. This done, the center of the 
resulting circle is marked C3, ko is the distance 003 
and kj is the distance C33. The angles from the H-axis 
to these two lines are 05 and 6) at 3 respectively. 
The value of 0) is the angular shift on the rotated 
points divided by the distance from the reference 
station. The total angle spanned on the circle by 
1' to 5) is the change 110 4 - 0. corresponding to the 
distance from station 1 to station 5, so that 6| - 9) 
and hence 91 can be computed. 


c. Analytic determination from four equispaced ob- 
servations. 


An epicycle in which the two arms are damped still 
permits a rather easy determination from four equi- 
spaced observations — the addition of the two damping 
vates requires observation of two more numbers. Since 
this method is not, however, tremendously useful, we 
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shall give a rather sketchy treatment. 


We first describe the epicyclic motion in slightly 
different form. At the first station the yaw is the 
sum of two camplex nunbers, 


(2) δ = C) + Co, 


cerresponding to the two arms kj and ko multiplied by 
an exponential. At the next station the corresponding 
quantities are cj and co multiplied by two complex 
numbers, say Τὴ and ro, which is the quotient of the 
exponential at 2 by the exponential at 1. The impor- 
tant fact is that these quotiente are the same for 
every successive pair of stations. Thus, 


δρ" €T, * eor, 


(3) 5," er? + e, 

δι = ασ] + c rj. 
These equations can be used to determine ΟἹ, Co» ah 
and το as follows. We first notice that if r4 
Το can be determined the values of cj and c, are easy 
to deduce, using any two of the four equations. On 
the other hand, there are four linear equations in 
the three quantities 1, c, and ο, so that the matrix 
of coefficients of these must be Se rank at most two. 
Hence thé two following determinants must be zero. 


δι 1 1 ξο Σι r2 
(L) ξ 2 rı To s 0 » $3 n? ro? ο 
t 3 n? τος ξι n? r ο) | 


Straightforward expansion, using the fact that r4 
is not equal to Το and neither is sero then gives 
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ror - (ry + rb, 6,70, 
rirako - (ry + τοξη tě " ο. 


These equations can be solved for the product r r, 
and the sum τὴ + το. It then follows that both r 
and ο satisfy the same quadratic equation, which in 
determinant form is 


(5) 


δα E, l 
(6) c E, r = 0. 
c c ré 


This equation is solvable by the usual elementary 
methods. Of course, the roots will in general be 
complex numbers. The logarithm of these gives at 
once the change in 6) and O^ between two consecutive 
ο... and the subsequent determination of cq and 

leads to the evaluation of ki and k, as well as the 


value of 9 and 8, at the first station. 


3. Yaw reduction; continuation and second approx- 


rn MNA ee 


imation. 


We jo proceed with the reduction. Suppose that 
ξ- iy has been obtained for each of the twenty- 
five bau and that the methods of the previ- 
emus section have been used to fit, within each of the 
five groups of stations, the yaw by an epicycle motion. 
At each of the five reference stations, R], ..., R 
we then have values of the amplitudes kj and ko, thé 
phase angles 6&4 one 95 and approximate values of the 
rates θη! and 6 Using the rough rates it is pos- 
sible to find i correct multiple of 360 degrees 
which must be added to θη and 85 at Ro to get a con- 
tinuous phase dom the range. We denote, in conformity 
with (1.1) the continuous phase angles thus obtained by 
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$, and $5. Using kj, ko, s h and ῥο as given at the 
five reference stations, we then | numere 
ically, finding (log, kq)', (log, Κο)', and $5’. 
These are the first estimates of the ra les which 
we really wish to measure. 

We now return to refine the reduction within each 
group. The motion within the group with reference 
station R, is given closely by 


k (2s) exp ip (sa) 
-exp Í s - s3 {(log.k,)' + 35,1] 
* k (Z a) exp ib (z) 
«exp Íz - zs 3} {(1ο5.κο)' + 16,3, 
where $ s is the standard coordinate of Ro: Setting 
Cy = c) = k (zis) exp i$ (24,5); 


60” ia = ko(z,,) exp ib, (Zag)? 


(1) 


(2) 


we have the form 
6) exp {5 - 5 s! { (Log,k, )' + is 


(3) 

+ Co exp{ Z- Άρα] { (106.κρ)' νο }. 
We now determine cj and co at the standard coordinate 
for R, using ον. squares procedure, using the ml- 


tipliers of 2 - rem as obtained from the first r ra ange- 
wise a roximation. “To this end a ia subsidiary result 
is ia needed: 


(4) Lemma. Suppose that it is desired to fit ob- 


OES ο -ἂκαα ὃ-τκωοωωῳ 


servations ἔ TET with a function of the form 


NES cf- (2) + cof 25), 
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where 2 is real, and Ορ are complex, and fj and 
f, are know complex -valied valued functions of s. 118. 
values of ο] and co which —— 


i 


201 ER Mt, το - FAME £9) 
(f, £,)(f, £,) - (1 αι το) 
(ff, 11) - (FET, £4) 
727 (fi fS Fo) - (Fy fof, Fo) | 
The value value of M which is given by these constants is 


ag * 6D - ej ἕν) - ορδρ(ερ ἓρ) 
- ο) ορ({] f) -5 19211 f, 


In the foregoing the notation (ζ1ξ) is used for 
E 4 (fa(s3 )€ 2 etc. The potential usefulness of the 
result D clear. It determines l parameters, the 
real and imaginary parts of 6] and Cos by means of a 
computation essentially as simple as the ordinary 
least squares procedure for two parameters. The lemma 
is established in perfectly straightforward fashion. 
Differentiating the original expression for M with 
respect to the real and imaginary part of ο] gives 


+ e(fq f,) + ACA f) - (f, £) = 0, 
Š ei(f4 fi) - eo(f, f) + (fq ἕξ) = O. 
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These two equations are equivalent to the real and 
imaginary parts of the following: 


(6) c,(f; 51) + c (f) f3) - (£) = 0. 
Similarly for co, 

Solution of these equations gives the values of c 
and c4 as stated. To evaluate M for these values 


c and c, we first multiply and sum the factors in 
the definition of M, obtaining 


M = cue (5 f,) + eo lf, £,) + (KẸ) 
+ eyeo(£i £5) + ese (£5 fy) 
- e (f1 ἕ) - eQ E) 
| - ¢,(f, g) = c (f, ἕξ). 
If the terms of the type (f£) are replaced by their 


equals from (6) and (7) the given form for Main re- 
sults. 


(8) 


The lemma can be applied directly to the problem 
at hand, setting 


f (2) = exp Í 2 - 2.) { (og k, )' * ip,' }, 
f (z) = exp {z -2 } {(1ος κ.) + i$! }. 
For computational purposes, (9) can be replaced by 
f (2) = ( l+{2- 25s! (1og, κ.) 


„ep abt fa- a(R) J, 


(10) 
f(z) - | αντε - 2g) (108, Κολ! ) 
„exp ib ' {z - 2(R,) }, 
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and the computation of ση and cy is quite straight- 
forward. The value of can be used to estimate 
the probable error in each measurement of tg or Sy. 
We have determined four stans from 2m observations, 
if mis the number of stations within the group, so that 


Λος -5 


is an estimate of the , deviation of the in- 
dividual measurement. and c, are obtained as 
linear combinations of d values » their accuracy 
may also be estimated. 


It is to be noted that, while the errors in the 
first approximation to the motion are quite large, 
the second approximation usually gives small errors. 


Having found cj and co, simply changing these 
complex numbers to polar form gives, according to 
(2), Κα (Sng) κρίσης), φ(5ῃο) and φοίσῃη). These 
values are, very conveniently, at the standard coordi- 
nates of the reference station. The derivatives of 
$i and ¢5 are now computed on the basis of a least 
squares At by a quadratic ín s. One fact should be 
noticed here. Since 


ϕι = arc tan (imaginary part of c1/real part of c1); 


the accuracy of the determination is directly propor- 
tional to kj. ‘The least squares procedure is therefore 
done with weights k}. Once the fitting has been done, 
referring to (1.1), we have 


(à + $5)! = av/B, - 
(11) (δ. --φο)' = AvVO/B, 
(b, + 6 on ΑΥΙ/Β. 
(To be precise, (11) holds if the "units" are radians 


per caliber.) From the quantities (11) the following 
result: 


Go gle 
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(12) ιδ)" δι + φο)' "γ'ήν 

ελ 2 
The last equation results from (XI.2.10). Thus, from 
the phases $, and 6, can be obtained the spin v, the 
moment coefficient i" and after the drag data have 
P 


been reduced, the spin-decelerating moment coeffi- 
ἐῑθηῦ Κλ. 


Determination of (log, kj)' and (log, ko)' requires 
slightly more care. We know that each k should be of 
the form a exp bs, and from the first approximation 
an estimate bo for b and an estimate a, for a exists. 
Writing 


b*byg*Ab,a*-ag* Aa, 
the form of k, to first-order terms, is 


k= a expb2* a exp Ὁ 2 
(13) R j j 
+ ag ὢ b 5 exp biz. 


In this form, the solution consists of fitting k 
with a linear combination of known functions, and 
the procedure is straightforward. 


The values of (log, kj)' and (loge ko)' having 
been determined, fran (1.1) we have at once 


(log, ki)! + (106, Κι)’ 
(log, Κι)! - (log, Κο)' 
= (Jy - Jp - kd, -(2ὐς - J, )md?/a} /o. 


The combinations of coefficients (12) and (1h) repre- 
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sent all the information that can be gained fran the 
yawing motion. Ἢ 


hl. Drag reduction: general remarks. 


We shall see that the reduction of the experi-e 
mental data on drag can be reduced to aie following 
simplified case. Given measurements t}, s eves Ùn 
of the time at which the projectile Ὃ ο the sta- 
tions which are at distances 21, 252, ..., 2g, it is 
required to find that linear combination of three 
known functions which best fits the experimental 
data — "best fits" in the least squares sense. That 
is, if the time is written | 
(1) t= aj * ayfl + af? + a4f2, 


where fl, f?, fJ are known functions of z, we wish 
to choose 895 81; and aq in such a way as to mini- 
mize the sum of the squares of the errors. This 
amounts to the problem of choosing the a's so that 
they satisfy 


i 2 à 
L j € 1 af, - ty) minimum, 
i = 0, L; δ. E j = l, 99699 ο 


where f.i is the notation for {1(σι). Differentiat- 
ing with respect to a, we must have 


(4)Σ 46 κ adr " tt, = 0, for each i = O, 1, 2, 3. 


Rearranging these equations, we have four equations 
for the four unknowns a; 38 follows: 


Σ = > 
(L) Σι a,@ £f, ie, k) j tj 
For convenience, let us denote 
(5) z, fj fF = diy, i k*0,1,2,3; j=l, ..., m. 


Then equations (l) take the form 
(6E, ba, * E, taf fori=0,1, 2, 3. 
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Now let (Bj) be the matrix inverse to (by,). Each 
element B į is the signed minor of (b,,) correspond- 
ing to the i-th row and the p-th column divided by 
the determinant |b,,|. Thus 


ή if p 4 κ, 
1, if p = k. 
Multiplying the i-th equation of -(6) by Bp, and sum- 


3 


(7) Σι Boy bik = 


ap r i ty f; Boi for pe 0, y 25 3 


EE ri 
(8) E) ὑι(Σ 4 £418, 
754 tj "pj? 
where 


αρ)" Σ18ρ.. 


These coefficients, together with the experimental 
values Ὁ, thus determine the required values of 
the a's. The computation has been put in the above 
form for the following reason. Values of the time 
will be measured corresponding to the same values 
ef distance for all rounds. The c,4 do not depend 
on the values of t. The sums bs, of (5) must be 
computed, and the inverse matrix round, either by 
determinants or otherwise. (The equations (7) may 
be solved by Gaussian elimination for the inverse.) 
Once tbe inverse matrix has been obtained, the bracket 
in (8) which defines the coefficients c j can be can 
puted. If the yaw is negligible these coefficients 
may be used for all rounds. 


There are certain objections to the above proce- 
dure. First of all, there is a priori no reason why 
one should use a least squares technique. What is 
really desired for drag measurement is the best pos- 
sible estimate of the second derivative of t with 
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respect to z. Fortunately, as we shall show below, 
the least squares fit does furnish the best estimate 
of the second derivative. This result will justify 
use of the above fornulas. We shall also make an in- 
vestigation of the optimum spacing of the timing sta- 
tions. That is, given enough equipment to make a cer- 
tain number of time measurements, what spacing should 
be used in the range in order to assure a best estimate 
of the drag. Since neither of these results is needed 
in the actual reduction of a round, readers not inter- 
ested in optimum spacing and willing to believe the 
authors honest on the result concerning estimation of 
the second derivative may omit the rest of this section. 


We now consider the problem of fitting the data 
from the point of view of making a best estimate of 
the individual coefficients. The result which we 
shall prove was first communicated to us by A. P. 
Morse in a somewhat more general form. As before 
we assume that the true functional relationship is 
of the type (1) and we wish to estimate the a's from 
a collection of observed data tj, ..., tg corre- 
sponding to fixed distances 21, ..., ὄπ. The es- 
timate of a certain coefficient, say ap, will be 
taken to be a linear function of the observed values 
of the form 


The coefficients d j are now to be evaluated. First 
we require that the estimate of a, be unbiased, in 
the sense that if the observed data actually fit 
(1) exactly then the computation (9) is to give the 
coefficients of this combination. That is, if 


tj = DET acf 5K, k = 0,1, 2, 3, 
then | 
ap = Ek dpjtj T Ej dpj Σκ adf; 


must be an identity for all values of ag, ..., a3. 
Hence the dj are subject to the conditions 
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(10) Σ r,* {Pfr k= 0,1, 2,3 
j ^p34j lfork*p ΘΝ’ 


Suppose now that the measured value of t4 is in er- 
ror by 641, so that the value given by the measure- 
ment is 4 + ej The error in the estimate of a, 
is then X 14ρ e and it is our task to minimize its 
Square, Σ CENTIES d f3). Now the error at one 
distance, say 2, should Ee statistically independent 
of the error at another distance, say Zp» and the 
expected value of the error at each distance should 
be zero. The stations being alike, the variance of 
the errors ej should be the same for all j, say equal 
to (S.D.)2. Then the expected value of the above 
product is 


2 η 2 
The problem now reduces to the minimizing of 
(11) E, (4,4)? 


subject to conditions (10). We now use the Lagrange 
multiplier rule, that is, we seek values of dpj and 
values of multipliers mpy, k = 0, 1, 2, 3 such that 


(12) Ση(4ρ1) + E, mylE πάρα - 5p) = minima 


where δὲ = O if k $ p and 11f k » p. Taking the 
derivative of this function with respect to dog? 


(13) δυο * Py πος LE = 0. 


Substituting this value of dpq in the relation (10), 
and changing the index of summation gives 


Ey Ep met εἴ = - 205, 


k) a 
E. V (= né f$) - 26K, 
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In the notation used in the early part of this section, 
in particular (5), this is 
= k 
zs "c bsk - 26. 
Using the inverse matrix, precisely as before, we 
have 


(1) ns mue Boe» 
and hence, referring again to (13), 
(15) doa T Σι Bu. 


This is precisely the result given in (8), so that 
we may state: the least squares fit to the data 
gives the best estimate of the values of the parti- 
cular coefficients δρ. 

We now consider the question of optimum spacing 
of time measurements. In doing this, two simplifica- 
tions are made. It is assumed that the distence- 
54 are symmetrically placed about 2 = O, so that 
Σ zak, for r odd, is zero. Second, the time meas- 
urements are fitted by a quadratic in 2. Although 
neither of these simplifications is entirely warrant- 
ed, the result of the calculation should give some 
help on the question of spacing. 


If a quadratic is fitted the coefficients are 
determined by 


as) Σ. (a, + a3; * 8554 - t4)? = minimum, 


j - 1, 9969 Me 


Using precisely the method of the first part of this 
section, this gives at once 
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ia 


Ztz?) - (È 2 


Σαλ ϱ Ezk 


Here use has been made of the fact that the sum of 
odd powers of z4 vanishes, and the subscripts have 
been left off the summed quantities for convenience. 
This equation may at once be rewritten 


mz4- (£2°) I 


(18) a> = e s 4 - (z ιδ) 


If all the values t; have the same probable error, 
then to minimize the mean square error in ap we must, 
by (1.21.10), have the sum of the squares of the 
coefficients of the t; as small as possible. Thus 
the set { 21] should be selected so that 


ΠΝ ο] m4 - (Σα) 
m( Σ αἲ) - (Σ 22)? 
This reduces, on squaring and summing, to 
(n^ - n)(Z 2°)? 
[π(Σ οὖ) - & 22)? ]? 
The factor m? - m is always positive, for unless 


m 2 3 no determination of 82 can be made. For fur- 
ther convenience write 
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(21) rj = a5/sf. 

This amounts to choosing units of length so that the 
range is two units long. Then, inverting, we see 
that (20) becomes 


(22) | (Zr?/n )/(Zr/a) - EZ r/m | = maximu. 


Although further work can be done to find optimum 
spacing, (22) gives a very convenient criterion which 
is easy to use. For example, suppose l| timing sta- 
tions are available and we wish to compare the two 


spacings 
(a) 3, 0, O, 1 


(b) EM EL : i 
Computing, for the two cases 
(a) È r/m = 2/4, Er°/m = 1/2, 


| (z?r/n)/(z r/m) - (zr/m | = 1/2, 
(b) Z r/m = 5/9 zr^/m e 41/81, 
| (Z r2/2)/(Z r/m) - (E r/u) | = .365.... 


Thus the arrangement (a) is much preferable to (b) for 
drag measurement. A quantitative idea of how much bet- 
ter is easy to.see. The probable error of the determin- 
ation of a> is proportional to the square root of the 
expression (19). This is, in turn, for a fixed number 


two different arrangements of timing stations is the 


inverse of the ratio of the corresponding numbers c 
puted from (22). In the example, choice of the e 
arrangement in preference to the (b) reduces the prob- 
able error of a by a factor 0.73.... 


5. Drag determination from spark range data. 


We now turn to the reduction of the time-distance 
measurements made in the range. For the very flat 
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fire occurring there it is quite permissible to assume 
that the t-z relation is determined entirely by the 
drag, and that the velocity u is the same as Z. The 
equation satisfied by à 1s then 


(1) Bi -- pd“s°Kp. 


It will be necessary to take Κο in & more accurate 
form than that usually used. The coefficient Kp de- 
pends on both Mach number and the square of the yaw, 
and we shall take account of the first-order terns 
in this dependence. The velocity of sound, ug, is 
fixed, depending on the temperature in the range. 
Thus, instead of expanding in Mach number, it is equally 
correct to expand Ky as a function of velocity about 
the velocity ug at 8 = O. We therefore define a, 
a' and B by the equation 


(2) p d^ E /m 2a + (Ze ug) at + p52, 


where ò is the yan. The relation of these numbers to 
quantities defined earlier in the following: 


as Pd*Kpo/m : 


(3) at « (Pd? /mu, )( partial derivative of Kp with 
respect to Mach Number), 


β "pd Κυρίου”, 


where Kpọ is the drag coefficient at zero yaw and Kp, 
is the "yaw drag" coefficient of Chapter II. Another 
form of the second of these equations can be stated, 
since a'A is simply the logarithmic derivative of 
the drag coefficient with respect to Mach number M, 
divided by the velocity of sound uş» Symbolically, 


(4) a'/a = Me /ὰς, 
where 


€ « (log Ky) ΑΝ. 


This form will presently be useful. For the present 
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form (2) will be used. 


Since the time measurements are made at constant 
Gistances, it is preferable to write the differential 
equation (1) with 5 as independent variable. Using 
primes to denote derivatives with respect to s, the 
necessary canputation follows. 


že. {a+ (ὁ - αρ)α «βδὲ} ἐδ, 
t! s» 1/4, 
t" « (1/3)! = = Y/à29 = - δον), 


Hence, substituting in the last of these from the first, 
(5) t" = (a - uot jt! + a! + pst! 


We shall first consider ‘the special case in which 
a! happens to be zero; the solution is then simpler, 
and by an artifice we shall later reduce the general 
case to this special case. In this case,(5) reduces 
to 


(6) t" » at! + Bdt!, 
This can be solved by dividing by t's; the result is 


δ 

(7) log t! =az + | BO? ds 4 log to'e 
ο 

If we introduce the notation 


I'(z) = | ds 
ο 
this yields 
(8) t' = td exp &z + pI'(a)). 
Hence 


(9) t =- tọ” t'f exp (az + aI'(s)) dz. 
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We expand the exponential in a Taylor's series ani 
integrate. If we introduce the symbol 


(10) I(z) = f I'(s) ds, 
9 


the result cante written in the form 
t tpt t,'s + a(te'/2)s° + pt,'I(s) 


3 
(11) (99/9) | (as + pI'(s))ds 


| s 
(96/6) | (ας +. BI'(s))-ds + cece 
® 


But by (7), together with Taylor's theorem, 
az + BI'(z) 
(12) = log (t! /te! ) 
= (t,"/t,')s 
+ $ {(to'''"/to') - (toM/tot)® } 5° d 

Substituting this in (11) and integrating yields 

t= to + to's + a(t,'/2)s% « Bt,'I(a) 
(13) + (to! /6)(t,"/t,! )?s? 

+ (to"/2h) { Gto" to! "/to! 2) 


-2(1ρ"/8ρ:2) }αὖ + .... 


The last term is included only to permit verification 
that it is negligible, as it seems to be in every case 
considered. The coefficient of zJ could be 95 stizated 
by performing a least squares fit of 1, 2, 3^, $J and 
I(s) to the data. But this determination is not very 
accurate, and a much more precise estimate can be made 
virtue of the fact that we have the specific formula 
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in (13) for the coefficient. For by a preliminary 
rough reduction we can find t9' with high accuracy, and 
tg" to within not worse than about two per cent when 
equipment of the present time (1918) is used, We ig- 
nore the last term in (13) and transpose the zJ-term to 
the left. That is, from each recorded t we subtract 


(5/6) (tto! )?23. 
The remainder is then a linear combination of 1, 2, 
z^ amd I(z), with an error, due to ignoring small terns, 


which is well below the experimental errors. This is 
all subject to the assumption that a! = 0, 


Suppose next that the effect of the “'-terms is 
not negligible. They will nevertheless be small, and 
we can compute them with adequate accuracy by an ex- 
pansion to terms linear in a'. Consider the family 
of all solutions of (5) with given initial values t,, 
tg! and a given value of a. The solutions will de- 
pend on the parameter a', and will satisfy (5) iden- 
tically in z and a’. From (5), | 


(14) a 3 βδ - uga! = (t" 2 a!)/t!, 


If we differentiate both members of (5) with respect 
to a', substitute from (1l) and then set a' = O, we 
find that for a' = O, 


(15) (at/da")" = (t/t! )(0t/8d)* + (1 - t'u,), 


where all the primes except those in the symbol a! 
denote derivatives with respect to z. For this equation, 
1/t' is an integrating factor. The solution is 


2 
(16) (at/dat)'/t' = | {(1/t') - uo] dz, 


ο 


since at 2 = O the value of 4t'/da' is 0. Integrating 
again, 
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Ot/ da! * | t'(z) | f (Q/t'(s)) - uo } ds E 


Q 
5 ~- (to"/6t,' )a++ cece 


If rounds have been fired at two or three different 
velocities, rough reductions will furnish estimates of 
Ky at the corresponding Mach numbers. From these, with 
(B), we can estimate a'; with care, an estimate accurate 
te within about two or three per cent can be made. Fer 
each 2, the effect of the g'-terms is a'(8t/8a'), the 
second factor being evaluated somewhere between O and 
a'. We make only a small error if we replace the fac- 
tor a' by our estimate and the other factor by the value 
of 8t/8a' for a! = O, as estimated in (17). Thus we 
estimate the effect of the «'-terns to be 


(13) α'(δύ/δα) = - a'(to/6to! )s 


If this is subtracted from the times tz) corresponding 
‘to the solution of (5) with the a'-terms present, the 
remainder will be the solution of (6) with the same 
initial values. Thus by subtracting the quantity (18) 
fran t we return to the special case discussed in (6) to 
(13). Applying the result there found, we discover that 


t(z) + (1/6)(t,"/t,' (at - t") 
= t+ to's + a(t,'/2)2° + Bt,'I(s), 
with negligible error. 


Accordingly, we "adjust" the time t4 experimentally 
measured at coordinate z4,, computing the "adjusted 
time" 


(20) οὐ = t4 + (1/6)(to"/to) (a! - tq")242. 


It remains to compute the least squares fit of thesg 
"adjusted times" by a linear combination of 1, 5, 3 
and I(2). The coefficient of z will be an accurate 
determination of t,' (although in the next step the 
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t of the preliminary redugtion would be accurate 
enough). The coefficients of z^ and I(z) then determine 
€ and P, and from (3) we can compute Ang and Kp,. Howe 
ever, we shall make two remarks of some importance in 
connection with the least squares fitting. 


The first remark concerns the computation of I(z). 
Referring to (2.1), the square of the magnitude of the 
yaw is 


(1) 6? a "1 + ko? + 2kkocos (Φ1 + $5). 
Here, as in Section 2, it is permissible te consider 


$ and $5 as linear functions of z, and the arme kj and 
Κο as exponentially decreasing. Then 


δ΄ = ko? exp ( = 2113) + Κορὲ exp ( = 2103) 

+ ?Rkyokoo exp i{ (φι! -b20 3+ ce}. 
Computing I(2) fran this is not difficult. The result 
is the sum of three integrals with comparable numer- 
ators and with respective denominators 

(254)?, (25,02, (h + h, - 1 [4 -$,'] ). 


The last is far larger than the others in absolute 
value, so that the last term in (21) contributes 
negligibly little to I(z). Thus we may assume 


2 Z 
ο ο 


From the experimentally determined Κι and k, this is 
easily computed by the methods of rio 3 o? Chapter 


The second remark is concerned with the process of 
fitting a combination of 1, 2, 2° and I(s) to the 
adjusted times t4*. This of course can be done by the 
methods of Section 4. However, even when a single 
round is being reduced some simplifications are pos- 
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sible. Besides this, it is usual to fire several 
similar rounds at nearly the same velocity; some will 
have considerable yaw, some will have small yaw. It 
is reasonable to assume that B is the same for all 
rounds of the group; the accuracy of its determination 
will not be good enough for us to hope to be able to 
detect any change between nearby velocities. On the 
other hand, α will change from round to round by a 
small but perceptible amount. If we have a fairly 
good estimate of ΚῃΟ at two or three Mach numbers, we 
will be able to estimate this small change in a with 
satisfactory accuracy, and to allow for its effects. 
However, to and tg' will vary from round to round. 
Given N rounds, the best determination of a and P would 
be obtained by using all of them at once. This would 
amount to determining a, P, N values of to, and N 
values of t,'. A fitting with 2N + 2 parameters is 
a complicated matter even if N = 2 or 3. Fortunately, 
in the present case notable simplifications can be 
made. 


Given rounds j = 1, ..., ἡ > N, to round j cor- 
respond values of air density Pjs velocity u,, at 
2 = O, Mach number Mj, mass mj, etc. We letp (with- 
out subscript) be a number exactly or nearly equal 
to the mean density (pj + ... *P N)/N, and likewise 
for m, d, M. Ifa is the value defined in (3) and 
corresponding to the mean values p, m, d, ug, M, 
then by (3) we have 

23) a," K,a 
( j j 9 


where 
(2L) κι = p jaj *K yo (My mp ἀξΚηρίλ)αι. 


This quantity can be estimated with considerably 
smaller percentage error than a, itself, even if a 
rough first estimate of ug, is'used. Now by (19) 
and (20), tne adjusted time ἐμ" for round j at sta- 
tion i is 
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tas = to, + tuia 
(26) ji oj ji - 
* a(n 434. toj! /2) + Pte, Ij(s4), 
where I 2 the function I(s) computed for the yaw 
of roun 


Our program for determining a and P has the feol- 
lowing basis. For each a and P, let the t,, and 

J' be determined so as to minimize the sum of sq res 
o? residues in (25). The corresponding sum of squares 
of residues is then a function of.a and B. If we 
choose a and B so as to minimize this function, we 
have minimized the sum of squares of residues for all 


X y β, ζο1» οσο toy’. 


For given a, B, by Section we see that the co- 
efficients of the least squares, fit are D in 
a and P. We therefore fit the tji» thex '/2 
and the to4'Ij(z,) by least squares linear cbabinetions 
of 1 ana 9 Ju find the residues. This is not dif- 
ficult. In the fitting of the t 1 » the data for the 
various rounds can be treated separately, since to 
and Όρη) affect only round 4. a For each j, let the 
Least “dou uares fit of t1" 9 tio" 9 eoo be 


Τη + T4'341» Tj + Τη 842» 959 
with residues τ ο... Let the least squares 
fit of κη 5 34° fe eU 18 ve 

Q4 * ΗΝ Q4 + 013142) @oey 
with residues 41] 2» 9995 and let the least squares 
fit of toj I (30) οἱ 

B4 * B4'231, B 17 B4' 510» coos 

with residues bj1> b42 ο... Then the least squares 
fit of 
(26) tji * -a(x, 21284 /2) -βῦ o4'T (4) 
is 
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(27) (Tj -aQ4 = BB4) + (Τ1! = aQ4' - BBs" 354, 


where j = 1, 2, ..., N and iruns over the stations 
functioning for round t The sum of squares of the 
residues from the fit (27) is 


ap Gm 2. 
(28) Zang 031 79834 7 P530) 
To minimize this, we find its derivatives with respect 
to a and B and set them equal to zero. The result is 


ad 
(29) 


4βΣ 


1,303107 «βΣ 5 qu by 724,4 Yat ya 


2 
a Zig ajaja ὍὌΣΙ (0) 724,4 Pjata 


These equations can be solved readily for a and, 
which are the quantities desired. So instead of one 
least squares fit with 2N * 2 parameters, we need to 
effect 3N linear fits (three for each round, the rounds 
being treated independently), find the residues, and 
then set up and solve equatiens (29). 


6. Swerve reduction. 


Of all the measurements made in the spark range 
only the utilization of the χ- and y-coordinates of 
the center of mass remains to be discussed. The pro- 
cedure we discuss here far utilizing these coordinates 
was first established in a systematic way by H. Federer, 
although preliminary work had been done by A. K. Gold- 
stine and the authors. The procedure is at present 
just beyond the experimental stage. It ís too labo- 
rious for routine hand computation, and has not yet 
been set up for the more sophisticated computing 
machines, although no serious difficulties prevent 
this set up. Our discussion will be rather sketchy, | 
covering the mathematical background, but ignoring 
the rather formidable computing problems. 


The swerve reduction relies heavily on the earlier 
reduction of the angular motion. We take as known the 
representation of $, 
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(1) E = cj exp €1 + c2 exp 92, 
where 
ey = ky(0), ορ " k3(0), 
€i = s(1og, kj)! + dh, 
9, = z(log kj)! + tbo. 


Let S be x * iy. Then S is known for 25 different 
values of z. According to (XI.6.8), S should have 
the form 


S » (linear function of p) 
(2) + (drift) + (gravity drop) 
+ r1 exp € + ro exp &o 

where | 

ry = cjd(( - Jy + ivJp)/(@®1')? - ilv + 125)/011 }, 
το * cod - Jp + ivJp)/(02!)? - A(woyp + 1σο)/θο' ). 
Here p is the distance along the trajectory, measured 
in calibers. For our purposes p = 2/d. The deriv- 
atives in (2) are with respect to p. Referring to 


(12.6.9) the gravity drop, in the (x, y)-system, has ' 
the farm 


(3) G= (1gd^p?/2U,2) { 1+ (2Jpp/3) + ...). 
The drift, by (XI.5.10), has the form 

D = ( = Ky + 1vEg)(ghv/KymU,) 

(L) ‘(1+ dp +...) 


The value of the quadratic and cubic parts of the 
gravity drop can be computed corresponding to each 
station, since the mean drag coefficient Kp has already 
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been computed. The drift, which is quite small, 
can be estimated to a reasonable accuracy. The coef- 
ficient has been computed in the yaw reduction, and 
Ky is of the order of one. Using 1 for Κι and .2 for 

has not, on the few rounds for which a swerve re- 
duction has been done, made a second, finer approxima- 
tion necessary. Having estimated the drift and com- 
puted the quadratic and cubic parts of the gravity 
drop, the quantity 


(6) Se” S -D = (quadratic and cubic parts of G) 


is computed for each station. Referring to (2) we see 
that S, should be of the form 


(6) Sg = at bs + ry exp @, + ro exp 95, 


where a and b are complex constants. The functions 
exp 94 and exp 95 are known, and we have the familiar 
problem of determining which combination of known 
functions, in this case l, 2, exp 94 and exp 9,, best 
fits the data. In precisely the same fashion as in 
Section 3 this fitting leads to a system of four linear 
equations for the four unknowns a, b, rj and ro. 
Having τ] and ro, the equations (2) permit solution 
for the quantities 

- Jr + J 

(7) AG 
Mathematically, these determinations, together with 
those of (3.15) and that of the drag, give all aero- 
dynamic coefficients except Κχπ. Practically, this 
is not the case for data so far obtained. The prob- 
able errors of the coefficients from (7) have been of 
the order of 5 per cent for ΚΙ, 30 per cent for Kp and 
over 50 per cent for Kyp and Kg. Effectively, this 
means that until measurements and reduction procedures 
are further refined the swerve reduction must be con- 
sidered a method of determining Ky, and the order of 
magnitude of Kp. 
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Chapter XIV 
ROCKETS 
Ls Introduction. 


Historically, the use of rockets as military weapons 
antedates the use of guns by centuries; but the ear- 
liest efforts to use rockets were abandoned, and these 
weapons more or less forgotten until they were revived 
by Congreve in the early nineteenth ‘century. His rockets 
were used in the Napoleonic Wars, and rocket batteries 
remained in the British army until 1885. From then un- 
til the Second World War they were again ignored, be- 
cause of their great inaccuracy as compared with guns. 
In this last war, several tactical situations arose in 
which the rocket was the suitable weapon, and stren- 

uous and fruitful efforts were made to improve its 
accuracy. We shall now briefly consider some of these 
situations. 


Early in the war it was found that a small light 
shell could be made which even at low velocities was 
capable of destroying a tank. It was desirable to 
make this into an infantry anti-tank weapon, for di- 
rect fire by infantrymen at short ranges. The shell, 
though small,was still over two inches in diameter, 
and a conventional gun of such diameter is clearly un- 
suitable as a shoulder weapon. The difficulty was 
resolved by delivering the shell by means of a rocket, 
well known to many as the "bazooka." (The nickname 
was originally applied to the tube and later transferred 
to the rocket itself.) The tube was quite light, since 
its only purpose was to support the rocket during the 
aiming process and to protect the gunner from the 
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burning gases emitted from the rocket. A similar 
weapon was also made by the Germans, and known as 
the Panzerfaust. | 


This was one instance in which the rocket was the | 
suitable weapon because the support of the weapon (in 
this case an infantryman) was not capable of with- 
standing great forces or carrying heavy weights. An- 
other such instance is in firing from airplanes. Ob- 
viously a fighter plane is not a suitable gun platform 
ior neavy artillery. But it is possible for such a 
plane to carry several rockets under the wing, of 
striking power great enough to be highly significant 
as a weapon. As another example, small naval craft 
can carry enough rockets to bombard a beach on which 
a landing is to be made and to clear it for a landing. 
Without trying to make any accurate comparison, it 
requires little imagination to see that the volume of 
fire which a small craft can deliver in the form of 
rockets is greater than that of which it is capable 
in the form of gunfire. 


An entirely different application of the rocket 
principle was made in the design of very long-range 
rockets such as the German rocket popularly (or should 
we say extensively?) knom as the V-2. Such rockets re- 
quire all the complicated ballistic analysis required 
by long-range guns, together with several additional 
factors. Although the ballistics of such a weapon re- 
quires numerical integration of a more or less conven- 
tional sort, we shall not attempt to give the details 
of the long-range rocket ballistics, but shall confine 
ourselves to the analysis of rockets of the sort used 
by thís country in the Second World War. The same sort 
of analysis will apply to the early part of the tra- 
jectory of a long-range rocket also. 


The fundamental physical principle of the propul- 
sion of a rocket is quite simple and well known. A 
rocket consists of two parts, a head and a motor. The 
head is the business end. It is designed as a shell 
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for fragmentation, high explosive or any other use. 
The motor consists of a combustion chamber, analogous 
to the chamber of a gun, in which the propellant is 
burned. By means of a nozzle or nozzles the products 
of combustion are ejected at high velocity from the 
rear of the motor. Since, in the absence of external 
forces, the total momentum of rocket and gases is con- 
stant,. the rocket must be given forward velocity. Of 
course, the mechanism by which velocity is imparted 
is the varying pressure over the inner surface of the 
motor, but the total effect can be computed if the 
velocity of the gas relative to the projectile is known. 
This velocity is known as the exit velocity, and for 
most of the rockets of the types under discussion it 
was of the order of four to six thousand feet per 
second. Suppose that the velocity of the rocket and un- 
burned propellant is v at the time when the mass is m, 
and is v + ô v at the time when the mass is m+4 m. 
If the latter corresponds to the later time, Am is 
negative and ôv is positive; a mass| ô m| of gas has 
been expelled with velocity v - we, where το is the 
exit velocity. Hence, by the law of conservation of 
momentum, 


mv = (m +ôm)(v + Ov) + (v - v) [dn], 


or 
mOv+vdm+ OvdOme=0O, 
This implies l 
dv n Ye 
(1) d. va. 


If the mass of the rocket without propellant is m, and 
the mass of the propellant is mp, and ve is regarded 
&s constant, integration of the last equation yields 


(2) v * vo + Ve log { (m + m)/my ]. 
If the mass of the propellant is considerably less than 
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that of the rocket, this is approximately the same as 
(3) vs Vt veap/ n. T inj). 


Thus, for example, if the empty rocket weighed 30 1b. 
and the propellant weighed l lb., and the exit velocity 
were 5,000 feet per second, the rocket would be accel- 
erated from rest to about 625 feet per second, accord- 
ing to the approximation (3). The more accurate for- 
mula (2) gives 625.8 feet per second instead. 


In the present chapter we shall analyze the motion 
of a rocket during burning. Since after propulsion 
has ceased the motion of a rocket can ke computed on 
the same basis as that of a shell or bomb, we need con- 
sider only the motion during burning. Our principal 
concern will be with finestabilized rockets, since 
these were by far the most tactically useful in the 
Second World War. However, the analysis can be extended 
to cover the spin-stabilized rockets also. This has 
in fact been done, by the methods of Chapter XI. But 
we shall not consider this extension in the present 
chapter. 


The aerodynamic force system considered is a very 
restricted one. For rockets of the type under consid- 
eration thé burning time is of the order of 0.1 to 1.5 
seconds, and the mean acceleration is from 1,000 to 
5,000 feet per second per second. In view of the mag- 
nitude of the propulsive force it would at first glance 
appear possible to MODELS all aerodynamic effects, 
but this is not so. Although tne drag is of minor im- 
portance the angular position of the projectile is of 
primary concern, since the thrust of the motor is di- 
rected along the axis. It is therefore necessary that 
we be able to predict the position of the axis through- 
out burning. We consider only tne largest of the aero- 
dynamic torques, and assume that the rocket's motion is 
determined by the acceleration given by the motor, by 
the restoring moment, and by gravity. 
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Finally, we wish to point out that the application 
of the theory of ballistics of rocket fire is an ex- 
cellent example of the way in which the results of a 
somewhat idealized theory cah serve as an interpolating 
device for complicated physical experiments. We have 
already encountered one such example in Section lj of 
Chapter IV. In the theoretical investigation of the 
motion of a rocket, it will be assumed that at any 
given temperature the propulsive acceleration is con- 
stant. This acceleration enters as a constant in the 
final equations. Its chief service is to determine 
the velocity at the end of burning. Consequently we 
do not measure the acceleration by direct measurements 
of thrust. Instead, from the data of the range firings, 
we find the velocity at end of burning, and then choose 
the constant called "propulsive acceleration" in such a 
way that when the velocity at end of burning is compu- 
ted from the equations, it agrees with the experimental 
determination. We may thus feel confident that when 
launching conditions (other than temperature) are 
changed, with this same constant acceleration the 
theory will continue to furnish the correct velocity 
at end of burning. Likewise, the righting moment 
should not be deduced from wind tunnel experiments or 
from the angular motion of the rocket. Its chief ser- 
vice in the equations of motion is to determine the 
direction of motion of the rocket at the end of burn- 
ing. Hence from the range-firing data, we find the 
direction of motion of the rocket at end of burning, 
and then select the value of righting moment which, 
being substituted in the theory, provides the same 
direction of motion as was experimentally observed. 
Then we may expect that under other launching condi- 
tions, the theory will continue to provide accurate 
predictions of the direction of motion at end of burn- 
ing. 


2. Equations of motion for a fin-stabilized rocket. 


In this section we derive the equations of ition 
for a rocket and put them in a form suitable for cm- 
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putation. As usual, the X-axis and the Y-axis are re- 
spectively horizontal and vertical, the rocket being 
supposed launched at the origin in a direction lying 
in the XY-plane. If the X-axis points to the right, a 
positive angle is one which is measured counterclock- 
wise. The angle from the X-axis to the tangent to 
the trajectory will be denoted ©, the angle from the 
X-axis to the axis of the rocket is >. The yaw, ὃ, 
is the difference $ - ©, and u is the total velocity. 
Let c be the acceleration due to the motor, which is 
assumed constant in magnitude and directed along the 
axis of the rocket. The components of acceleration 
along and perpendicular to the tangent to the trajec- 
tory are then respectively c cos ô- g sin © and 
c sin ô —- g cos @. Hence we may write 
ü*ccosb-gsin0O, 5 6-90, 
(1) | 

uð = c sinô -g cos 6. 


According to the notation previously τ αν ο 
the restoring moment is of the form - d3u 2Ky sin 6, 
where p is the density of the air, d a {5 the diameter 
of the projectile and Ky is the moment coefficient. 
However, for the purposes of the present investigation 
it is convenient to amend this somewhat. We shall write 
the restoring moment in the form - P.dJu?Ky δ. This 
amounts to changing the meaning of Ky by multiplying 
the original meaning by a factor 6/sin 5. The ds 
ference between this factor and unity is about 62/6, 
so for small yaws the redefinition is quite immaterial. 
For large yaws the original and the new definitions 
differ; but in the following mathematical study we 
shall replace the (new) Ky by a constant which is the 
same as the common value of old and new Ky at zero 
yaw. Making this substitution for the restoring mo- 
ment gives us for the equation governing the angular 
motion the following: 


(2) Bo = - pdju2Kya, 
where B is the moment of inertia of the rocket about 
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an axis through the center of mass and perpendic- 
ular to the axis of the rocket. We now modify the 
form of (1) and (2) somewhat. 


Referring to Section 5 of Chapter III, it is re- 
called that for a finned projectile in free flight 
the distance between two successive maxima of yaw, 


called the wave-length of yaw, has the form 
(3) h = 27 V 8/o 2k. | 


This quantity has the dimensions of a length and is 
& very convenient parameter for the present discussion. 
Accordingly, (2) may be written 


ee 2 2 
(4) $ --ἰιπζώς/χ, 
and we shall assume that A is a constant, We now 
change the form of (1). Computing, 


(u sind) = ἃ sind + ub cosb = udcosd + g cos >. 
We now make further approximations, assuming that sin 6 
may be replaced by ὃ and cosÓ by one, that g cos ὁ 
also may be replaced by g cos 9, and finally that 
c - g sin © may be replaced by a constant a. The 
last equation and the first equation of (1) then be- 
come 


ἃ a, 
(5) "E 
(u 6 ) = ub + g cos 6,. 


The set of equations, (l) and (5), form a complete 
system on the variables u, >, ὃ, involving the constants 
λ a and g cos 6. We now select a new independent 
variable which will be dimensionless. This variable 
will be simply u multiplied by a suitable constant. 
Namely, we define 


(6) wau e/a. 
The reason for the choice of the factors a and is 
fairly obvious, for these depend on the particular 
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rocket and it will be convenient to have equations 
which, without even change of constants, are simulta- 
neously valid for all rockets. The factor 2 is simply 
for future convenience, If we use primes to denote 
differentiation with respect to w, the equations (L) 
and (5) become | 


$" "Tom nb”, 


(w5)' = wh! + (g cos θ0)/8. 


These equations are now in the form in which we shall 
solve them. They determine completely the angular mo- 
tion of the rocket. It is now a rather easy task to 
set up the equations which determine the motion of the 
center of mass. In terms of the original IY-coordi- 
nates, we have at once 


(7) 


(8) X= u cœ 0, 
Ý = u sin e. 


If we transform to slant coordinates, ἕ, n,.as in the 
Siacci method, where & is distance measured along the 
initial tangent to the trajectory and n is drop from 
this line, the equations simplify. Defining 


(9) b = X sec @, η = X tan @ - T, 
we compute directly from (8) 
ξ = u COS O sec 6. 
ἡ = u (cos © tan 65 - sin ϐ) 
=u sec Os sin (0o - 0). 


Under the assumptions we have made, it is quite proper 
to use, instead of these, the approximate equations 


(10) =u, =u (@ - 6) sec Q,. 
The first of these leads to the equation 


t - luf- u,”)/2a, 
while the second, upon changing to the independent 
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variable w, becomes 


n' = »w(0, - 6)(sec θ0)/5, 
which is the form we shall use. 


For convenience in future reference we now collect 
together the results of this section. 


equations 
ous - Lw, b= $ -6, 
(11) 


(w5)* = πφ' + (g cos θρ)/α, 
where w= u /2/a\, a is the mean acceleration during 
burning minus g sin 9,, and Ais the wave-length of 
yaw. The equations determining the space position and 
the time are: 
(12) η! -λπ(θο - 0)(sec θο)/2, 


t =- tg = (u - uj)/a. 
3. | Solution of the equations of motion. 


This section is devoted to the explicit solution of 
the system of equations (11) and (12) above. We first 
solve the first equation for wò, and by substituting 
in nn equation involving (πὸ)! the following is ob- 
tained. 


l[i"|' , _ R2g cos Qo 
(1) 1/24" | κο age i 
This can, now be recognized as a familiar form if the 
independent variable w is replaced by the independent 
variable p = w^, for the derivative of a function with 
respect to p is then its derivative with respect to 
w multiplied by 1/2w. Equation (1) then becomes 
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2 2 2 

dé! , T o' | πε Cos Oo, 
(2) c ἐν τ a τ 
The general solution of the equation (2) for $' is 
a linear combination of sin (πρ) and cos (wp) added 
to a particular solution. It is, in fact, possible to 
obtain a particular solution from the known solution 
cos (4%) of the homogeneous equation by the method 
of variation of parameters. If we assume a solution 
of (2) of the form A cos (Απρ) where A is a function 
of p, substitution in (2) leads to the equation 


A" cos ἐπρ - tA! sin imp = - 4(g/a)( x? cos e VP-. 


By multiplying the equation by cos (4πρ) the left-hand 
side becomes the derivative of (A' cos? (xp), and a 
solution for A is 


Α-- X(g/a)( πτο5 eu σης rV2 cos imr irl. 


This expression may be integrated by parts, integrating 
the sec2(4m). The result, after a little simplifi- 
cation, can be written in the form 


P 

A = 4(g/a)(x cos 85sec ie) S71 21η Àn(s - p) ds, 
Po 

and a particylar solution is this value of A multi- 


plied by cos“(4m). The general solution for $ is 
therefore, replacing p by w? and s ty r2, 


φι - (α/α)(π cos ΕΚ sin ἐπί τ; - πο) dr 
2) Wo 


+ C sin àin(w? - πο”) + D cos àn(w? - πο”). 


We now evaluate C and D by using the initial condi- 
tions. Let 69 and Wo denote the initial yaw and the 
initial angular velocity respectively. Since 


pne bn’, 


Google 


(see equation (2.11)), 
o" "e xo? . 
Further, $' is (d$/dt)/(dw/dt), and hence 


φο' = (Dow A/2a. 


(See the definition of w in (2.11).) Setting w = πο 
in equation (3) then shows that 


(L) Ὁ =d = wo/d/2a . 


Differentiating the equation (3) with respect to Ἢ 
and setting w = wo leads to the evaluation of the other 
constant. 

(5) C =os/nw, = - now. 

These values of the constants, substituted in (3), 
then give the desired solution. Given this solution 
for 4! it is easy to see that solutions for all the 
other variables can be obtained as quadratures. Actu- 
ally what is required for ballistic computation is 
the initial conditions for the non-burning part of 
the trajectory. We are therefore interested in sole 
ving for O, and η, t and u at the end of burning. 
There is no particular reason to find δ or φ at the 
end of burning, for a simple calculation will show 
that under the assumptions we have made, the yaw at 
the end of burning will be negligible. (This is 
physically very reasonable since the propulsion in- 
creases the axial velocity, which, in the absence of 
other factors, decreases the yaw.) We now consider 
the determination of © and n. Since, (equation (11) 
of the preceding section), $" = - , and 


6-6 = ($ - $9) - (6-55), 
it follows that 


π 

(6) o- ar + | $'(s, πι) ds + o" A?w 2. 
Yo 

Differentiating (3) leads to 
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(7) 


| Ww 
à" = - (g/a)( xcos 6ο) | sw cos $x(r2 - w2) ar 
Ww 


- (xd πο) xw cos bw? - wo?)] 
- (og A/2a) [ xw sin $w? - w,?)]. 
Hence (6) may be written, collecting like terms, 
0 = 0g 
5 2E (g/a) cos 9g δι [ sin Jr? — s2) dr ds 
JW 


ο 
w 


= am | cos ἁπ(τὸ - w2) ar! 


Wo 


W 
= d πο sin a(r? = πος) dr 
(8) Wo 


+ (w/w) cos ix(w? - τ] 


Wo 


- (1/τπ) sin iw? - ποῦ)! " 


The functions of w and Wo which lie within the three 
sets of square brackets can be computed, and are 
actually combinations of Fresnel integrals 


π 
9 | sin $m? dr 
ο 


and 


] wW 
C= | cos in^ dr, 
° ο 
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and the related integrals 


w 
κ. 
ο 


w 
| cas. 


ο 


These quadratures have been done at Aberdeen and from 
them the three functions within the brackets were 
evaluated. These are denoted by Fl(wo, w), Fo(wo, w) 
and Fa(wo, w) respectively. In terms of these func- 
tions, the value of O - Oo may be written 


0 - 6, = (g/a) cos 6, Fi(wo, w) 
(9) * δρ [1 - Ερίπο, w) ] 
+ ( ὦ o/o) Fa(wo, w). 


It should be remarked that this is an unexpectedly 
pleasant result. The functions FL, F2 and F3 do 
not depend in any way on the rocket being considered, 
and may be (and have been) tabulated once and for all. 
Further, O = Og depends linearly on the yaw and the 
initial angular velocity, so that if the angle has 
been computed on the basis of zero initial yaw and 
zero angular velocity the corrections for these may 
be made by simply adding the appropriate factors. 


The drop η may also be computed in an equally 
convenient form. Referring to equation (2.12), 


n! - ἐλπίθο - ϐ) sec 6,, 
so that 


(10) η cos 05 = Pp r [@ = θίπο, r) Jar. 


πο 
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In view of (9) we may therefore define" functions 
G1, Go and Gz such that 


η cos 09 = $ A[(g/a) cos θο Ε]ίπο, w) 
(11) + CTS AP w) 
+ (ὠρΏρ/8πο) G3(wo, w) ]. 


Equations (9) and (11) embody the results which will 
be required for.the computation of a firing table for 
rockets. In practice the mean acceleration a will 
be evaluated before the wave-length of yaw A, so 
that instead of the factor A/2 the equivalent number 
ug /aw,? will be used in formula (11). 


The basic formulas now being available, it would 
seem reasonable to consider as a next step their 
application to the problem of analyzing experimental 
data and constructing a firing table. This material 
has, however, not been cleared for publication, so here 
we abruptly close. 


*The functions which have been tabulated at Aberdeen 
are not actually Gl, Go and G as defined here, but 
certain related functions F4, Fs and Fg. In terms of 
these the drop is defined by the equation 
η cos 0, =1){-wte- θ.) 
+ &g/a) cos OL Fy(w., π) - (we - πο) ] 
εδ. Felwy w) + (wu /m) Fas κ) |. 


The relation between the G's and these is easily 
computed. 
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NOTE: A more complete treatment of the motion of a 
rocket, including the effects of jet malalignment, 
etc., may be found in Mathematical Theory of Rocket 
Flight by J. B. Rosser, R. R. Newton and G. L. Gross 
(New York: McGraw-Hill Book Company, Inc., 197) and 
in "The Mathematical Theory of the Motion of Rotated 
and Unrotated Rockets," by R. A. Rankin, Philosophical 
Transactions of the Royal Society of London, Series A, 
Vol. 31 (1919), pp. 457-485. 
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Figure XIV.3.1 


Range Firing of Five-inch High Velocity Aircraft Rocket 


(a) 


(b) 
(c) 


(e) 
(f) 
(6) 


Preliminary firings, photographed with 
Bowen-Knapp camera 

Range firing, gunsight camera record 

and (d) Firing, photographed from rear, 
Eyemo camera 

Firing, from side, Mitchell camera 

Rocket, near end of burning, Mitchell camera 
Impact, Eyemo camera 


Photographic Measurements Section 
Ballistic Research Laboratories 
Aberdeen Proving Ground. 
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HISTORICAL APPENDIX 


Ballistics is the science which treats the action 
of projectiles and their associated hurling machines. 
Modern writers divide the subject into three parts de- 
scribed as interior, exterior and terminal ballistics 
which are concerned, respectively, with the propulsion, Ἢ 
motion and destructive action of projectiles. The mod- 
ern theory of exterior ballistics has been developed as 
& branch of the analytical dynamics of rigid bodies 
moving under the influence of gravitational and aero- 
dynamic forces. In this exact sense, exterior ballis- 
tics was founded about three hundred years ago with the 
work of Galileo. Interior and terminal ballistics were 
founded as sciences more recently than exterior ballis- 
tics, the three branches having been distinguished first 
during the latter part of the eighteenth century. Medi- 
evil and even ancient writers, however, used terms cog- 
nate to the English word ballistics to describe the art 
of making and using missive armament. The word ballis- 
tics was derived from the Latin ballista for an ancient 
javelin-hurling engine actuated by the torsion of skeins 
of sinew. The term ballista was perhaps derived, in 
turn, from a Greek term used by the Syracusan and Alex- 
andrian mechanicians who developed this engine into 
efficient forms. Extant books entitled βελοπουῖκα, 
or throwing devices, were written by Philon of Byzan- 
tium, Rhodes and Alexandria during the third Century 
B. C. and Heron of Alexandria at an uncertain date no 
‘later than the third century A. D. Ballistics at the 
time of Philon and Heron was the theory of the design 
of hurling engines such as the ballista and the simi- 
lar stone-casting engine which medieval Latin writers 
sometimes described as a petraria. In the general 
sense of the cognate term used by classical writers, 
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ballistics was an advanced art in Hellenistic times. 
Thus Philon described still earlier writers as "the 
ancients." The development of missive armament as a 
skilled craft began, however, millennia before writ- 
ing; ballistics originated as a technical art with the 
inventions of the earliest weapons specialized for 
throwing purposes. Specialized missiles and hurling 
machines have been prominent everywhere among the arti- 
facts recovered from the campsite debris left by hunt- 
ing men of the Upper Old Stone Age. 


The materials employed in making the most important 
instruments, espedially weapons, have been used by an- 
thropologists to distinguish the stages of civiliza- 
tion attained by the carriers of different cultures. 
Early Lower Old Stone Age men knew the flint fist-hat- 
chet, primitive language and the use of fire but no 
weapon especially designed to be thrown. The most im- 
portant advance in weapon technique during the Lower 
Old Stone Age was the chipped stone point provided with 
notches for attachment to a wooden handle. These 
notched stone points indicate knowledge of tne spear 
which was probably used both for thrusting and for 
hurling from the time of its invention. The spear was 
known to Mousterian man during the last period of the 
Lower Old Stone Age in southwestern Europe. The old- 
est hurling machine was the atlatl or spear-thrower. 
The invention and diffusion of the atlatl has divided 
the cultures described as Lower and Upper Old Stone 
Ages over the whole earth; this instrument was knowm 
to Aurignacian man in Spain about twenty-five thousand 
years ago and to Chiricahua man in New Mexico about 
ten thousand years ago. The oldest engine, or machine 
for doing work by means of stored energy, was the bow, 
The wooden long bow was invented more than fifteen 
thousand years ago by an Upper Old Stone Age people in 
Africa or Asia. The oldest known user of the bow was 
Magdalenian man who showed it in his polychrome draw- 
ings on the walls of a cave near Alpera. The wooden 
long bow was the primary weapon of the Middle Stone 
Age Capsians who spread over western Europe from Africa, 
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but it first acquired universal use among peoples with 
New Stone Age cultures. The reflex bow was devised in 
the arsenals of the Bronze Age Sumerian and Egyptian 
armies which conquered the oldest empires on earth. 
The compound reflex bow of the Iron Age Assyrian Empire 
was made of alternate layers of wood, horn and the neck- 
sinews of the stag. The cross-bow was apparently de- 
vised somewhere in the Orient shortly after 1000 B. C. 
by adding a stock-and-trigger to the long bow. The 
arbalista was developed by equipping the cross-bow with 
a windlass or lever used to retract the bow-stave me- 
chanically. The catapult was probably devised from the 
mechanically retracted battering ram shown in Assyrian 
bas-réliefs: in any case, dart- and stone-casting 
engines precursive of arbalistas and catapults were re- 
portedly included in the armament assembled by King 
Uzziah (circa 750 B. C.) for the defense of the city 
of Jerusalem. Double-armed skein-actuated engines such 
as the ballista were used in both siege and field war- 
fare by the engineers 'of the army of Alexander of 
Macedon during the decade 333-323 B. C. The techniques 
employed in making the powerful mechanically retracted 
engines of classical times were largely unknown in west- 
ern Europe during the Middle Ages, but were re-intro- 
duced in France and Italy during the eleventh and 
twelfth centuries. King John of England was explicitly 


prohibited from employing foreign "balistarios," spe- 
cialists in the use of the arbalista, by a clause of 
the Magna Carta, which he signed in 1215. The ancient 
'" elastically actuated engines and the medieval gravi- 
tatlonally actuated trebuchet were replaced during 
the fourteenth century by the first true firearms, de- 
vices which hurled solid projectiles by the force re- 
sulting from the expansion of gases from the burning 
of gunpowder. 


The inventions of the cannon and the rocket were 


made possible by the medieval Chinese invention of gun- 
powder. The Chinese discovery of the propellant 


properties of gunpowder was the ultimate consequence 
of Asian developments in fire arrow compositions which 
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were probably initiated with the appearance of iron 
metallurgy in the countries bordering the Mediterranean 
Sea. The fire arrows of the Mesopotamian peoples of 
the late Bronze Age were covered with viscous, persis- 
tent-burning mixtures of pitch, petroleum and sulphur. 
Early iron craftsmen experimented with various inflam 
mable materials which furnished large heats of combus- 
tion because iron requires a higher temperature than 
copper for its reduction and forging. Some of these 
men also observed that the colors of metals became 
lighter as they were heated in a forge. They recog- 
nized that metals were heated by the transfer of some 
mysterious entity from the flame and decided that a 
yellow flame was very hot. Common salt was believed 
to contain a large amount of this heat-producing en- 
tity because flames into which it was thrown turned 
yellow. Since it was desired to produce the hottest 
possible flame from the materials transported by fire 
arrows, some ancient peoples added cammon salt to their 
incendiary mixtures. Many old recipes for making fire 
arrow compositions included resin, petroleum and sul- 

phur: some also employed charcoal and common salt. 
These recipes were apparently transmitted through the 
Near East to India and China, perhaps at the time of 
Alexander or his successors. Saltpetre may possibly 
have been identified first as a material distinct from 
common salt or soda by medieval Syrian or Arabian chem- 
ists. However, it seems more likely that saltpetre was 
first employed in incendiary compositions in the inter- 
ior of China where common salt was scarce and saltpetre 
was quite widely distributed. At some time before 1200 
A. D., the Chinese apparently substituted saltpetre for 
common salt as an ingredient of incendíary mixtures. 
Since charcoal was one constituent of these mixtures 
and sulphur another, the addition of saltpetre led to 
the preparation of gunpowder. Saltpetre was the crit- 
ical component of gunpowder because it furnished the 
oxygen which enabled the combustion of the mixture to 
proceed rapidly without utilizing atmospheric oxygen. 
The Chinese presently employed saltpetre, charcoal and 
sulphur compositions which, if the saltpetre content 
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was high, constituted explosive mixtures, if somewhat 
lower, propellant mixtures and, if still lower, simple 
incendiary mixtures. Explosive mixtures were enclosed 
in pottery cases, propellant compositions in separable 
paper containers attached to fire arrows and wild fire 
materials in flame-throwing tubes made of bamboo. The 
pottery-encased gunpowder charge was the earliest type 
of explosive shell, the self-propelled fire arrow was 
the prototype of the incendiary rocket and the fire- 
projecting bamboo tube was one of the precursors of the 
flame thrower. The Chinese described their explosive 
shell as the "heaven-shaking thunder," their incendiary 
rockets as the "fire that flies," and their flame throw- 
ers as "fire tubes." Both the "fire that flies" and the 
"heaven-shaking thunder" were employed in 1232 A. D. 
by Tartar defenders of the city of Kaifeng against 
the Mongol army commanded by Ogotai, son of Genghis 
Khan. Gunpowder with the concentration of saltpetre 
required for either an explosive or a propellant was 
known to the Chinese siege engineers of the Mongol 
"horde" which advanced into Europe as far as Hungary 
in the campaign of 1238-122 A. D. However, gunpowder 
probably became known in the Near East through the 
Moslems who had been engaged in warfare with the Mon- 
gols during the khanship of Genghis. An accurate de- 
scription of saltpetre as a material distinct from 
common salt was given in a book written in 12h0 A. D. 
by an Arabian pharmacist sometimes called ibn al- 
Baithar, the "son of the horse-doctor." Ibn al-Baithar 
reported that saltpetre was known by the Egyptians 
as "snow from China." Ibn al-Baithar did not describe 
the deflagrating property of saltpetre but this prop- 
erty was well known to pyrotechnicists of the Near 
East a few years later. In 1279 or 1280, an Arabian 
military engineer named Hassan al-Rammah wrote a book 
on cavalry warfare in which he gave pyrotechnic and 
rocket propellant compositions containing saltpetre, 
sulphur and charcoal in approximately the proportions 
since used in the manufacture of gunpowder. Roger 
Bacon of England and Albert the Great of Germany have 
sometimes been credited with the invention of gunpowder 
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but both men probably knew recipes given in a Latin 
manuscript with the title Liber ad Conburendug 
Hostes. This book was widely circula in pe dure 
ing the latter part of the thirteenth century. Reputed~ 
ly the work of a Byzantine called Marcus Graecus, the 
Liber Ignium contained many incendiary compositions, 
directions for making a rocket and a description of a -7 
petard or cracker. Bacon and Albert were proficient 

in Arabic líterature and they may also have read con- 
temporary Arabic recipes for gunpowder. Although the 
propellant properties of gunpowder were almost certain- 
ly learned in the Near East from the Chinese, the Arabs 
were probably the first to use it as a propellant in 
firearms. The earliest known mention of a firearm was 
made in an Arabic document dated 130). The first Euro- 
pean firearm was a dart-throwing engine called a pot-de- 
fer. The invention of the pot-de-fer has been ascribed 
by a well-known German legend to & monk named Berthold 
Schwarz, or Bertholdus Niger, whose surname "the black," 
was probably a reference to his interest in alchemy. 
The possibly apocryphal Berthold has been variously re- 
ported as having invented the first firearm in Freiburg 
im Breisgau, Dortmund, Venice and Flanders. The ear- 
liest European evidence for the existence of firearms 
was given in documents of the city of Ghent which were 
dated 1313 and 131. The bombard, a smoothbore can- 
non hurling stone or metal round shot, was developed 
simultaneously in several countries of Europe and the 
Near East during the fourteenth and fifteenth centur- 
ies. An old description of the battle of Crécy (1316) 
states that the English employed bombards “which with 
fire throw little balls to frighten and destroy horses." 
Firearms were probably ineffective at Crécy but the 
destruction of the Byzantine Empire in 153 was in some 
degree a consequence of Turkish use of siege artillery. 

Constantinople, the Byzantine capital, was bombarded 
by huge cannon for twelve days before succumbing to 
the Ottoman ruler, Mahomet II. These great. bombards, 
which hurled stone balls thirty inches in diameter, Ἢ 
were cast in bronze by a Wallachian gun founder named 
Urban. After the Turkish conquest of Constantinople 
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many Byzantine scientists and technicians fled to 
Italy. 


The development of the modern theory of the analyt- | 
ical dynamics of rigid bodies was initiated during the 
fifteenth and sixteenth centuries by mathematicians and 
physicists many of whom were employed as ballisticians 
and military engineers in the arsenals of the Italian 
principalities. This development began with a critical 
revision of some Aristotelian theories which had dom 
inated dynamical ideas for eighteen hundred years. 
Aristotle (381-322 B. C.), the founder of formal logic, 
was interested in the problem of projectile motion. He 
was skillful in applying geometry to kinematics, but he 
lacked both the conceptions and the methods required 
for an accurate development of the dynamics basic to 
the modern theory of exterior ballistics. He construc- 
ted an elaborate theory of the dynamics of particles 
which was based partly on principles derived from the 
hypotheses of Empedocles on the nature of matter. 
Empedocles of Acragas, Sicily (circa lO B. C.) had 
performed experiments which established the corporeal- 
ity,or material nature,of the air. This discovery led 
Aristotle and same of his contemporaries to argue that 
since air was present where matter had been supposed 
absent, a vacuum was impossible. Aristotle noted that 
in a vacuum all bodies would fall at the same speed and 
asserted that, since this was incredible, a "void" was 
a physical impossibility. He presumed that all matter 
had such properties as wetness or dryness and warmth 
or coldness and considered that these properties were 
the causes of the tendencies of bodies to rise or 
fall. He was somewhat indefinite or, possibly, incon- 
sistent, in his statements on the rate of fall of 
bodies in fluid media: he overemphasized the influence 
of the medium on the motion. Some Aristotelian dynam- 
ical errors were corrected by his ancient successors, 
especially the followers of the atomistic school of 
philosophers whose theory of the nature of matter had 
been critized by Aristotle. The atomic theory of the 
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constitution of matter was enunciated by Leucippus of 
Thrace (circa 1,0 B. C.) who had been a student of Zeno 
of Elia (195-135 B. C.). Leucippus was succeeded as 
director of the Thracian atomistic school by Democritus 
of Abdera, Democritus justified the atomic theory of 
the constitution of matter by several observed phenom- 
ena including solid friction and the drag of solids 
forcibly moved through liquids. He argued that a "void" 
could be created by exhausting an air-filled container 
of its content of atoms. Democritus! idea on the cre- 
ation of a vacuum interested Straton of Lampsacus, 
Alexandria and Athens (circa 300 B. C.). Straton was 
the last important director of the "lyceum," the re- 
search laboratory in Athens which had been founded by 
Aristotle. He had earlier established experimental 
physics in the "museum," the famous university and re- 
search laboratory in Alexandria. He showed that a near 
vacuum could be made by exhausting the air from a closed 
vessel with siphons. He also demonstrated the come 
pressibility of the air. Straton's researches led 
some arsient mechanicians to recognition that the prop] 
erties of fluids could be explained by the atomic theory 
of the constitution of matter. Archimedes of Alexe 
andria and Syracuse (287-212 B. C.) stated in a prefa- 
tory letter to one of his extant books that he had dis- 
covered a theorem in hydraulics by considering the 
probable behavior of a fluid composed of atoms as sug- 
gested by the theory of Democritus. After the time 
of Archimedes, almost all ancient mechanicians argued 
correctly that a body rose or fell according to whether 
its specific gravity relative to the surrounding me- 
dium was less or greater than unity. A few ancient 
writers apparently believed that bodies fell at rates 
proportional to their specific gravities relative to 
surrounding media. These mechanicians probably argued 
from observations on the vertical fall of very light 
bodies in dense fluids. Such observations would have 
agreed with the results of modern experiments on the 
motion in dense resisting media of light particles 
near "limiting" or "terminal" velocities. Stokes! law 
of drag is applicable to this type of motion if the 
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particles employed have very low terminal velocities. 
Such experiments, of course, yield very different re- 
sults from those obtained by testing the rates of fall 
of very dense bodies in tenuous media. 


The writings of the Alexandrian mechanicians showed 
the development of ideas on the nature of both gravita- 
tional and aerodynamic forces which were more nearly 
similar to the conceptions of Galileo than to those of 
Aristotle. Philon and Heron always computed the mage 
nitudes of forces by comparison with assigned weights. 
In the preface of his Pneumatica, Heron defended the 
atomic theory of the constitution of matter by arguments 
derived from experiment: he apparently recognized that 
the air exerted a resistance to the motion of solid 
bodies. Joannes Philiponos of Alexandria, also known 
as John the Grammarian, who wrote during the sixth 
century A. D., explicitly contradicted Aristotle's erron- 
eous opinion that the continued motion of a projected 
body was a consequence of the movement of air which 
had been started in motion simultaneously with the 
body. "Why," asked Philiponos, "must the moving hand 
touch the stone at all if the air manages everything?" 
He denied the Aristotelian doctrine that geometrical 
position in itself exerted force on a body. He had 
some conception related to Galileo's modern idea of 
the inertia of massive bodies and Newton's first law 
of motion: he attributed to bodies the effort to pre- 
serve their order. He stated that Aristotle was in 
error in supposing that bodies of great weight fell 
much more rapidly than bodies of small weight: his 
argument that Aristotle was wrong in this supposition 
was based upon observations of the times of fall of 
dense bodies of different weights which were dropped 
simltaneously. Philiponos' criticism of the Aristot- 
elian dynamics probably influenced some α the pre- 
decessors of Galileo. 


The development of ballistics from a technical art 


to a branch of science began about the time when fire- 
arms were first introduced into warfare in western 


750 


Google 


Europe. Several conceptions basic to modern dynamics 
originated with writers af the fourteenth and fifteenth 
centuries. Jean Buridan (circa 1320) had a comeption 
of mass which was similar to that of Newton. He also 
believed that celestial bodies moved according to the 
same laws as terrestrial bodies, thereby foreshadowing 
Newton's idea that the moon was acted upon by the same 
forces as those which determined the motion of projec- 
tiles. Several writers of the fourteenth century pro- 
posed theories of the earth's gravitation in order to 
explain the. correspondence between the moon's period 
and that of the tides. Albert of Saxony (circa 1380) 
believed that the motion of heavy falling bodies was 
uniformly accelerated. Nicholas of Cusa (1101-116) 
proposed timing the fall of bodies in air and thereby 
determining the effects on the times of fall which he 
thought to be caused by the resistance of the air. 


The early modern development of ordnance engineering 
in Italy began with the work of versatile Leonardo da 
Vinci (1152-1519). The character of da Vinci's earli- 
est inventions was shown by his letter of application 
for an appointment as engineer to Ludovico Sforza, the 
usurper of the principality of Milan. He wrote: 


"Again I have kinds of mortars, most conven- 
ient and easy to carry, and with these can fling 
small stones almost resembling a storm, and with 
the smoke of these causing great terror to the 
enemy, to his great detriment. and confusion... 


"In case of need I will make big guns, mortars, 
and light ordnance of fine and useful forms, out 
of the common type... 


"And in short, according to the variety of 
cases, I can contrive endless means of offense 
and defense..." 


He sketched many new weapons including rifled fire- 
arms, wheel-lock pistols, breech-loading cannon, fuzed 
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explosive shell and even primitive machines precursive 
of the tank and the submarine. He attempted to formu- 
late general laws governing the operation of the ma- 
chines which he had studied or proposed. This work was 
described in the five thousand pages of his notebooks. 
These notes included discussions of researches on the 
mechanics of rigid and deformable bodies, aeromechan- 
ics and hydraulics. Although he retained some Aristot- 
elian ídeas, his mechanics was not primarily Aris- 
totelian. He attempted to deduce a theoretical statics 
and dynamics from the motion of colliding bodies before 
and after impact, the motion of bodies on an inclined 
plane and the motion of pulleys. He knew the ideas of 
Albert of Saxony on the theory of impulse and examined 
the rebounding of spheres from plane surfaces, probably 
in an attempt to determine the action of cannon balls 
in bounding from the walls of fortresses. He concluded 
that 


"The blow will be less powerful than its im- 
pulse, according as the angle of percussion is 
nearer the right angle" 


and he believed that the angles of incidence and re- 
bound were equal. He attained some conception of the 
parallelogram of forces from the motion of bodies on 
an inclined plane. He said: 


"The weight of a body divides its gravity into 
two aspects, that is, according to the line along 
the inclined plane and according to the line per- 
pendicular to the inclined plane." 


He knew the book of Albert of Saxony on gravity. He 
concluded from experiments that the rapidity of move- 
ment of a sphere sliding down an inclined plane to 
that of a body falling freely was as the height of the 
vertical fall to the length of the inclined plane. He 
observed the free fall of heavy bodies and asserted 
that: 
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"A weight which has no support falls by the 
shortest route to the lowest point which is the 
center of the world." 


His investigations of falling bodies were displayed 
with the coordinates suggested by Nicholas Oresmus of 
Lisieux (1323-1382). He plotted the time of fall 
Of a body on a vertical scale and the velocity on a 
horizontal scale. He found that: 


"In air of uniform density, the heavy body 
which falls, at each stage of time acquires a 
degree of movement more than the degree of the 
preceding time." | 


He enunciated axioms, or laws, of motion which appeared 
to conform to the results of his observations. His 
study of the flight of birds led him to conclude that: 


"All moving tends to maintenance or rather 
all moved bodies continue to move as long as the 
compression of the force of the motors remains 
in then." 


He remarked that 


"Nothing can be moved by itself but its motion 
is effected through another." 


He argued from observations on the motion of a parachute 
that 


"an object offers as much resistance to the 
air as the air does to the object." 


Da Vinci's dynamical axioms were precursive of Newton's 
first and third laws of motion, but he suggested no 
relation involving force and rate of change of momentum 
comparable to Newton's important second law of motion. 
He was, however, the first writer who attempted to find 
a theoretical basis for the phenomena of aerodynamics. 
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He knew Roger Bacon's ideas on the possibility of 
flight and wrote a treatise on flight which contained 
sketches of a parachute. He said: 


"If a man have a tent roofing of calked linen 
twelve bracci broad and twelve bracci high, he 
will be able to let himself fall from any great 
height without danger to himself." 


He made thin wax figures which floated in the atmos- 
phere when filled with hot air and he may have made 
models of a primitive helicopter which would soar. 
He used models to find the centers of gravity of birds 
and noted that occasionally the center of gravity of 
& bird lay outside its body. He conceived a center 
of pressure for a bird and interpreted its movements 
through the different positions for the bird's center 
of gravity and center of pressure. He said: 


"When a bird which is in equilibrium throws 
the center of resistance of the wings behind the 
center of gravity, then it will descend with its 
head downward." 


This is essentially the first principle employed in 
stability consíderations on the design of modern bambs. 


Several early modern writers on the theory of gunnery 
knew how to prepare rudimentary forms of firing data 
from range observations. Johannes Müller of Germany 
(1436-1576) invented instruments for positional ob- 
servation by military surveyors and developed exact 
methods in cartography for use by artillerists and 
navigators. Müller, better known as Regiomontanus, 
probably had an insufficient knowledge of the com- 
putation of gunnery data even for the requirements of 
his own times, but he prepared extensive and accurate 
tables of trigonometric functions by methods somewhat 
precursive of those used in making modern firing 
tables. Santbach of Germany wrote a book on ballistics 
in 1561. He attempted to apply mechanics to problems 
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in gunnery. His mechanics was, however, Aristotelian: 
he considered that a cannon ball proceeded along the 
line of departure until its velocity was exhausted, 
thereafter dropping nearly vertically. The early 
modern writers on ballistics often divided the tra- 
jectory of the projectile into three parts which they 
called the motus violentus, the motus mixtus and the 
motus naturalis. It was supposed that during the 
motus violentus, the projectile moved in a straight 
line directed along the vector of the initial impulse. 
The motus naturalis was the presumably normal descent 
of a heavy body from an elevated position. The motus 
mixtus was the regime in which the motus violentus 
was passing ínto the motus naturalis. This early 
modern description of the trajectory was somewhat sim- 
ilar to the conception of some of the ancients who 
supposed that the path of the projectile was composed 
of two straight lines connected by a circular arc at 
the summit. This classical conception was not as 
inaccurate a description of the normal trajectory as 
would be indicated by comparison with the Galilean 
parabola traversed by a particle ín vacuo under the 
influence of a uniform, vertically directed field of 
gravity. The descending branch of the trajectory of 
a particle in air was steeper than the ascending branch 
and, in the case of a particle with very small ballis- 
tic coefficient, the descending branch of the trajec- 
tory rapidly became nearly vertical. George Greenhill 
remarked in his Notes on Dynamics that this old con- 
ception of the trajectory has survived to some extent 
in terminology employed even in recent times. The 
moderately curved first part of the trajectory is 
often supposed to be replaceable by a straight line 
at "point-blank range." After the point-blank range 
has been attained, the trajectory is presumed to fall 
off rapidly under the acceleration of gravity as in the 
motus mixtus, and, finally, to attain a regime of nearly 
vertical fall. There is another way in which the motus 
violentus and motus naturalis have been preserved in 
modern ideas although they are not explicitly mentioned. 
Newton, investigating the motion of a particle in air 
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of constant density with drag proportional to the 


square of the velocity and subject to a uniformly di- 
rected gravitational field, discovered that the tra- 
jectory had two asymptotes. The ascending branch of 
the trajectory, if extended indefinitely, asymptotic- 
ally approaches a line with slope greater than the 
quadrant elevation. The descending branch of the tra- 
jectory, if extended indefinitely, asymptotically 
approaches a vertical line. 


The first writer on theoretical ballistics in modern 
times was the Italian, Niccolo Fontana (1500-1557). 
Fontana, better known as Tartaglia, origin obtained 
a geometrical form of the solution of the cubic equa- 
tion sometimes described as Cardan's formula. Tart- 
aglia and Girolamo Cardano (1501-1576) were scientific 
consultants to arsenals of various Italian principal- 
ities for some years. The master of ordnance at the 
castle of Verona proposed that Tartaglia consider the 
problem of finding the angle of elevation of a gun which 
would yield maximum range for a shot. Tartaglia dis- 
covered that forty-five degrees was the angle of ele- 
vation which resulted in the maximum range in gun-fire. 
He then undertook a treatment of ballistics as an exact 
science in order "to bring it to a degree of perfection 
capable of directing fire in all circumstances assisted 
only by a few particular experiments." Although Tart- 
aglia's mechanics was partially based on Aristo- 
telian conceptions, he obtained an accurate description 
of the shape of the trajectory by empirical methods. 
He attempted nO considerable analysis of the forces 
acting on the projectile in flight, confining his in- 
vestigation largely to inductions from observations. 
He made, however, several perceptive general observa- 
tions on the "way of the pellet," as he called the 
trajectory. He was the first known writer to assert 
that the trajectory was curved throughout, but that 
the curve at the beginning and end of the path departed 
but little from straight lines. His theoretical treat- 
ment of ballistics was largely described in his Nuova 
Scienzia, which was published in 1537, although some 
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of his work on gunnery appeared in his Quesiti et 
Invenzioni Diverse, published in 1546. He con] 
siderable facility in experimental procedure: he 
suggested in the Quesiti, which was translated into 
English in 1588, methods of causing "any great piece 
of artilleries to make in his discharge an exceeding 
great noyse and marvellous rore." A loud sound on 
firing was regarded as a valuable attribute for a 
cannon of the sixteenth century. More significant for | 
modern ballistics than Tartaglia's methods for induc- 
ing loud noises in cannon fire was his description 
of a gunner's quadrant. He said: 


"This instrument will help us to judge of all 
the variable positions or elevations that may 
happen in any piece of artillerie whatsoever." 


Tartaglia's quadrant was also employed for determin- 
ing angles of site and plotting the positions of tar- 
gets. 


Simon Stevin of Holland (1513-1620) performed a cru- 
cial "experiment against Aristotle" which preceded the 
similar test of Galileo at the leaning tower of Pisa. 
In his Statics and Hydrostatics, published in 1586, 
Stevin wrote: | ᾗ — 


"Let us take (as I have done ...) two leaden 
balls, one ten times greater in weight than the 
other, which allow to fall together from a height 
of thirty feet upon a board or something from 
which a sound is clearly given out, and it shall 
appear that the lightest does not take ten times 
longer to fall than the heaviest, but that they 
fall so equally upon the board that both noises 
appear as a single sensation of sound." 


Galileo employed shots weighing one pound and one 


hundred pounds in his comparable experiments a few 
years later. 
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The founder of modern theoretical dynamics was Gal- 
ileo Galilei of Italy (156-162). Galileo was a con- 
sultant to the Venetian Arsenal for several years: he 
performed experiments with cannon balls on inclined 
planes in establishing the basis of his theory of mo- 
tion of rigid bodies. His work on dynamics was largely 
described in the Dialogues Concerning Two New Sciences 
which was completed in 1636. He treated the motion 
of bodies in three parts, the first dealing with uni- 
form motion, the second with naturally accelerated 
motion and the third with application of the theory 
of these two types of motion to the analysis of the 
flight of projectiles. He deduced Newton's first 
law of motion by considering the character of motion 
of "hard, smooth and very round balls" on a pair of 
inclined planes. The acceleration of these bodies de- 
creased as the slopes of the planes decreased and 
vanished when the slopes became equal to zero. Thus, 
in the ideal case of no friction, a body projected 
along a horizontal plane would move uniformly forever 
at the initial or launching speed. He also measured 
the times of descent of cannon balls along declining 
planes by means of a water clock which would measure 
to a tenth of a pulse beat. He used a water spout at 
the base of a pail, weighed the water discharged dur- 
ing the descents of the bodies and assumed that the 
times of descent were proportional to the ascertained 
weights of water discharged. By comparing the times 
of descent for a quarter, a third, a half and other 
fractions of the plane's length with the times for de- 
scent of the whole length, he found that the "spaces 
traversed were to each other as the squares of the 
times, and this was true for all inclinations of the 
planes." He deduced from this space-time relation 
the further theorem that the speed at the end of 
measurement was proportional to the time of fall. This 
result led to the conclusion that the gravitational 
acceleration of any one body was a constant.  Com- 
parison of the times of fall of bodies of different 
masses showed that the gravitational acceleration of 
& body was independent of its mass. Having examined 
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the properties of uniform horizontal motion and of 
naturally accelerated vertical motion, Galileo com- 
pounded the two types of motion in order to determine 
the form of the trajectory of a projectile. He said: 


"If the (horizontal) plane is limited... then 
the moving particle, which we imagine to be a 
heavy one, will, on passing over the edge of the 
plane, acquire, in addition to its previous uni- 
form and perpetual motion, a downward propensity 
due to its own weight, so that the resulting mo- 
tion, which I call projection, is compounded of 
one which is uniform and horizontal and of an- 
other which is vertical and naturally accelera- 
ted." 


He showed that the trajectory was a parabola and 
said: 


"We now proceed to demonstrate some of its 
properties ... From accounts given by gunners 
I was. already aware of the fact that in the use 
of cannon and mortars, the maximum range, that 
is the one in which the shot goes farthest, is 
obtained when the elevation is forty-five degrees." 


He also deduced a result which has "perhaps never 
been observed in experience namely, that of other 
shots, those which exceed orfall short of forty- 
five degrees by equal amounts have equal ranges." His 
fourth dialogue included several tables of trajectory 
elements as functions of the angle of elevation using 
the maximum tabular values of the elements as units. 


Galileo knew sufficient properties of the trajectory 
that he could have computed the range of a projectile 
in vacuo if he had been given observed values of the 
local apparent gravitational acceleration, the quad- 
rant angle of elevation and the muzzle velocity. He 
knew only rough methods of measuring the local apparent 
gravitational acceleration, but more accurate proce- 
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dures were devised by his student, Evangelista Torri- | 
celli (1608-1647). Torricelli determined the value 
of the superficial gravitational acceleration fron 
observations of the motion of two weights attached to 
opposite ends of a string which passed over a fixed 
pulley. The quadrant angles of elevation of cannon 
had been accurately measured from Tartaglia's time, 
but rough methods of measuring muzzle velocity were 
first found in the century after Galileo's death. It 
was then learned that the ranges actually attained by 
projectiles were very much smaller than the ranges pre- 
dicted from Galilean parabolas initiated with the ob- 
served muzzle velocities and quadrant angles of eleva- 
tion. These decrements of observed ranges from the val- 
ues expected for trajectories in vacuo were usually at- 
tributed correctly to the effects of drag of the air. 
Galileo had known that the atmosphere resisted the πιο- 
tion of projectiles: he argued merely that the parabola 
Was an accurate approximation to the trajectories of 
dense projectiles shot with low initial velocities. 
Thus, he stated that his demonstrations were accurate 
"in the case of no resistance" and furnished practically 
useful results for dense projectiles shot from bows or 
arbalistas or, in general, hurling engines "other than 
firearms." He compared the times of fall of oak and 
lead balls dropped from altitudes of "150 or 200 cubits" 
and found small but definite differences in these times 
of descent. He argued that the retardation or accelera- 
tion due to the drag of the air on a moving body was a 
function "of weight, of velocity and also of form." He 
stated that this resistance decreased with the projec- 
tile's density, increased with its speed sand varied 
greatly with its shape. He may have considered that 
drag was proportional to the square of the velocity for 
he remarked that falling bodies should be "displaced" 
by amounts proportional to the durations of the times 
of descent. He developed the conception of a "terminata 
velocità," or "terminal velocity," of a particle in ver- 
tical fall from rest in an atmosphere of constant dens- 
ity. The "terminal" or "limiting" velocity has been de- 
fined as the velocity at which the drag acting on a 
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projectile becomes equal to its weight in vertical 
fall from rest. The limiting velocity was the asymp- 
tote of a velocity-time or velocity-space curve under 
Newtonian conditions on the drag for a vertical tra- 
jectory. Galileo stated that 


"No matter how heavy the body, if it falls from 
a very considerable height, the resistance of 
the air will be such as to prevent any increase 
in speed and will render the motion uniform, and 

. in proportion as the moving body is less dense 
(men grave) this uniformity will be so much the 
more quickly attained and after a shorter fall. 
Even horizontal motion, which if no impediment 
were offered would be uniform and constant, is 
altered by the resistance of the air and finally 
ceases, and here again the less dense the body, 
the quicker the process." 


He indicated a rough, but correct, experimental pro- 
cedure which would show that the limiting velocity 
ot a small round shot was much smaller than the muz- 
zle velocity of a typical smoothbore hand-gun of his 
time. | 


Galileo gave the modern definition of momentum 
which was later used by Newton. He knew that apply- 
ing a force to a body would change its momentum al- 
though he did not give a relation equivalent to New- 
ton's second law of motion. He considered aerodynamic 
drag as a force and he investigated some properties 
of the atmosphere which caused this force. He in- 
vented a primitive type of air thermometer called a 
thermoscope and he knew that the pressure of the at- 
mosphere was less than that of a column of water thirty 
feet in height. Although accurate methods of measuring 
drag were first introduced by Newton, Robins and their 
successors, many experiments on the nature of the air 
as a resisting medium were performed during the seven- 
teenth century. Otto von Guericke of Magdeburg (1602- 
1686) constructed an air pump with which he exhausted 
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the air from various metal containers He showed that 
feathers would fall as rapidly in a near vacuum as 
leaden balls. He noticed that gusts of air would blow 
metal objects along a tube which was being exhausted 
and that a powerful gust could be created by compress- 
ing air in a small space. Aristotle and other ancient 
writers had known that the absolute weight of an air- 
filled leather bladder was greater than that of an unin- 
flated container when compared on a scale balence, but 
Guericke was the earliest physicist to determine the 
density of the air. He used the thermoscope invented 
by Galileo and the barometer invented by Torricelli 
to measure the temperature and pressure of the air in 
various researches. He knew that the density of the 
air was dependent upon its pressure and temperature. 
Torricelli, who wrote on fluid motion and also on 
ballistics, apparently tried to deduce the properties 
of drag from the experimentally determined proper- 
ties of fluids. "Torricelli's tube," the barometer, 
was used in the researches on fluid phenomena of 
Edme Mariotte of France (1620-168). Mariotte gave 
an independently discovered statement of Boyle's law 
of gases in his Sur la nature de l'air published in 
1676. He knew that the drag of the air was propor- 
tional to its density. He attempted to determine the 
magnitude of air resistance by experiments performed 
at the Paris Observatory in 1670. He timed the de- 
scents of falling bodies and found that the air re- 
sistance appeared to be proportional to the squares 
of the time. The work of Guericke and Mariotte on 
the nature of the air was extended by the experiments 
of the English physicists Robert Boyle (1627-1691) 
and Robert Hooke (1635-1691). Boyle considered that 
the expansion of the air might furnish evidence sup- 
porting the molecular theory of the constitution of 
the air. Newton presently devised a direct rational 
argument to deduce Boyle's law from the molecular 
theory of the constitution of the air. 


Most seventeenth century physicists believed that 
aerodynamic drag was dependent upon a change in the 
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momentum of the air mass through which the projectile 
moved and some of these men thought that this change 
in the momentum of the air mass was a consequence of 
the collision of the projectile with the molecules of 
the air. Newton's conception of the drag of fluids 
was based on the molecular theory of the constitution 
of matter and the theory of the interaction of collid- 
ing bodies. These theories had been used by some 
physicists to explain the resistance of the air from 
the time of Francis Bacon of England (1561-1626). 
Bacon was interested in the behavior of projectiles. 
He wrote: 


"The condition of weapons and their improve- 
ments are, first, the fetching a far off, for that 
outruns the danger, as it is seen in ordnance and 
musketry. Secondly, the strength of the percus- 
sion...." 


He had no clear ideas on the nature of drag, but he 
argued that the properties of matter could be explained 
by the molecular theory. He advanced the important 
idea that heat was a form of mechanical energy derived 
from molecular motion. Stevin had understood that a 
dynamic pressure was exerted in changing the momentum 
of a fluid and his ideas became known to Rene Des 
Cartes of France, Holland and Sweden (1596-1650). Des 
Cartes enunciated ten laws of nature, of which the 
first two were equivalent to Newton's first and sec- 
ond laws of motion, but the latter eight were inexact 
or incorrect. He had a conception of quantity of mo- 
tion which he used inconsistently. This ill-defined 
quantity was used by some later Cartesian writers for 
either, or both, momentum and doubled kinetic energy. 
Leibnitz confused momentum and doubled kinetic energy 
and referred to both quantities as forces; he described 
momentum as "vis mortua," or "dead force" and doubled 
kinetic energy as "vis viva" or "living force." He 
wrote incorrect equations of motion on the basis of 
Cartesian ideas. However, several useful conceptions 
in theoretical ballistics were originally derived 
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from the erroneous Cartesian hypothesis on dynamics. 
Leíbnitz' teacher, Christian Huyghens of Holland 
(1629-1695) corrected Des Cartes! errors on the theory 
of colliding bodies. He argued from experiment that 
the momentum of two perfectly elastic bodies ina 
certain direction before collision was equal to the 
momentum in the same direction after collision. He 
may or may not have regarded the air as a continuous 
medium, but he determined some properties of the air 
resistance from experiments on the motion of pendulums 
in fluid media. He apparently formulated the relation 
between the resistance coefficient, the limiting ve- 
locity and the weight of a falling body. Conclusions 
on the laws of colliding bodies which were similar 
to those of Huyghens were announced in the same year 
by Christopher Wren of England (1632-1723). Wren's 
work on the resistance of fluids was known to Newton. 
John Wallis of England (1616-1703) obtained Huyghens' 
and Wren's results on the theory of motion of collid- 
ing bodies simultaneously and also considered the col- 
lision of imperfectly elastic bodies. Wallis' later 
work contained the earliest systematic use of symbolic 
formulas in dynamics. 


Isaac Newton of England (1612-1727) was the greatest 
of modern founders of ballistics. Newton's work on 
geometrical dynamics appeared in the Philosophiae 
Naturalis Principia Mathematica. The Principia con- 

ned two volumes: the motion of rigid bodies was 
described in the first book and the motion of fluids 
was discussed in the second book. The definitions 
given in the first volume indicated that Newton under- 
took his treatment of mechanics with conceptions which 
were either original with him or which had been develop- 
ed during the preceding century. Thus mass was a primary 
characteristic of a physical body and weight was the 
force on a physical body which resulted from a gravi- 
tational field. Newton stated his law of gravitation 
in a general form applicable to all bodies in the 
universe, but he began his argument supporting that 
famous law by considering the motion of a projectile 
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fired horizontally from a mountain top in vacuo. He 
showed that, by continually increasing the initial 
speed of the projectile, a speed would presently be 
obtained which would result in the projectile moving 
completely around the earth and returning to pass 
through the firing position. He then showed that the 
moon moved about the earth as if it had been started 
in motion in a similar fashion, thereafter repeating 
its orbit indefinitely. In the latter part of the first 
"book, Newton examined the motion of projectiles in uni- 
form media resisting as the.first and second powers of 
the speed. He discovered the asymptotes to the tra- 
jectory of a particle projected in a resisting medium 
of constant density. He obtained a general solution 
for the problem of motion of a particle in a uniform 
medium resisting as the first power of the speed. He 
also found a solution for the case of purely vertical 
projection in the problem of motion of a particle in 
a uniform medium resisting as the second power of the 
speed. 


Newton's interest in the theory of motion of a 
particle in media resisting as the second power of 
the speed was explained by the fact that he believed 
the drag of actual projectiles in air and water to be 
in accord with this law. The second book of the 
Principia discussed his experimental and theoretical 
work on the resistance of fluids to the motion of 
projectiles. Some of his early experimental work was 
performed in Saint Paul's Cathedral where he timed the 
descents of a large number of pellets of different 
characteristics from the ceiling to the floor. By 
dropping these pellets from different altitudes, he 
was able to show that the drag of the air increased 
as the square of the velocity of the pellets. By 
comparing the times of fall of pellets in air and in 
several liquids, he found that the drag exerted by 
fluids increased in proportion to their densities. 
He established that the drag of particles was pro- 
portional to the square of their diameters by comparing 
the times of fall of pellets of varying diameters. 


765 
Go gle 


He also constructed a theoretical argument to support | 
these experimental results. The Newtonian theory of 
the resistance of fluids was too oversimplified to be 
regarded as adequate for the treatment of most recent 
problems in aerodynamics, but Professor T. H. von 
Kármán has remarked that Newton's argument leads to 
correct results for particles travelling at velocities Ἢ 
many times the speed of sound. 


John Bernoulli of Switzerland (1667-1718) obtained 
an exact analytical solution in finite terms for the 
general problem of the motion of a particle acted 
upon by a uniform gravitational acceleration and a New- 
tonian or "square law" drag in an atmosphere of con- 
stant density. Bernoulli's solution, which he found 
in 1711, was effected by a reduction to quadratures. 
The required quadratures could be performed by numer- 
ical methods as in Bernoulli's time or by use of a 
mechanical integraph such as that invented by Abdank- 
Abakanowicz about one hundred years later. The form- 
ulas available for numerical quadrature in Bernoulli's 
time were the Trapezoidal Rule, Simpson's Rule and 
the Newton-Cotes system of rules, all of which used 
equispaced ordinates of the function for which a 
quadrature was to be computed. The Trapezoidal Rule 
had been used in the method of exhaustion employed by 
the ancients for finding the area under a curve. 
Thomas Simpson of England (1710-1761), long professor 
of mathematics at Woolwich Arsenal, discovered a rule 
using three ordinates at each step of the quadrature. 
Simpson's Rule permitted a parabola with a vertical 
axis. to be passed through the three points over which 
the quadrature was to be formed. Roger Cotes (1682- 
1716) collaborated with Newton in the formulation of 
a system of rules which permitted polynomials of higher 
order to be passed through a number of points in form- 
ing a quadrature. Other numerical methods of comput- 
ing quadratures were discovered about this time- 
Euler's involved ordinates and derivatives of the func- 
tion and Gregory's involved ordinates and differences 
of the function. 
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The most important early successor of Newton in 
ballistics was Leonhard Euler of Switzerland (1707- 
1783). Euler knew a method of measuring the muzzle 
velocity of cannon; he analyzed the results of exper- 
imental range firings in order to determine the drag 
of cannon balls. The letter e was first used to de- 
note the base of the natural system of logarithms 
in one of Euler's papers on ballistics. He was the 
first major writer on theoretical dynamics whose work 
was cast in analytical rather than geometrical form; 
he gave the general equations of motion of a rigid 
body of which the first on linear momentum and the 
first on angular momentum are usually written as 


dt 


He used a simple fourth-order system of differential 
equations to describe the acceleration of the center 
of mass of projectiles and discovered two famous ap- 
proximate methods of solving these equations of motion 
in order to determine trajectories. The mean value 
short-arc method given by Euler for computing the 
trajectory of a projectile in air of constant density 
with drag proportional to the square of the velocity 
was used in the computation of Otto's Tables one 
hundred years later. Euler also developed the solu- 
tions of equations of planetary motion in power series 
in the independent variable by using the classical ex- 
pansion theorem of Brook Taylor of England (1685-1731). 
The Taylor expansion short-arc method has long been 
used for treating the initial stages of motion of 
proJectiles and it has been employed occasionally to 
determine complete trajectories. The Taylor expansion 
method, however, was found very early to be inconven- 
ient in practice for solving the normal equations of 
motion of projectiles. The Gregory expansion method, 
using finite differences, has generally superseded 
the Taylor expansion method,using derivatives,in numer- 
ical computation of trajectories. The four best knom 
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formulas for polynomial interpolation using finite dif- 
ferences - Gregory's, Gauss', Stirling's and Bessel's - 
were all knom to Newton and a quadrature formula using 
finite differences was also given by Gregory. Taylor, 
who was regarded by his contemporaries as the founder 
of the theory of finite differences, apparently em- 
ployed his methods in some simple computations in hal- 
listics. 


Accurate drag functions for projectiles were first | 
determined by experiments using the ballistic pendulum 
which was invented in 170 by Benjamin Robins of 
England (1707-1751). The initial angular momentum 
of the ballistic pendulum was derived from a bullet 
of small mass, fired into a pendulum bob. The height 
of the pendulum swing was observed and the striking 
momentum of the bullet thereby computed. The effect 
of drag on striking velocity was determined by firing 
bullets at a pendulum bob at different distances from 
8 gun of assumed fixed muzzle velocity. Thus, Robins 
reported in his New Principles of Gunnery of 1742 that 
he had obtained mean velocities of impact of musket 
bullets fired at the ballistic pendulum of 1670, 1550 
and 1425 feet per second. These bullets were twelve 
gauge round shot, that is twelve of them weighed one 
pound: they were of 0.75 caliber, in current termin- 
ology. The average retardation, or deceleration due to 
drag, was roughly 2750 feet per second per second. 
This large retardation, more than one hundred times 
greater than the acceleration of gravity, established 
the importance of terms representing the drag in the 
equations of- motion of projectiles. 


The retardation coefficients were found to be 
greater for projectiles moving at speeds near to the 
speed of sound than for projectiles moving at speeds 
very much less than the speed of sound. The speed 
of sound had been measured in 16l0 in an experiment 
performed by the French scientists Marin Mersenne 
and Pierre Gassendi.  Physicists of the nineteenth 
century found that the retardation coefficient was a 
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complicated function of the Mach number or ratio of 
the speed of the projectile to the speed of sound. 
Ballisticians of the eighteenth century, however, con- 
cluded merely that the retardation coefficients of 
projectiles varied with the speed of the projectile, 
increasing at high speeds. Before the invention of 
the ballistic pendulum, the retardation, or deceler- 
ation due to drag, had usually been expressed in the 
form kv? where k was the constant Newtonian retarda- 
tion coefficient and v the velocity of the projectile. 
After the middle of the eighteenth century the decel- 
eration due to drag was often represented in the form 
bv" where b and n were constants made to fit the re- 
sults of observations. When it was found that no con- 
stant values could be found for b and n which would 
fit the experimental measures over all values of the 
velocity, the deceleration due to drag was represented 
by a sequence of zone functions of the form biv ^ where 
by andm yielded an adequate representation of the de- 
celeration due to drag over the selected intervals in 
velocity. A representation of the retardation by zone 
laws was frequently employed under the name of Mayevski 
laws in the United States Army Ordnance Department as 
late as the First World War. 


Jean-le-Rond D'Alembert of France (1717-1783) re- 
duced to quadratures the problem of motion of a pro- 
jectile in air of constant density with retardation 
proportional to j + bv! where j, b and n were con- 
stants and v was the velocity of the projectile. 
D'Alembert's solution involved functions which were 
somewhat similar to those which had appeared in Ber- 
noulli's reduction of the "square law" problem: these 
functions were tabulated during the nineteenth cen- 
tury. The constant j was never used extensively in 
ballistic computations since it had no physical inter- 
pretation in the theory of retardation. However j 
had, of course, no restriction on algebraic sign: 
the D'Alembert solution was used for the case j € b 
in simple computations made in the Ballistic Research 
Laboratory during the Second World War on the motion 
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of rockets during the propulsive regime. These compu- 
tations employed j as a negative quantity, an assumed 
constant propulsive acceleration during burning, and 
bv as the opposed "square law" retardation of the 
rocket during the same regime. 


Ballisticians of the latter part of the eighteenth 


century sometimes attempted to reduce their observa- 


tions on retardation to values which would have re- 
sulted had the actual density of the air been equal 
to an àssigned standard density at sea-level. The 
observed, or unreduced, retardation coefficient had 
been denoted by k', the standard, or reduced, coeffi- 
cient by k, the observed air density by ρ', and the 
standard air density at sea-level by pg. Then 
κ! = kp! ho ο: 

The ratio of the observed air density, p', to the 
standard air density at sea-level, pọ has been de- 
scribed as the observed relative density and denoted 
by the symbol H'. The observed relative density has 
long beén assigned the form of a product, commonly 
written as 


H' = H(1 «AH/H). 


The standard relative air density, H, has been treated 
as an assigned function of the altitude of the pro- 
jectile above the earth's surface, y. The observed 
quantity ,H/H has been described as the relative 
density excess. Various forms have been assigned to 
H(y) by ballisticians since the latter part of the 
eighteenth century: an early form of H was the func- 
tion H] where 


Hi = 1/(1 + hy) 


and h is a constant. Adrian M. Legendre of France 
(1752-1833) used the function Hj in his Dissertation 


sur la question balistique proposee par l'Academie 
S -Let 


royal des Sciences et Belles tres de Prusse pour 
le prix de 1782. In this paper, Legendre reduce) to 


TT0 | 


Google 


quadratures the problem of motion of a projectile acted 

upon by a constant gravitational acceleration and a 

retardation proportional to the product of the square 

of the velocity and the relative density function, Hj. 

In 1917, American ballisticians adopted a standard re- 

lative density function of νε. | 
H* e" 


where h is constant. The exponential form of stand- 
ard relative air density was first used by Laplace. 


The smoothbore hand-guns and cannon of European 
armies of the eighteenth century were effective only 
at short distances because of their low muzzle velo- 
cities and large internal clearances. The low strik- 
ing momentum and inaccuracy of projectiles fired from 
smoothdbore guns led to the return of the artillery 
rocket and the appearance of the rifle in European 
warfare during the early part of the nineteenth cen- 
tury. incendiary rockets had been extensively em- 
ployed in Italy and Germany during the fourteenth cen- 
tury, but they were gradually abanaoned in European 
land warfare after 1450, largely because of their 
tendency to explode during manufacture or upon firing. 
Incendiary and even explosive rockets were, however, 
continuously developed in the Middle East during the 
centuries in which the rocket was little used as a 
military weapon in western Europe. The armies of 
Haidar Ali and his son Tippoo Sultan, princes of My- 
sore in India during the latter part of the eight- 
eenth century, included brigades of specialists in 
the use of the war rocket. These Indian rockets 
were iron tubes weighing six to twelve pounds and were 
mounted on stabilizing poles about ten feet long. 
The Indian rockets were somewhat inaccurate, but they 
alarmed the flanks and rear of British soldiery cam- 
paigning in India, especially during the battle of 
Seringapatam in 1799. The effectiveness of the Indian 
rockets interested William Congreve of England (1772- 
1828) who developed incendiary rockets which attained 
ranges as great as three thousand yards. Congreve's 
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rockets were employed very effectively by British armies 
during the Napoleonic Wars and the War of 1612. Rocket 
battalions were presently organized in Austria, Prussia, 
France, Poland, Russia and the United States. The 
military rockets of the early nineteenth century were 
somewhat inaccurate and their long guiding sticks were 
inconvenient in field operations. The need for the 
guiding sticks was removed by the invention of the 
Spin-stabilized rocket by the American, William Hale, 
in 1855. Hale achieved rotation by placing three 
curved metal vanes in the nozzles of his motors. Spin- 
ning rockets attained stability because of dynamical 
reasons similar to those which caused shell fired from 
rifled weapons to be stable. Hale's invention was un- 
doubtedly suggested by the spin-stabilised shell fired 
from rifled ordnance which had been developed a few 
years earlier and which superseded rockets as artil- 
lery projectiles during the latter part of the nine- 
teenth century. 


Rifled gun barrels were first employed generally 
in small arms before being used in artillery. Thus, 
the rifled barrels proposed by Da Vinci in the latter 
part of the fifteenth century fírst appeared in the 
hand-guns of the forces of the Landgrave of Hesse in 
1631, but were unknown in ordnance until 1661 and then 
only used in one experimental cannon made in Prussia. 
Breech-loading was old in principle in 17h0 when 
Robins advanced a formidable argument for the advan- 
tages of breecb-loading rifles of all calibers. The 
"needle gun," a breech-loading infantry rifle invented 
by Johann Dreyse before 1836, was issued to some 
Prussian regiments in 1841, four years before a ser- 
viceable breech-loading artillery rifle was first 
made by Major Cavalli of Sardinia. Robins knew that 
the muzzle velocity of a projectile could be increased 
by reducing the amount of gas which escaped past its 
base. An elongated bullet, with a base which expanded 
on firing to fill the bore, was employed in the Minié 
rifle issued to British troops in 1851, considerably 
before the successful development of a cylindro-ogival 
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artillery shell with a rotating band made of copper or 
a soft metal alloy. 


The early work on the theory of gun design and in- 
terior ballistics was associated in an interesting 
way with the development of the theory of rocket pro- 
pulsion and the resistance of fluids to the motion of 
projectiles. A correct theory of the nature of rocket 
propulsion had been advanced by Desaguliers in the 
eighteenth century. In the nineteenth century Saint 
Robert of France undertook the problem of determining 
the motion of a rocket which would attain a velocity 
permitting it to depart indefinitely from the earth. 
He assumed that the rocket would be acted upon by a 
gravitational acceleration inversely proportional to 
the square of the distance from the center of the 
earth and an atmospheric retardation proportional to 
the square of the velocity and to the density of the 
air. He employed the exponential law enunciated by 
Laplace to describe the diminution of the density of 
the air with increasing altitude above the surface 
of the earth. Increased jet velocities for rockets 
and muzzle velocities for guns were partly a conse- 
quence of the invention of the ballistic pendulum 
which had made it possible to test the efficacy of 
various powders. Antoine L. Lavoisier (1743-1794), 
the founder of modern chemistry, became director of 
the French National Powder Factory just prior to the 
French Revolution and initiated many experiments on 
the properties of propellants. Joseph L. Lagrange 
(1736-1783) made several contributions to the theory 
of wave propagation, apparently discovering that 
surges of the powder gas in the bore of the gun re- 
sulted in the loss of gas momentum which would other- 
wise have increased the muzzle velocity of the pro- 
Jectile. Lagrange formulated the problem of motion of 
the shell and the powder gas inside the bore of the 
gun. Pierre S. Laplace (17h9-1827) who became Ex- 
aminer of the Royal Artillery in 178), had collaborated 
with Lavoisier in founding the theory of specific heats. 
Laplace recognized that, sudden compression increased 
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the elasticity of the air and corrected Newton's in- 
accurate argument on the propagation of sound. New- 
ton's theory had ylelded a value of the speed of sound 
which was lower than that found from the experiments 
of Mersenne, Gassendi and others. Laplace gave an 
accurate expression for the speed of sound in terms 
of the pressure, density and ratio of specific heats 
of the air. The modern proportionality relation be- 
tween the speed of sound and the absolute temperature 
was first given after the work of William Thomson, 
better known as Lord Kelvin (1821-1907), but some 
ballisticians of the early nineteenth century computed 
the speed of sound waves correctly by the formula 
given by Laplace. Laplace probably knew that the 
formation of sound waves by a projectile travelling 
at a sonic or supersonic speed increased the drag of 
the air beyond the resistance expected if the air was 
treated as incompressible. His work introduced com- 
pressibility considerations into fluid dynamics. Mach's 
aerodynamic number, the ratio of the speed of the pro- 
jectile to the speed of sound in the surrounding 
medium, was clearly related to the compressibility of 
the air and has great significance in ballistics. The 
ο. of this number was probably inferred by 

ame scientists as early as Bernhard Riemann (1826-1866) 
but. it was first carefully considered by Ernst Mach, 
a German physicist of the late nineteenth century. 
Mach demonstrated the presence of shock waves formed 
by a projectile moving at supersonic speeds. 


Advances ín ordnance engineering greatly increased 
the range and accuracy of gunnery during the nineteenth 
century. This development led to the theoretical treat- 
ment of some differential effects in artillery fire. 
The range effects of a constant superficial density 
excess and the range and deflection effects of a con- 
stant superficial wind were considered by ballisticians 
of the latter part of the eighteenth century. Correct 
formulas were mow for computing these effects before 
the middle of the nineteenth century, although these 
relations were sometimes derived by complicated and 
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even innacurate arguments. The results were probably 
obtained originally by accurate methods early in the 
nineteenth century and the complicated derivations | 
given later to explain the effects. Formulas for dif- 
ferential effects which were correct for flat nearly 
horizontal fire were usually obtained before results 
accurate under more general conditions were known. The 
first perturbing, or "abnormal," accelerations accu- 
rately treated in ballistics were those due to the 
&mall Coriolis, or "compound centrifugal" forces re- 
sulting from the rotation of the earth. The early 
treatment of the effects of rotation of the earth in 
ballistics was a consequence of their interest to theo- 
retical astronomers. Some speculation about these 
effects had begun during the sixteenth century with 
the controversy on the Copernican hypothesis. The 
opponents of the Copernican hypothesis argued that if 
the earth rotated, a body dropped from a tower would 
deviate to the west of the point of fall by the amount 
which the surface of the earth moved eastward while 
the body was falling. Galileo recognized that a body 
dropped vertically downward would be released with 
the eastward velocity of the top of the tower and 
would, therefore, fall slightly east of the base of 
the tower since the top of the tower would have a 
greater eastward velocity than the surface of the 
earth. Galileo's argument was not régarded as con- 
clusive by most of his contemporaries, but Newton de- 
fended the idea of the easterly deviation in 1679. 
Newton wrote that 


"a falling body ought by reason of the earth's 
diurnal motion to advance eastward and not fall 
to the west as the vulgar opinion is." 


Hooke performed experiments which established that the 
deviation of a body dropped from a tower was, in fact, 
eastward of the point vertically below the point of 
release. D'Alembert and Clairaut knew how to form 
particular differential equations which appear to 
govern the motion of a body acted upon by known forces 
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relative to an inertiai frame of reference and the 


apparent forces which result from an arbitrary accel- 


eration of the observer's reference frame with respect 
to an inertial frame. Such equations include, as a 
special case, the equations of motion of a body with 
respect to a reference frame fixed with respect to the 


surface of the earth. Power series solutions in the / 


time of flight were found during the latter part of 
the eighteenth century for the effects of rotation of 
the earth on a falling body. Laplace treated the 
effects of the Coriolis acceleration on the flight of 
& projectile in air in the fourth volume of the Mecan- 


| 


ique Celeste. He first considered "the descent ofa 


body from a great height," but he followed his solu- 
tion for the easterly deviation by determining the 
westerly deviation of a projectile fired vertically and 
finally examined the problem of the effects of the 
earth's rotation on the elements of the trajectory 
of a body which had "a projectile motion in space." 
He assumed an atmosphere of constant density with 
drag proportional to the Square of the velocity and 
deduced correctly the equations of variation of coordin- 
ates which would govern the effects. .He obtained so- 
lutions of these equations by a series in powers of 
the arc length on the normal trajectory. In 1835, 
Gaspard G. de Coriolis described the complete signif- 
icance of the accelerations which apparently acted 
upon bodies as a consequence of the rotation of the 
earth. The effects of rotation of the earth were not 
generally introduced into artillery firing tables until 
after the work of Forrest R. Moulton in the Ordnance 
Department of the U.S. Army in 1917-1910. However, 
such effects were sometimes computed earlier by European 
ballisticians for interesting cases such as fire froa 
the German long-range guns employed against Paris 
during the First World War. 


The conception of the drag as a function of aero- 
dynamic numbers derived from the properties of the air 
and the shape and velocity of the projectile was grad- 
ually evolved during the eighteenth and nineteenth 
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centuries. Newton had recognized that the drag of 
an elongated body in a yawing position would be aug- 
mented by a quantity proportional to the drag of the 
body at zero yaw and to a function of the angle of 
yaw. A yaw drag proportional to the square of the 
sine of the yaw has sometimes been deduced from Newton's 
argument. The next aerodynamic numbers discovered 
after the yaw were the shape ratios of the projectile. 
The shape numbers were also nnticipated by Newton who 
deduced the form of the head of a projectile of min- 
imum resistance using a variational principle and his 
conception of drag. A roughness number was apparently 
anticipated by Robins. The aerodynamic numbers were 
dimensionless power products of the physical quantities 
appearing in the problem of fluid flow about the pro- 
jectile. An incomplete set of the partial differential 
equations governing fluid motion was given by Euler, 
although more complete equations were first derived 
by Navier and Stokes in the nineteenth century. D'Alem- 
bert and Lagrange found some general solutions of sim- 
plified forms of the incompressible fluid equations 
in terms of arbitrary functions, which yield some in- 
formation: they also obtained a few important special 
solutions. Although practical special solutions of 
the Navier-Stokes equations have never been obtained 
for an artillery projectile of the shape actually em- 
ployed, much information has been obtained about the 
character of fluid flow about bodies of simpler shape. 
The theory of dimensional analysis which has been used 
to derive the aerodynamic numbers since the nineteenth 
century was initiated with the arguments of Joseph 
Fourier (1768-1830). Fourier was greatly influenced by 
the work of the French republican commission which 
founded the metric system of weights and measures. 
Aerodynamic numbers have been derived by Fourier's 
methods since the middle of the nineteenth century. 
An aerodynamic number of considerable significance 
for low-speed aircraft was discovered by Osborne Rey- 
nolds in his study of the flow of fluids through pipes. 
Viscosity was the principal property of a gas which 
appeared in the Reynolds number. Maxwell and others 
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used the kinetic theory of gases to derive relations 
between the coefficient of viscosity and other measure- 
able characteristics of a gas. However, aerodynamic 
theory remained incapable of providing a method for, 
computing the drag of actual projectiles accurately. 


The importance of accurate experimental methods 
for determining the drag of projectiles increased 
steadily during the nineteenth century because of de- 
velopments in interior ballistics and ordnance engin- 
eering which increased both the magnitude and the con- 
sistency of the muzzle velocities of projectiles. 
Ballisticians of many countries sought improved methods 
of measuring drag after about 1850. A method some- 
times employed in France involved determination of 
the retardation coefficient, k, by inversion of the 
Piton-Bressant formula. The Piton-Bressant formula 
is a special case, for flat horizontal fire, of the 
expression for the drop as a function of the slant 
distance along the line of departure as given in Chap- 
ter V of this book. The French had used the Piton- 
Bressant formula to determine mean values of k fron 
measurements of range, muzzle velocity and drop from 
flat nearly horizontal fire. The computed values of k 
were corrected to those which would have been obtained 
if the density of the air at the time of firing had 
been an assigned standard for sea-level conditions. 
The values of the retardation coefficient so obtained 
were used to compute the striking velocity which, 
averaged with the muzzle velocity, yielded a mean speed 
assumed to correspond to the computed value of k. This 
somewhat inaccurate method was sometimes used to deter- 
mine the retardation function of a projectile for com- 
parison with. results obtained by experiments with the 
ballistic pendulum. 


Retardation functions of small arms projectiles were 


accurately determined during the latter part of the 
nineteenth century by a method which was developed 
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tn Germany. This procedure involved shooting a bullet 
through both sides of paper bands surrounding two or 
more widely separated spinning drums. The distance 
travelled by the paper around the drum between the 
nearly diametrically opposed entrance and exit of the 
bullet was measured first. Since the rate of revolu- 
tion and the radius of the drum were known, the velo- 
city of the projectile at each drum could be computed. 
The loss of velocity between drums was found and, since 
the distance between the drums was known, the retarda- 
tion of the projectile could be inferred. The inter- 
sected drum method yielded improved retardation func- 
tions for bullets of small caliber but was inapplicable 
to large projectiles because sufficiently large drums 
could not be employed. 


Àn accurate method of determining the drag of ar- 
tillery projectiles was developed in England about 
the middle of the nineteenth century by Francis Bash- 
forth. Bashforth utilized a chronograph which recorded 
time signals derived from an electric circuit which 
was partly based on principles developed by Wheatstone, 
the inventor of the Wheatstone bridge. Signals on 
Bashforth's chronograph were initiated by the break- 
ing of a screen of fine copper wire with the. passage 
of the projectile. Bashforth's method of reducing 
his observations may have been suggested originally 
by John Couch Adams, the celebrated British theoretical 
astronomer who had predicted the position of the planet 
Neptune prior to its discovery. This reduction em- 
ployed finite differences of the measured times at 
which the projectile passed screens separated by equal 
distances in horizontal range. The time effects of 
range wind and air density excess were correctly deter- 
mined in the reduction. Retardation data were ob- 
tained in sevecal European countries during the latter 
part of the nineteenth century by ballisticians who 
used methods generally similar to those employed by 
Bashforth. These data were combined between 1880 and 

1900 to determine the retardation function known as 
the ΟἌντο from the location of the French commission 
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which considered the problem of projectile resistance. 
The Gâvre function was purported to correspond toa 
definite standard projectile with a knom set of shape 
factors, although precisely similar projectiles were 
not employed in the original experiments. The 

data were graduated so as to yield a function of the 
speed at the time of firing. Experimental retarda- 
tion coefficients should have been combined at equal 


values of the Mach number and not at equal values | 
of the speed of the projectile irrespective of the; 
speed of sound at the time of the experiment. The | 


Gavre retardation coefficient has a smaller slope near 
the speed of sound than that which would have been 
obtained by eliminating the statistical dispersion of 
the speed of sound at the time of measurement. The 

e retardation coefficient was also graduated and 
extrapolated somewhat differently by ballisticians of 
different nations. The Gavre coefficient used by 
American ballisticians after the First World War had 
& remarkable curvature below the abscissa of lowest 
experimental velocity whereas Italian ballisticians 
apparently assumed, more rationally, a constant retard- 
ation coefficient for low velocities. The Mayevski 
zone laws employed a constant retardation coefficient 
for velocities below 790 feet per second. 


The conception of a standard projectile having a 


caliber of one inch, a mass of one pound and a definite 
set of shape factors appeared in the work of Bashforth. 
He also used an assigned standard for the density of 
the air and his computed retardations correspond to 
those of the standard projectile moving in air of 
standard density, but at the observed velocity irre- 
spective of the temperature of the air at the time of 
firing. The relation between the general retardation 
coefficient, k, the unit retardation coefficient, B, 
and the ballistic coefficient, C, appeared about the 
time of Bashforth. Thus, 


k * B/C. 
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The definition of the ballistic coefficient in terms 
of mass, diameter and coefficient of form also was 
used during the latter part of the nineteenth century. 


R. H. Kent and H. P. Hitchcock, among others, recog- 
nized that the unit retardation coefficients of pro- 
jectiles actually employed during the First World War 
were unlikely to have numerical values equal to those 
of the GÉvre coefficient which was usually used in 
ballistic computations at the time. Kent developed 
the solenoid chronograph for measuring the retardation 
coefficients of projectiles from the time intervals 
occupied in passage between a sequence of solenoid 
coils. This method obviated the tipping and resistance 
effects of the screens of copper wire which had been 
generally employed in earlier procedures. Kent in- 
troduced the dimensionless drag coefficient, Kp, into 
American ballistic computations during 1937. He and 
Hitchcock determined accurate drag coefficients for 
six types of modern artillery shell. These coeffi- 
cients have generally replaced the GÉvre coefficient 
in most ballistic computations in the United States. 
Kent's projectile type 2 was a narrow boat-tailed pro- 
jectile with a long ogive. The drag coefficient of 
projectile type 2 was smaller and also had a steeper 
rise near the speed of sound than the Gavre coeffi- 
cient corresponding to the same values of the Mach 
number. An interesting verification of the shape of 
Kent's drag coefficient for the projectile of type ? 
was presented by the theoretical form of the drag co- 
efficient of a needle-shaped projectile which was de- 
termined by T. H. von Karman in 193. Although the 
yaw drag had been known to Newton and was somewhat con- 
sidered in the work of R. H. Fowler and his associates 
during the First World War, Kent and Hitchcock were 
apparently the first to determine a yaw drag coeffi- 
cient from experimental range firings. The drag co- 
efficients deduced by Kent and Hitchcock were reduced 
to values which would have been obtained at sero yaw. 


The normal equations of motion which have been used 
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by American ballisticians in recent years assume a 
constant uniformly directed field of gravitational 
acceleration and a retardation equal to the product of 
the square of the projectile's speed, a constant re- 
ciprocal ballistic coefficient, an exponential relative 
density function and a normal retardation coefficient. 
The normal retardation function has been regarded since 
the First World War as a function of the Mach number, 
thus requiring assignment of a normal speed of sound 
as a function of the altitude above sea-level. The 
exponential function of the altitude now used for the 
normal relative temperature was chosen more recently. 
Most of the methods used before the First World War 
for integrating the equations of motion could not 
have been applied to the solution of the normal equa- 
tions in their present form because the older methods 
were usually dependent upon an assumption that the 
retardation of a projectile was equal to the product 
of a constant and a function of the speed only. Al- 
most all methods of computing trajectories for more 
than one hundred years after Euler's time depended upon 
modifying or, as A. A. Bennett said, "wrenching," the | 
differential equations of motion into forms which could 
be reduced to quadratures. The usual assumptions were 
that the trajectory could be regarded as nearly flat 
and nearly horizontal in the treatment of the terms 
in the equations of motion which express the components 
of the retardation. These assumptions were basic to 
the original form of the important method devised about 
1880 by F. Siacci of Italy. Siacci's method, described 
in Chapter V of this book, constituted a reduction to 
quadratures in terms of the "pseudo-velocity," a ver- 
tical progection of the velocity along the slant line 
of departure. The elements of the trajectory were 
given in the method of Siacci through simple quadra- 
tures involving only products of the unit retardation 
function of the pseudo-velocity and powers of the 
pseudo-velocity. These quadratures, the Siacci func- 
tions, were tabulated in convenient form for use in 
numerical computation. P 
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The ballistic coefficient as used in the method 
f Siacci was regarded as a rough average of the 
abulated Gâvre retardation divided by the actual re- 
ardation of the projectile. In practice, the ballistic 
‘coefficient was assumed to vary with the quadrant ele- 
ration of the gun. The ballistic coefficients obtained 
‘rom reduction of range firings were allowed to absorb 
tome of the effects of the simplifying assumptions used 
n reducing the equations of motion to quadratures, in 
Addition to the effects of the departures of actual re- 
,ardation from tabulated superficial retardation. The 
liminution of the density of.the air with altitude 
above sea-level was recognized and its reduction of 
she drag at high altitudes absorbed in the ballistic 
soefficient by rough mean values according to various 
"ormulas some of which had an empirical basis while 
ythers had been found by theoretical arguments. Max- 
imum ordinates greater than three miles were unusual 
orior to the First World War. Under these conditions, 
she approximations of the older methods were somewhat 
satisfactorily absorbed in a slowly varying ballistic 
soefficient inferred from the tabulated Siacci space 
function and the observed range and muzzle velocity. 
[The Paris long-range gun was reportedly invented as 
à consequence of the employment of the method of 
Siacci in circumstances in which its use was completely 
inadequate for accuracy in computation. Prediction 
of the probable value of the coefficient of form of a 
projectile from its shape alone was fraught with un- 
certainty: accurate inference of the ballistic co- 
efficient always required actual range firing. Ap- 
parently the German Admiralty sought, during the early 
part of the First World War, to design a powerful naval 
gun with a range about three times that attainable 
with typical field artillery of the time. The first 
experimental shell produced for this gun was fired at 
& quadrant elevation of approximately forty-five de- 
grees and travelled much of their trajectories in air 
of density approximately half that at sea-level. These 
shell attained ranges nearly twice as large as those 
which had been predicted. The ballisticians who had 
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made the predictions found their error in the custon- 
ary assumptions of the Siacci method as used at the 
time. These men, therefore, undertook the design of 
a gun which could shoot shell to very great ranges. 
They proposed to obtain these ranges by using shell 
which would travel most of their trajectories at al- 
titudes such that the drag of the earth's atmosphere 
would be less than one tenth the drag which would have 


been developed in flat fire near sea-level. The prin- 
cipal problem involved was that of obtaining a powder | 


which would yield a muzzle velocity of five thousand 
feet per second for a shell weighing about one hundred 
pounds. The required propellant was developed by 
Fritz Haber, the famous German chemist. The Paris 


long-range gun, of approximately nine-inch caliber, | 


was designed to fire shell at a fixed elevation of 
about fifty degrees. Some of the first shell fired 
from the Paris gun attained ranges greater than ninety 
miles. 


After the First World War, H. P. Hitchcock tabulated 
Siacci functions for the various new retardation co- 
efficients which had been determined for modern pro- 
jectiles by the experiments of R. H. Kent. Kent ani 
Hitchcock discovered that the assumption of the Siacci 
method on flat nearly horizontal fire could be modified 
in such a way as to secure equations reducible to 
quadratures for flat fire at any angle of elevation. 
Kent and Hitchcock used the pseudo-velocity as dependent 
variable and the range as independent variable: their 
method was the source of the process described in 
Chapter V of this book, where the slant distance along 
the line of departure has been used as independent 
variable. Kent and Hitchcock's method employed the 
Siacci space function in the fundamental equation, but 
all the other quadratures used in their equations were 
different from those employed by Siacci. Kent and 
Hitchcock's method permitted approximate retention 
in the retardation of the diminution of the density 
of the air with altitude. This method was extensive- 
ly used during the Second World War in computing 
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elements of the trajectories of projectiles fired by 
small afms against aircraft and by guns aboard air- 
craft. 


Artillery such as the German Paris long-range gun and 
the French railway cannon required accurate firing ta- 
bles. Such firing tables could only be obtained from 
trajectories computed by methods which did not employ 
Siacci's assumption of flat horizontal fire. The meth- 
ods developed for accurate computation of trajectories 
at large elevations were influenced by the methods used 
in celestial mechanics from the time of the Swiss, Leon- 
hard Euler, in the eighteenth century, to that of the 
American, Forrest R. Moulton, during the First World 
War. These methods have been described, since about 
1880, as short-arc procedures because they depended upon 
use of a step-wise advance in computing trajectories. 
Short-arc methods have always been intrinsically suscep- 
tible of indefinitely great accuracy in producing solu- 
tions of somewhat arbitrarily assigned forms of the dif- 
ferential equations of motion of projectiles, assuming 
that a sufficient number of figures were employed in 
each step of the computation and that the steps were di- 
vided at sufficiently narrow intervals in the chosen in- 
dependent variable. The short-arc procedures have been 
subclassified into two groups described as mean-value 
and expansion methods. Mean-value methods, employing 
appropriate averages of functions of coordinates on suc- 
cessive arcs of the trajectory, were first used in the 
cosine-average method of Euler for solving the equations 
of motion of projectiles. Expansion methods, employing 
various types of developments about the values of coor- 
dinates at the beginning of successive arcs, were relat- 
ed to the Taylor series method suggested by Euler for 
computing orbits in celestial mechanics. 


Recent methods of computing trajectories by using 
the theorem of mean value over short arcs began with 
the work of F. Gossot in France about 1880. Later 
French ballisticians developed many methods similar 
to the procedure originally suggested by Gossot: 
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this work was summarized in 1921 in the Traité de 
Ballistique Extérieure of P. Charbonnier, Engineer 
General of French Artillery. Methods of this type 
were employed in the computation of the French Commis- 
sion Artillerie Lourde sur Voie Ferrée, or A. L. V. F., 
ballistic tables for long-range artillery published 
about 1923. The accuracy of the mean-value short—arc 
methods depended largely upon the width of the interval 
employed, assuming that a sufficiently large number 
of significant figures could be used at each step of 
the computation. However, the comparative convenience 
in computation of the various mean-value methods was 
greatly influenced by the dependent and independent 
variables chosen for the procedure. Greater lengths 
of interval for the same accuracy and convenience were 
obtained by advantageous choices among a wide variety 
of dependent and independent variables. An improved 
mean-value method has sometimes been found by consider- 
ing functions of independent variables which vary 
slowly along the trajectory: slowly varying functions 
were readily estimated by extrapolation in advance of 
computation at each step of the trajectory. Mean-value 
short-arc devices have also been used with slowly vary- 
ing dependent variables in order to facilitate expan- 
sion short-arc methods. The device of choosing an 
appropriate dependent variable from a property of slow 
variation in an independent variable was utilized in 
A. A. Bennett's Tangent-Reciprocal Method. Bennett's 
procedure was described in 1919 by Dunham Jackson in 
The Method of Numerical Integration in Exterior Bal- 
listics. The Tangent-Reciprocal Method was arranged 
for rapid and convenient computation by the finite 
difference expansion procedure first employed in 
numerical integration of the equations of motion of 
projectiles by F. R. Moulton. Two devices derived 
from the mean-value principle were used in the pri- 
marily expansion method of Charles B. Morrey. Morrey 
used his method during the Second World War for rapid 
and convenient computation of trajectories, employ- 
ing wide intervals in the range. the independent va- 
riable. 
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Finite difference developments generally replaced 
power series in expansion methods for numerical inte- 
gration of differential equations in physics during 
the latter part of the nineteenth century. Laplace 
gave the finite difference formulas which have been 
generally used in the United States since the First 
World War for, step-wise numerical integration of the 
normal equations of motion of projectiles. Although 
Bashforth and Adams employed many techniques of the 
calculus of finite differences during the nineteenth 
century, the general introduction of finite differences 
into computation developed during the First World War 
with the work of Karl Pearson in England and F. R. 
Moulton in the United States. Pearson introduced 
finite difference methods in numerical interpolation 
and graduation in the preparation of firing tables 
for British ordnance. Moulton developed the finite 
difference method of numerical integration of differ- 
ential equations which has since been employed for 
computing trajectories in the United States. Moulton's 
method, as used in ballistics, provided that the numer- 
ical solution satisfy the differential equations at 
each stage of the computation. Moulton's method dif- 
fered in this respect from the older finite difference 
procedure for solving differential equations which had 
been given by J. C. Adams. Adams' method employed 
only expansions in extrapolation and checked only by 
Gregory's or Laplace's quadrature rules expressed in 
finite differences. 


Although the finite difference method of numerical 
integration of differential equations was susceptible 
of all accuracy required for purposes of exterior bal- 
listics, it was somewhat laborious for hand computa- 
tion even when performed with the aid of an electric 
computing machine. A rapid method of computing tra- 
jectories, including observed departures from stand- 
ard conditions, was initiated with the application of 
the differential analyzer to the solution of the equa- 
tions of motion of projectiles by L. S. Dederick begin- 
ning about 1926. All trajectory computations for 
artillery fire and many for aircraft and ground gun- 
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fire from small arms made between 19% and 19h8 by the | 
Ordnance Department of the United States Army have 
been performed by the differential analyzer. 


It has some times appeared desirable, at least in. 
France, Great Britain, and the United States, to con- 
struct general ballistic tables similar to the A. L. 
V. F. tables published by the French Heavy Railway 
Artillery Commission and the Exterior Ballistic Tables 
Computed by Numerical Integration published by the 
United States Army Ordnance Department. The differen- 
tial effects on trajectory elements resulting froa 
perturbing conditions could not always be determined 
by varying the initial conditions and ballistic co- 
efficient which form the arguments of ballistic tables. 
A method became necessary for computing these small 
effects directly rather than by using the laborious 
process of separately integrating differential equa- 
tions including terms due to each distinct type of de- 
parture from standard conditions. The first direct 
and general procedure for determining differential 
effects was the method of variation of coordinates 
given by Moulton in his New Methods in Exterior Bal- 
listics of 1926. Moulton, using the time as independ- 
ent variable and assuming that the temperature of the 
air was constant on the trajectory, derived a sixth- 
order set of differential equations to govern the 
variation of coordinates. The second-order system in 
the deflection was separable from the fourth-order 
system governing the variations in range and altitude. 
Moulton obtained a solution of the deflection equations 
by a reduction to quadratures. He also applied the 
theory of the fundamental set of solutions of a group 
of linear differential equations in arranging a pro- 
cedure for numerical solution of his fourth-order: sys- 
tem of equations of variation in range and altitude. 
A very convenient and direct method of computing dif- 
ferential effects was developed about 1919 by G. A. 
Bliss in his study of the adjoint system of equations of 
variation. Bliss, assuming a constant temperature of 
the air and using time as the independent variable 
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found a fourth-order system of linear differential 
equations with a matrix of coefficients adjoint to 
that of the equations of variation of coordinates 
given by Moulton. Bliss' dependent variables were 
the variations of the trajectory element induced at 
the end of the trajectory divided by variations in 
the four coordinates and components of velocity, as- 
sumed at successive instants in time along the tra- 
jectory. All differential effects of general interest 
in the ballistics of a particle were readily computed 
after a solution of the adjoint equations had been ob- 
tained by numerical integration. Bliss found one in- 
tegral of the adjoint system, thus reducing the equa- 
tions which had to be solved numerically to a system 
of the third order. A second integral was found by 
T. H. Gronwall in 1919, thus reducing the procedure 
for determining the differential effects on an assigned 
element of the trajectory to the numerical solution 
of a single differential equation of the second order. 
About 1930, Dederick, using range as independent vari- 
able, derived a fourth-order system of adjoint equa- 
tions, of which he also found two integrals. During 
the latter part of the Second World War, a system of 
normal equations of motion became generally used which 
assumed an exponential law for the diminution of the 
relative temperature of the air with altitude above 
sea-level. The adjoint equations given in Chapter VIII 
of this book were derived for variations from normal 
trajectories computed with this assigned law of temp- 
erature. These adjoint equations, with time as the 
independent variable, were not so readily solved as 
the set derived by Bliss, who had used the assumption 
of a constant temperature of the air in the basic 
normal equations of motion. However, by using slope 
as independent variable and the properties of the 
fundamental set of solutions of a system of linear 
differential equations, the problem has been reduced 
to the numerical solution of a simple second-order 
system of differential equations followed by two 
quadratures. 
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Unless a cannon ball spun extremely rapidly, the only 
appreciable aerodynamic force acting upon it was an ex- 
cessive drag which was regarded as that of a particle. 
The first need for treating the projectile as a body 
subject to asrodynamic forces other than the drag arose 
with the employment of rifled artillery in the latter 

of the nineteenth century. Some information on the 
character of the general aerodynamic force system acting 
on a projectile had long been available — physicists 
from the time of da Vinci had recognized the aerodynamic 
lift and overturning moment on elongated yawing bodies 
moving in fluids. The dependence of the lift and over- 
turning moment on the square of the velocity and on the 
density of the air was know in the latter part of the 
eighteenth century. The Magnus force acting to swerve a 
spinning cannon ball from the path of a particle acted 
upon only by drag and gravity was recognized early in 
the nineteenth century. However, aerodynamic forces 
other than the drag were first considered in ballistics 
with the advent of spinning shell in gunnery. 


Two observed phenomena of the flight of spinning 
shell were of great interest to the artillerists of the 7 
late nineteenth and early twentieth centuries. The | 
first of these phenomena was the tendency of projectiles 
of some designs with some twists of rifling and some 
muzzle velocities to tumble in flight. Tumbling shell 
developed huge drags which greatly shortened their 
ranges. Some other shell "trailed" on their trajector- 
ies in a satisfactory manner and attained consistent 
ranges. Still other shell tended to maintain their axes 
of figure parallel to the initial direction of flight. 
Artillerists began to describe projectiles which tumbled 
as unstable, those which trailed satisfactorily as sta- 
ble and those which maintained their axes parallel to 
the line of departure as superstable. The principal 
reason for this variation in the behavior of spinning 
shell was found in the relation now described as the 
first stability condition. The first stability condi- | 
tion involved tne aerodynamic overturning moment, 
the rate of spin, the air speed and the moments of 
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inertia of projectiles. This relation was initially 
found by considerations analogous to those employed in 
the theory of tops: it was probably known to George 
Greenhill in England and Karl Cranz in Germany early 
in the twentieth century. The stability of shell 
was largely assured by experimental firings under vary- 
ing conditions. About 1920 R. H. Kent began to employ 
a visual demonstration which illustrated instability, 
stability and superstability of projectiles under dif- 
ferent conditions. 


The second phenomenon which puzzled the artillerists 
of the late nineteenth century was the right deflection 
of a shell fired from a gun with a right-hand twist of 
rifling. One term in the deflection due to the rota- 
tion of the earth was known to be a right deviation 
from the line of departure for firing in the northern 
hemisphere. However the observed right deflection of 
a shell with right-hand spin was usually too large to 
have been caused by the deviation resulting from the 
right-hand term in the Coriolis acceleration. Artill- 
erists also discovered that the deflection of a shell 
fired with a left-hand spin was to the left of the 
line of fire. Thus a deflection of spinning shell 
was shown to be caused by an aerodynamic effect of 
spin. This effect was found to be independent of 
other known perturbing, or "abnormal," conditions, 
such as the cross wind and Coriolis acceleration, which 
also affected deflection. The deflection effect de- 
pendent upon the spin was described as the drift. The 
side-jump was measured systematically from about this 
time and it was presently shown that the drift was not 
caused by side-jump. The observed sign of the drift 
was found to be opposite to that which would result 
from the Magnus force on a spinning shell. The drift 
was known to depend upon the curvature of the trajec- 
tory and its cause was known to some ballisticians be- 
fore the First World War. The drift has usually been 
inferred from observed deflections reduced for the 
effects of cant, side-jump, cross wind and rotation 
of the earth. The drift was first treated theoretically 


191 


Google 


by Fowler, Gallop, Lock and Richmond about 1919. If 
all the aerodynamic coefficients of the shell were 
knom, the drift could be predicted in advance of range 
firings by methods given in Chapter XII of this book. 


The character of the general aerodynamic force sys- 
tem which acts on the projectile first became recog- 
nized with the advent of aircraft. Wind tunnel measure- 
ments of the drag, lift and overturning moment acting 
on aircraft were intensively examined from the begin- 
ning of the twentieth century. These forces and torques 
were considered by the English astronomer, G. H. Bryan, | 
in his early work on the aerodynamics of aircraft. 
The drag, lift, overturning moment, damping moment 
and spin-retarding moment appeared in the equations 
of motion given by Fowler, Gallop, Lock and Richmond 
in their important paper "The Aerodynamics of a Spinning 
Shell" published in 1920. Fowler and his associates 
found solutions of their equations which hold for short Ἢ 
distances along the trajectory. Fowler explained 
the right-hand drift of a right-hand spinning projec- 
tile as a consequence of the aerodynamic lift result- 
ing from the average right-hand pointing of the pro- 
jectile during flight. He analyzed experimental 
firings from which he made some predictions on the 
magnitude of various aerodynamic forces and torques 
acting on the projectile during flight. Solutions 
of Fowler's equations applicable to many special 
cases of projectile motion were obtained by Kent and 
Hitchcock in the period between the First and Second 
World Wars. Kent introduced dimensionless aerodynamic 
coefficients denoted by the symbol K with subscripts 
indicating the particular forces and torques involved. 
Kent's coefficients were similar in form to those em- 
ployed by Prandtl and others in the treatment of aero- 
dynamics of aircraft. 


Effective use of wind tunnel measurements of aero- 
dynamic forces and torques was made in planning the 


design of bombs somewhat earlier than in considerations 
on the design of shell. American bombs of the First 
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World War were frequently unstable, partly because 
the leading edges of the fins were placed far forward 
on the body of the bomb. E. J. Loring and H. L. Dryden 
advanced, as an indication of static stability in bomb 
design, the criterion that the center of pressure of 
a bomb in a position of yaw in a steady air stream 
must lie behind the center of mass. Dryden made many 
measurements of the drag, lift and restoring moments 
acting on bombs of various shapes. He used consider- 
ations based upon his experimental work to determine 
the shape and mechanical characteristics which were 
employed in the design of American bombs during the 
Second World War. 


During the period immediately following the First 
World War, Loring noted that stable bombs dropped at 
low altitudes exceeded the ranges which would have 
been expected in vacuo. Loring advanced the tentative 
explanation that this curious effect was in some fash- 
ion a consequence of the aerodynamic lift acting on 
the projectile. He suggested that the lift acted in 
such a manner as to decrease the actual drop of the 
bomb from that which would be expected for a normal 
time of flight. About 1938, it was learned from the 
experiments of Colonel H. H. Zornig and others that 
the measured times of flight of stable bombs dropped 
from low altitudes were, in fact, longer than would 
be inferred from the action of aerodynamic drag alone. 
R. H. Kent explained the "kiting effect" on the bomb 
as a consequence of the aerodynamic lift due to the 
fact that the average position of the axis of the 
bomb during flight was above the tangent to the tra- 
jectory. H. P. Hitchcock and others found some par- 
ticular solutions of the equations governing this 
effect and established some of its properties. A 
more exact explanation and a convenient method of 
computing this deviation of the bomb from normal mo- 
tion were devised in 1912 and are given in Chapter 
XI of this book. This method used the concepts of 
steady lift and oscillatory swerve. The steady lift 
due to mean yaw resulting from the curvature of the 


193 
Go gle 


trajectory was separated from the oscillatory swerve | 


due to sinusoidal yaw. This theory of the planar 
yaw of bombs was extended in 19h3 to treat the effects 
of the general yaw of spinning projectiles. The ex- 
tension led to a convenient method of computing the 
horizontal drift of an artillery shell. The theory 
has also predicted a vertical drift for a spinning 
shell. The existence of a vertical drift was apparent- 
ly not suspected prior to 1913, but it has since re- 
ceived some experimental confirmation. 


During 19112, John L. Synge introduced into ballistics | 


a complete aerodynamic force system for projectiles 
with small angles of yaw and small angular velocities. 
The angular changes were computed with respect to a 
system of axes fixed in the projectile which may be 
regarded for a short time as parallel to axes fixed 
in space. Synge's work began with the recognition 
that an aerodynamic force which had not been noted 
by earlier ballisticians would necessarily act on the 
projectile if the damping torque, denoted by Fowler 
as H, existed. The required force, which has been de- 
scribed as the pitching force, was subsequently measured 
experimentally. A. C. Charters and one of the writers 
determined the pitching force on several bomb models 
mounted on an oscillating device in the wind tunnel 
at Wright Fiela. These measurements were later ex- 
tended by G. B. Shubauer, who used the wind tunnel of 
the United States Bureau of Standards. The spin-retard- 
ing torque earlier remarked by Fowler was also accurate- 
ly measured first by experiments performed in the United 
States during the Second World War. Thomas D. Carr, 
about 1942, found an accurate method of determining 
the loss of spin of a projectile in flight. Carr's 
measurements of loss of spin were used by Kent to 
compute the spin-retarding torque coefficients of pro- 
jectiles. Kent and Charters derived a relation between 
the spin-retarding torque and the part of the drag 
due to skin-friction. Since the head drag of the pro- 
jectile could be computed directly and the total drag 
determined accurately from data secured from the 
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ο spark range developed by Charters, Kent was 
able to deduce the base drag of the projectile by 
subtracting the computed head drag and inferred skin 
drag from the measured total drag. The reduction of 
spark range data, described in Chapter XIII of this 
book, has made it possible to infer all the significant 
aerodynamic forces and torques acting on the projec- 
tile from measurements of experimental firings. Some 
of the aerodynamic coefficients computed from spark 
range experiments have been compared with the values 
determined in the supersonic wind tunnel of the Bal- 
listic Research Laboratory. The stability and flight 
characteristics of projectiles can be predicted by 
these two methods from model experiments made in ad- 
vance of range firings. 


The motion of the rocket has been examined by ex- 
perimental methods which were somewhat different from 
those used in measurements on the flight of the bomb 
or the shell. Experimental and theoretical work on 
rocketry in the Ballistic Research Laboratory during 
the Second World War was actively directed by the as- 
tronomer, Edwin Hubble. Hubble and his assistants, 
notably Dirk Reuyl and Marvin Cobb, developed very ac- 
curate methods of measuring position and velocity of 
rockets by high-speed photography. Radar measurements 
of the position of several rockets throughout complete 
trajectories were secured by L. A. Delsasso. Velocities 
were also obtained for some rockets by the sky screen 
method originally discovered in Canada. Mathemati- 
cians working under Hubble's direction, especially 
A. P. Morse, J. W. Green, A. S. Peters, P. À. White, 
H. L. Meyer, J. V. Lewis, C. John and the writers devis- 
ed procedures for reducing these measurements and com- 
puting firing tables for various new types of rockets 
as they were developed. Most of the important military 
rockets of the first part of the Second World War were 
propelled by gas jets derived from the combustion of 
solid fuels. Although successful liquid-fuelled jet- 
propelled aircraft were first made by Frank Whittle 
in England, the first effective liquid-fuelled military 
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rockets were built in Germany. The British jet-pro- 
pelled airplanes and the German very long-range mis- 
siles of 19hl and 19L5 were products of researches 
which began early in the twentieth century. 


A very long-range rocket must arrive at a trajec- 
tory inclination of approximately forty-five degrees 
with a high velocity after it has passed through that 
part of the earth's atmosphere which has any appreci- 
able density. Thus, the axis of the Vergeltungswaffen 
2, the V-2, was gyroscopically controlled during the 
burning time in order to provide for a fuel cut-off 
when the trajectory arrived at an angle of inclination 
of forty-five degrees, the elevation required for the 
attainment of the maximum range in vacuo. The V-2 
rockets fired by the Germans were powered by contin- 
uously operating jets with approximately sixty seconds 
burning time and attained maximum velocities of about 
five thousand feet per second. These velocities were 
made possible by researches on jet-propulsion with 
liquid fuels. Robert H. Goddard, an American physicist, 
had performed the first important experiments with 
rockets propelled by the liquid fuels earlier suggested 
by the Russian engineer, Ziolkovsky, who had been en- 
couraged by the chemist Mendeleyeev. Some of Goddard's 
researches were described in 1919 in a Smithsonian re- 
port entitled A Method of Reaching Extreme Altitudes. 
Goddard's work became known to European physicists 
shortly after the First World War. Some of these men 
noted that the rate of burning of a liquid fuel could 
be more readily controlled and varied in an engine 
than the burning of a solid propellant. Experiments 
with liquid fuel and an oxidizer projected from tanks 
into a firing chamber resulted in low pressures and 
small heat developed by cambustion. These experiments 
showed that the walls of the combustion chamber and 
its auxiliary tanks could be made thinner if liquid 
fuels were employed in rockets than if solid fuels 
were used. This information indicated the possibil- 
ity of using steadily proceeding controlled burning in 
a light casing with low combustion heating. 
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Some development of Goddard's ideas appeared in 
the work of Herman Oberth, a professor of mathematics 
in Transylvania who wrote an important book on rocket 
motion which was published in 1923. This book, which 
was entitled Die Rakete zu Planeten Raumen, was a 
treatise on the theory of rocketry as applied to inter- 
planetary travel. Oberth considered various naviga- 
tional problems of travel in free space, but his most 
important contributions to rocket development were 
theoretical arguments on the proper direction for ex- 
perimental work in order to attain high velocities. 
The basis of these arguments was a relation between 
the initial mass of the rocket, hereafter denoted 
by πο, the mass of the rocket after all the fuel has 
been burned, mp, the exhaust velocity of the jet rel- 
ative to the rocket, q, and the velocity of the rocket 
after all the fuel has been burned, Vp. The rocket 
was assumed to begin its motion from rest and to move 
thereafter in a space free of matter, that is, without 
being subject to aerodynamic or gravitational forces. 
It was not difficult to show that 


Vb * q log, (πο/πῃ). 


This relation showed that a rocket which was to have 
a high velocity after burning must have large values 
of the exhaust velocity of the jet, q, and the mass 
ratio (mg/mp). The best liquid fuels are theoretically 
susceptible of a higher exhaust velocity than most 
solid fuels. Oberth considered various types of pro- 
pellants for use in rockets and suggested alcohol and 
liquid hydrogen as fuels and liquid oxygen as an ox- 
idizing agent. These suggestions contributed to the 
development of the V-2: the fuel actually employed 
by the V-2 was a modification of that originally pro- 
posed by Oberth. Willy Ley, about 1931, suggested 
a fuel composed of ethyl alcohol and water in the 
proportion of three parts of alcohol to one part of 
water. An important advantage of the watered alcohol 
and liquid oxygen mixture was that the exhaust gases 
contained molecules of water vapor which have a low 
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molecular mass. The highest attainable exhaust velo- 
city would result from a mixture of atanic hydrogen and 
liquid oxygen. This fact was responsible for the in- 
terest of American rocket engineers in recent experi- 
ments with jets derived from the combustion of atomic 
hydrogen. Oberth's velocity relation also showed the 
importance of increasing the mass ratio, (mo/mp), if 
the same exhaust velocity, q, could be obtained with 
a given rocket. The mass ratio could be increased 
for a fixed payload if the internal pressure and com- 
bustion heating could be decreased. The motor of the 
V-2 was force-fed by centrifugal pumps. Its internal 
pressure was very low. The watered alcohol employed 
in the V-2 served as a coolant before it was used as 
a fuel. The fuel was injected into the combustion 
chamber through five holes in the sheet-steel walls 
of the motor. Direct introduction of the mixture from 
the cooling jackets protected the walls of the combus- 
tion chamber from excessive local heating. These 
features of the design made it possible to build the 
V-2 with a mass ratio of three, the initial mass being 
about twelve tons. Oberth's relation showed that, in 
the absence of drag and gravity, the final velocity 
of the V-2 should be slightly greater than the exhaust 
velocity.  Post-war American experiments with nearly 
vertical fire have yielded maximum ordinates of nearly 
one hundred and twenty miles. These altitudes would 
correspond to ranges of about two hundred and forty 
miles for fire at an elevation af forty-five degrees. 
The jet velocity, q, might possibly be doubled for 
the V-2, but this would yield a maximum range only 
about four times that attainable with the existing 
rocket. The nature of the materials from which the 
V-2 was constructed makes it seem unlikely that a 
similar rocket could be built with a mass ratio greater 
than about six, thus an ultimate range of less than 
four thousand miles may be expected with a V-2 type 
of rocket having optimum characteristics for very long- 
range fire. 


The simplest principle available for achievement 
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of intercontinental ranges is the multi-stage, or step, 
procedure. This employs a primary rocket with a high 
mass ratio as the initial driving engine for a smaller 
rocket. The reaction of the motor of the smaller rocket 
is initiated after the case of the primary has been cast 
off following exhaustion of its fuel. The step princi- 
ple has been utilized in a two-stage combination of the 
V-2 and the Wac Corporal which attained an altitude of 
approximately two hundred and fifty miles when fired 
nearly vertically at White Sands Proving Ground on 
February 2l:, 1919. This combination would have achiev- 
ed a range of about five hundred miles had the inclina- 
tion of the trajectory of the second rocket been ap- 
proximately forty-five degrees at the time when its 
fuel was exhausted. An intercontinental rocket will 
be obtained if a two-stage rocket, each stage having a 
mass ratio of about six and an exhaust velocity of eight 
to ten thousand feet per second, can be constructed. 
Such a two-stage rocket would be a practically possible 
Gevelopment even at the present time. 


The theory of motion of an intercontinental rocket 
will require treatment as if its flight were that of 
8 small satellite of the earth. The number of stages 
of a step rocket is, however, limited only by the 
mechanical feasibility of constructing sufficiently 
large motors. A three-stage rocket of the same general 
characteristics as those indicated for the foregoing 
two-stage rocket could readily attain the velocity re- 
quired to circle the earth indefinitely as an artifi- 
cial satellite. Im order to achieve a rocket which 
would depart indefinitely from the earth, it would be 
necessary that the rocket attain the so-called escape 
velocity which has a value of about thirty-five thousand 
feet per second. The escape velocity from the earth 
could be achieved by a four-stage rocket having the 
exhaust velocity and successive mass ratio indicated 
above. It seems probable that exterior ballisticians 
will presently be concerned with problems which were 
formerly considered only by astronomers. 
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3600 
Se | (1/8) dU 
U 


Tables 


1510 .09 
1570,53 


1601.03 
1631,61 
1662 «27 
1693.01 
1723.01 


1751.69 
1785.63 
1816.65 
1847.75 
1878.92 


1910.16 
1911.17 
1972.85 
2001. 30 
2035,83 


2067 e lsh 
2099.11 
2130.86 
2162667 
2191,56 


Google 


3600 
T ow | (1/UG,) qU 
U 


2194.56 


2226.53 


2258.56 
2290.67 
2322.85 
2355,11 


2387. 
2:19.85 
2452.32 
248l ο87 
2517.9 


2550,19 
2582.97 
2615.82 
268.75 
2681.74 


2711.01 
2711.96 
2781.18 
2847.86 


2881.31 


2982.11 
3015.86 
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S- and T-functions based on Gavre drag function 


3600 
S= | (1/G,) aU 
U 


Tables 


ft 


3015.86 
3019.69 
3083,59 
3117.57 
3151.63 
3185.76 


3219.97 
325026 
3288.63 
3323.07 
3357.59 


3392.19 
3126,86 
3h61. 61 
3896.1 
3531.35 


3107.11 


37112 «90 
3111.98 
3813. 5h 
3819.18 
3884,91 


Google 


3600 
re | (1/UG,) au 
U 


ft 


3881.91 
3920.72 
3956.61 
3992.59 
1028 .66 
1,06), .82 


1101.06 
4137.39 
4,173.80 
4210.30 
216,89 


1,283.56 
1320.33 
1357.18 
1395.15 
431.16 


168,29 
4505.51 


514.82 


1,580.23 
h617 . 75 


h655, 3l, 
4693 0l 
4730.8), 
4768.7 
1,806.76 


S- and T-functions based on GÉvre drag function 


3600 
S = | (1/01) au 
U 


U 


f/s 


2100 
2090 
2080 
2070 
2060 
2050 


2040 
2050 
2020 
2010 
2000 


1990 
1980 
1970 
1960 
1950 


1940 
1950 
1920 
1910 
1900 


1890 
1880 
1870 
1860 
1850 


Tables 


S 
ft 
4806,76 


4844,88 
4885,10 


4921.42 


4959,86 
4998.40 


5057,06 
5075,82 
5114,70 
5155,68 
5192.78 


5252,01 
5271.56 
5510.85 
5550,42 
5590.15 


5429.98 
5469.95 
5510.06 
5550.50 
5590.67 


5651,18 
5671.83 
5712.62 
9755.4 54 
5794.62 


Google 


3600 
T = | (1/56ι) dU 
U 


ft 


5794,62 
5855,85 
5877.25 
5918.76 
5960,45 
6002,31 


6044,53 
6086,51 
6128,87 
6171,40 
6214.11 


6257.01 
6500,10 
6545,37 
6586,84 
6430. 52 


6474.539 
6518.48 
6562.78 
6607.50 
6652 .06 


6697 .04 
6742,26 
6787.75 
6853.45 
6879.41 
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S- and T-functions based on GÉvre drag function 


Tables 


Google 


: f 3600 
S = | (1/a. ) dU 
U S T 
f/s ft sec 
1600 6879.41 2.894 
1590 6925.65 2,9295 
1580 6972,15 2.952 
1570 7018,95 2.982 
1560 7066,01 3.012 
1550 7113.59 3.042 
1540 7161.08 3.073 
1530 7209.08 96.104 
1520 7257.39 5.21356 
1510 7506.03 5.168 
1500 7555.03 3,201 
1490 7404.59 3,235 
1480 7454.13 3.269 
1470 7504.25 3,303 
1460 7554.77 3,358 
1450 7605,69 3.373 
1440 7657.03 3,408 
1430 7708,82 5,444 
1420 7761.07 3,480 
1410 7815,80 3,517 
1400 7867,04 3,555 
1390 7920,81 3.094 
1580 7975.12 3,633 
1370 8029.99 3.673 
1360 8085,46 3.713 
1350 8141,56 3,754 


T 


3600 
( 1/08, ) dU 
S T 
ft sec 

8141,56 5-754 
8198,32 52796 
8255.77 $4,839 
8313.95 5,883 
8572,88 $.928 
8432.61 3.974 
8493.20 4.021 
8554.69 4.069 
8617.14 4.118 
8680,62 4.168 
8745,18 4,219 
8810,9 4.272 
8877.9 4,9526 
8946.2 4.382 
9015.9 4.439 
9087.2 4,499 
9160,2 4,560 
9235.0 4.623 
9311.7 4,688 
9390.6 4.756 
9471.7 4,826 
9555.3 4,899 
9641.6 4.975 
9730.9 5.054 
9823.2 5,1437 
9919,0 50224 
805 


S= and T-functions based on GÉvre drag function 


3600 
S = | (1/0, ) dU 
J 


Tables 


(50 


ft 


9919.0 
10018,4 
10121.8 
10629. ὅ 
10541.53 
10458.0 


10579 .6 
10706.4 
10838.7 
10976 ,6 
11120,5 


11269.9 


11425,8 


11587,8 
11756,2 
11981.1 


12112,6 
12300.6 
1249562 


12696,5 


12904,6 


153119.3 
153340.6 
13568.7 
138053.5 
140448 


gle 


T = 


E 


ft 


14044,8 
14292,8 
14547.53 
14808,4 
15076,0 
15550.2 


15630,8 
15917,8 
162111 
16510.7 
16816,7 


17129.0 
17447.53 
17771.9 
18102.8 
18439.8 


18782.9 
19132,0 
19487,4 
19849.0 
20216.7 


20590.7 
20970,9 
21357.5 
2175022 
20149 . ὃ 


(1/uG,) dU 


sec 


9,565 
9,856 
10.161 
10,478 
10,806 
11.147 


11.500 
11,865 
12.244 
12,635 
15,041 


15.460 
15.895 
14,541 
14.804 
15.282 


15.775 
16,285 
16.812 
17.556 
17,917 


18.497 
19,096 
19.714 
20,553 
21.015 


806 


S- and T-functions based on GRvre drag function 


a 


Tables 


5600 


U 


(1/6) ἂν 


Google 


9 


ft 


ο 299149 οὗ 


2c054.8 
22966.9 
234385.6 
235811.0 
242495.4 


64684 οὐ 
29129,.5 
29505.0 
26044,.2 
26515,3 


T - 


T 
sec 


214.015 
21.694 
220.998 
250127 
25.880 
24,659 


25,465 
26, 300 
27,164 
28,060 
28,989 


Lo 


(1/064) dU 


807 


$ -function for approximating drop 


r 


0.75 


ook 
053 
052 


991. 
0.50 


Tables 


Google 


φοίτ) 


0.91086 


090702 
090316 
089928 
089537 
8914) 


00718 
88350 
07919 
087545 
087138 


06729 
.06317 
085902 
85,8), 
~8506), 


e861 
e621) 
«83785 
083352 
«82916 


082477 
8203), 
«81588 
«31138 


0.80685 


N 


ὀθφοί r) 
11,613 
14,581 


13.675 


134.607 
13.538 
13.469 
13.100 
13.330 


13,259 
13.188 
13.116 
13.0) 
12.971 


$5-function for approximating drop 


0.75 


Tables 


Google 


ῥοίτ) 


1.00000 
0.99666 


«22320 
«98992 
098653 
«08312 


«97969 
«97621 


IN 


Ξβφοίτ) 
16.076 


16.022 
15.968 
15991)! 
15.860 
15 «805 


15.750 
15.694 
15.638 
15.583 
15.526 


15.170 
15.113 
15.356 
15.298 
152 ο2||0 


1.9446 


14,886 
14.826 
1.765 
1h. 70k 
14.6443 


IN 


G-function based on Gâvre drag function 


72/100 (e 1 


so 202920 292]; 
Tables 


Google 


2 


3 


lh 
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6 
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G-function based on Gâvre drag function: 
0 1 2 3 T 5 6 7 8 


Google 


V2/100 (6 
900 0.06399 
910 206539 
920 206686 
930 «06833 
90 206986 
950 207142 
960 207300 
970 07461 
980 097626 
990 007797 

1000 007969 

1010 208142 

1020 08318 

1030 -084,98 

1040 208680 

1050 «08863 

1060 209049 

1070 «09231. 

1080 -09421 

1090 «09608 

1100 409795 

1110 «09985 

1120 210173 

1130 “10360 

1140 «105118 

1150 010735 

1160 210919 

1170 011102 

1180 01128) 

1190 011465 

1200 J116lj, 

1210 «11821 

1220 «11997 

1230 «12168 

1240 012338 

1250 012507 

1260 «12611 

1270 «12833 

1280 012992 

1290 33159 

1300 013304 

1310 013456 

1320 «13605 

1330 «13753 

1310 «13899 

1350 . 

Tables 


Google 


1 


2 
6h27 


3 


m 


2 


6 
64,82 


T 
6196 


G-function based on G&vre drag function 


6510 


G-function based on Gâvre drag function 


'/100 0 1 2 3 h 5 6 7 8 
5Ο  O.lLOL2 4056 ho70 ho8lk 4098 1ο 2 ho Ισ 
60 11181 4195 L209 4222 236) 250) L264 L277 291 
170 014318 4332 L3L6 4359 L373 L386 hoo 4h26 
i80 s 3 hh80  hi93  h506  l520  h533  Lb5h6 4559 
190 214586 599 L625 L6 4664 677 

i00 «16 179 μία h75h 767 ἱπβο 792 805 838 
i10 .148l3 4856 4868 4882 4893 4906 4918 14931  19h3 
120 14968 4981 1993 5018 5031 5013 

130 015092 5105 7 5129 5153 5166 5178 5l 
1,0 Jl521l 5226 5238 5250 5262 527h 5286 5298 5310 
150 015334 5316 5358 5370 5381 5393 σιο 5417 528 
160 015452  5hól 5h75 5h87 5h99 5510 5522 5533 σος 
170 015567 5578 5590 5612 5623 563 5645 5657 
160 415679 | 5690 5701 5713 572L 5735 οστό 5757 51768 
190 15790 5801 5812 5823 5834 58h 5856 5878 
00 «159000 5911 5922 5933 σοὶ. 5955 5966 5977 5987 
10 16009 6020 6030 Οἱ] 6052 6063 6073  608h 6094 
20 «16115 6126 6136 6147 6157 6167 6178 6188 6198 
30 16219 6229 6οἱΟ 6250 6260 6271 6281 6291 6302 
‘LO 16322 6332 6343 6353 6363 6373 638h  639h 604 
;50 016425 6435  6hh5 6455 6h65 6h76 6 6506 
60 «65066 6536 65ὶρ 6556 6565 6575 6585 6595 6605 
‘70 .1662L 663  66L3 6653 6663 72 6682 6692 6701 
80 016720 6730 6739 67h9 6758 6768 6777 6787 6796 
90 16815 6825 683h 68 6853 6863 6872 6882 6891 
300 916910 6920 6929 6938 6948 695} 6966 6976 6985 
310 17003 7012 7021 7030 7039 T7048 7057 7066 7075 
120 17093 7102 mn mo 7129 7138 mi? 7756 

330 17182 7191 7200 7208 7217 7226 7235 724% 7252 
40 17270 7279 7288 7296 7305 731 7323 7332  73L0 
250 017358 | 7367 17316 738L 7393 του 7411 709 7528 
x60 «τις τορι 7h62 7h71 7h80 7h88  Á 7h97 7506 7514 
570 .17531 ΤΌΠΟ 7548 7557 7565 757k 7582 7590 7599 
580 17615 7623 7632 76LO 17648 7656 7664 7672 7681 
390 «17607 7705 7722 7730 7738 τπτ 7754 7763 
00 017779 7787 7795 T1860 1812 7820 7828 7836 ἍΊδὶισ 
10 17861 7869 7877 7885 7893 7902 7910 7918 7926 
20 17902 7950 7958 7966 791 7982 7990 7998 8006 
730 218022 80 8037 8045 8053 8061 8068 8076 808 
"ho 38099 8107 811 8122 8130 8137 8145 8153 8160 
750 18175 8183 8190 8198 8206 8213 8221 8228 8236 
'60 018251 8259 8266 827 8201 8289 8296 8304 8312 
ΤΟ «8326 8333 834] 8348 8355 8363 8310 8377 8385 
80 «18390 δι, 8421 8128 8435 8h42? 8h50 8157 
790 18h71 8478 81486 8493 8500 8507 8514, 8522 8529 
300 E 0550 8558 8565 8572 8579 8586 859k 8401 

Tables 


Google 


G-function based on Gâvre drag function 


v /100 ο 1 2 3 4 5 6 7 
1800 0.18543 8550 8598 8565 8572 8579 8586 8594 8601 
1810 18615 8622 8629 8636 8650 8657 8664, 8671 
1820 18685 8692 8699 8706 8713 8720 8727 8734  87ho 
1830 -1875 8761 8768 8775 8782 8789 8796 8802 8809 
180 18823 8830 8837 88 8851 8858 8865 8872 8879 
1850 886953 8900 8907 891; 8921 8928 893 8941  89h8 
1860 «19962 8968 8975 8962 8989 8996 9002 9016 
019029 9036 90h9 9055 9062 9068 9075 9082 
1880 «1900 9101 9108 910; 9121 9127 9134 9157 


1920 019351 9357 9 9370 9376 9382 9388 9101 
1930 19h13 9420 9426 9h32 9438 JLLS 9h51 9h57 9463 
19h0 019476 9h82 9488 9494 9501 9507 9519 9525 
1950 019538 954; 9550 9556 9562 9568 957, 9580 

1960 019598 9604 9610 9615 9621 9633 9639 96h 
1970 019656 9662 967, 9680 9685 9691 9697 9703 


Google 


c -—— &€ 
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G-function based on G&vre drag function 


v2/100 ο 1 
2250 0.2112h 1129 


2260 421171 1176 
2270 21218 1223 
2280 «01265 1270 
2290 «21311 1316 
2300 «21355 1360 


2310 «21396 1h03 
2320 ΕΠΕ 14h7 


Google 


2 


3 


v*/100 0 

2700 0.22896 
2710 «22930 
2720 «22963 
2730 «22996 
27L0 223029 
2750 «23062 
2770 23126 
2780 «23158 
2790 «23190 


9800 023222 


2810 023253 
2820 023284 
2830 «23315 


2840 «23316 
2850 023377 
2860 023408 
2870 «231138 
2880 023468 
2890 023498 
2900 023528 
2910 «23558 
2920 «23588 
2930 «23611 
29h0 22366 
2950 023675 
2960 023704 
2970 «23733 
2980 «23762 
2990 «23790 


3000 «23818 


Tables 


Google 


1 


2 


li 


5 


7 8 
2920 2923 
2953 2957 
2987 2990 
3019 3023 
30592 3055 
30δ 3088 
3117 3120 
3148 3152 
3180 318L 
3212 3216 
32h — 32h7 
3275 3278 
3306 3309 
3336 33h0 
3367 3372 
3398 2102 
3429 3132 
3459 = 362 
3589 3192 
3519 352? 
3549 3552 
3579 3582 
3608 361 
3637 3640 
3666 3669 
3695 3698 
372h 3727 
3753 3756 
3782 378) 
3810 3812 
3837 380 


G-function based on 


v*/100 0 
3000 0.23818 
3100 «21092 
3200 ο) 350 
3300 ` .21,598 
3h00 »21837 
3500 «25067 
3600 «25287 
3700 025498 
3800 025702 
3900 «25900 
1,000 026092 
L100 226279 
L200 «26462 
1,300 26638 
4,00 «26808 
1500 026974 
1:600 «27136 
4,700 027291; 
1,800 027450 
1,900 027605 
5000 027759 
5100 027912 
5200 «28062 
5300 «28210 
54,00 228356 
5500 228501 
5600 2 286K); 
5700 228786 
5£00 «28927 
5900 029067 
6000 029207 
6100 02936 
6200 «291ιθὶι 
6300 029621 
61,00 029758 
6500 029895 
6600 «30033 
6700 230171 
6800 «30308 
6900 »30lilil 
1000 «30580 
7100 «30717 
7200 230853 
7300 «30988 
700 «311 οἱι 
7500 © 31260 
Tables 


Google 


10 
386 


20 


30 


60 


70 
1011 


li275 
4525 
4767 
4999 
5222 


5436 
56L1 


drag function 


G-function based on Gâvre drag 


V*/100 ο 
1500 0.31260 
7600 «31396 
7700 «31531 
7800 » 31666 
7900 «31802 
8000 «31938 
&100 »3207l 
8200 «32210 
8300 »323l6 
81,00 »32l 
8500 »32621 
8600 «32157 
8700 ᾿ «39893 
8800 033029 
8900 «33166 
9000 033302 
9100 «33136 
9200 033571 
9300 «33706 
91,00 633842 
9500 033978 
9600 0311, 
9700 034251 
9800 034,388 
9900 034525 

10000 . 34663 


10L00 » 
10500 0353 52 
10600 «35190 
10700 «3 
10800 «35766 
10900 .3590h 
11000 e 
11100 «36180 
11200 «36318 
11300 36456 
036594 
11500 236732 
11600 . 36870 
11900 «37283 
12000 «37420 
Tables 


Google 


10 


20 


30 


lo 


function 
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INDEX 
Accelerometers, III p. 212 


Aerodynamic coefficients, II p. 16l ff, II pp. 180, 
181, 182, III p. 219 


Aerodynamic forces, II p. 160 ff 
perpendicular to trajectory, XI p. 608, 
XI p. 630 
Aerodynamic range, III p. 207, XIII p. 685 ff 
Angular momentum, I p. LO, I p. 61 
Angular velocity, I p. 32 ff, I p. 67 
Air density, IV p. 23h 
Air temperature, IV p. 236 
Approximations, successive, V p. 293 
Axis, principal, I p. 56 ff 
Azimuth, II p. 158 
Ballistic 
coefficient, IV p. 238 
reciprocal, IV p. 2h42 
summital, IV p. 2hh 
density, VIII p. 509 
tables, IV p. 2h46 
as interpolation device, IV P. 251 
819 


Google 


Ballistic (continued) 
temperature, VIII p. 510 
wind, VIII p. 509 

differential wind, X p. 595 

Bazooka, XIV p. 719 

Biot, M. A., II p. 162 

Bombing, X p. 58 ff. 

Body, rigid, I p. 29, I p. 32 

Buckingham [I-theorem, I p. 8l 


Center of mass, definition, I p. lih 
II, Sec. 5, pe l 


Center of pressure, II p. 162 
C.g.s. system, I p. 0 


Central limiting theorem of probability theory, 
Ip. 149 


Characteristic function of a set, I p. 130 


Charters, A. C., III p. 230, XI p. 623, 
XII p. 67? 


Chronograph 
counter, III p. 205 
drum, III p. 20h 


Coefficient 

ballistic, IV p. 238 
drag, IV p. 238 
retardation, IV p. 238 


020 


Google 


Congreve, William, XIV p. 719 

Coriolis forces, I p. 66, II p. 152 

Course, X p. 589 

Cranz, Karl J., III p. 208 

Cross product of vectors, definition, I p. 16 
Cross spin, force due to, III p. 22h 

Cross wind, X p. 589 


Damping, measurement by forced oscillation, 
III p. 227 


Damping, measurement by log decrement method, 
III p. 225 


de Bey, L. Ge, III p. 209 

Deflection error, X p. 58l 

Delsasso, L. A., III p. 209 

Density probability, I p. 133 

Density standard, IV p. 23h 

Differences, VI p. 322 

Differential ballistic wind, X p. 595 

Differential corrections, definition, VII p. h29 
transforming to new matching variable, VII p. 33 
to trajectories computed by Siacci method, VII, 
Sec. 25 Sec. 5 

for constant wind, VII, Sec. li 
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Google 


Differential corrections (continued) 
based on slope, IX, Sec. 8 
identities, VII, Sec. 3 
method of Bliss, IX, Sec. 2 
methods of computing, IX p. 516 
method of Gronwall, IX, Sec. 5 
method of Moulton, IX, Sec. 7 


Differential effects, VIII 

existence, VIII p, h77 

equations of, VIII pp. 480, 481, VIII p. 88, 
VIII p. 9k 

notation, VIII p. 483 

of cross-wind on deflection, IX p. 531 

of change in initial conditions, IX p. 526, 
IX p. 55h 

of range-wind, IX p. 554, IX p. 56h 

of non-standard temperature, IX p. 527, 
IX p. 555, IX p. 572 

of non-standard density, IX p. 527, IX p. 555, 
IX p. 571 | 

of change of ballistic coefficient, IX p. 527 

of departure from a changed standard, IX p. 583 


Differential equations 
existence of solutions, VI, Sec. h 
numerical integration of, VI p. 358, VI Sec. 5 
linear, IX pp. 518-523 
adjoint system, IX p. 7 
adjoint system to equations based on time, 
IX p. 52h 
adjoint system to equations based on slope, 
IX p. 540 


Differential of functional, VIII p. L69 
Dimensional analysis, I Sec. ll 


Direction, I p. 7 
822 


Google 


Distribution function 
cumulative, I p. 131 
bivariate, I p. lll 
joint, I p. lll 
normal, I p. 139 
Distributions, independent, I Seo. 21 
Dive bombing; approximate trajectories, V Sec. 9 


Drag, II p. 163 ff., II p. 182, p. 183, I p. 102 
definition, III p. 208 ff. 
determination of, XIII Sec. lh, Sec. 5 
errors caused by faulty choice, IV p. 2ἱι7 
function, IV p. 238 
Gavre, IV p. 25l 
Drift, IX p. 631 
angle, X p. 589 
firings, XII, Sec. 3 


Drop, V p. 273 
approximate formula for, V p. 282 


Dropping angle, definition, X p. 589 
Dryden, H. L., III pp. 216, 22L 

Dynamic unbalance, XII pp. 669, 671 
Earth's rotation, effects of, II p. 15h 
Eccentricity, effect of, XII, Sec. 7 


Effect curve, VIII p. 503 
Effect curve normalized, VIII p. 513 


Effect, unit, VIII p. 508 
Effect, unit, norm, VIII p. 511 
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Google 


Energy, kinetic, I Sec. 10, Sec, 11. 
Epicyclic motion, XII p. 649, XIII p. 689 
Equations, normal, IV p. 23? ff. 
Error, range, X p. 593 
deflection, X p. 593 
extrapolation, VI p. 376, VI p. 381 
probable, I p. 110, I p. 111 
rounding, VI p. 37h, VI p. 377, VI p. 381, 
Euler, method of, V Sec. 8 
Exit velocity, XIV p. 721 
Expected value, I p. 127 


Exponential law of air density, IV p. 23h 
of temperature, IV p. 235 


Federer, H. E., I p. 117, XIII p. 686, XIII p. 716 


Firing, range, IV p. 250 
tables, IV p. 246 


Force, centrifugal, I Sec. 13 
Coriolis, I Sec. 13 


Form factor, i, definition, IV p. 2h8 


Fowler, R. H., II p. 162, II p. 182, XI p. 618, 
XII p. 6h3 


f.p.s. system, I p. Ll 
Frame, inertial, I p. 39 
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Google 


Fresnel integrals, XIV pp. 730, 731 
Function, characteristic, I p. 129 
distribution, I p. 131 

measurable, I p. 130 

Functional, VIII p. 67 

continuous, VIII p. L69 

linear, VIII p. L69 


Gallop, E. G., II p. 162, II p. 182, XI p. 613, 
XII p. 643 
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Gravity, II p. 156 
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Inertia, moment of, I p. 5l 
principal axis of, I p. 55 
product of, I p. 5l 


Inertial frame, I p. 39 
Inner product of vectors, I p. 13 


Integral Stieltjes, I Sec. 15 
defining expected value, I p. 133 
in two dimensions, I p. lll 


Integration, numerical, see Numerical integration 


Interpolation, VI Sec. 2, VI pp. 3h6, 3h7 
between anti-aircraft trajectories, V Sec. 7 
error in, VI p. 326, VI p. 337 
formulas, VI p. 329 

Bessel, VI p. 333 

Everett, VI p. 33h 

Lagrange, VI p. 326 

Newton-Gauss, VI p. 33? 
Newton-Gregory, VI p. 332 

Steffensen, VI p. 335 

Stirling, VI p. 333 

relative advantages of, VI pp. 339, 340 
using differences of second derivative, 


VI p. 311 
Jeffreys, H., XI p. 612 
Joint distribution function, I p. lil 
Jump, windage, XII Sec. li 


Kent, R. H., V p. 265, V p. 283, XI p. 618, 
XIT p. 66 


Kinetic energy, I p. hL? ff. 
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Latitude, astronomical, II p. 158 
Least squares fitting, XIII p. 696 
Lift, II p. 163 ff., II pp. 182, 183, III p. 218 ff. 


Linear dependence of vectors, I p. 7 
independence, I p. 7 


Lock, C. N. H., II p. 162, II p. 182, XI p. 615, 


Mach number, I p. 101 


Mass, I Pe 37 ff. 
center of, I p. 39, I p. 43 
units of, I p. LO 


Moment, I p. 61, I p. 63, III p. 218 ff. 
damping, III p. 22h ff. 
overturning, II p. 163, XIII p. 700 


Momentum, I p. 39 
angular, I p. 60, I p. 62, I p. 66 
conservation of, I p. 


Morrey's quadrature formula, VI p. 3l5 
method of integration of normal equations, 
VI Sec. 11 
method modified, VI Sec. 1? 
Morse, A. Pe, I pe 33, I pe 117 
Motion of target, X p. 587 


laws of, I p. L2 
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Muzzle blast, XII Sec. 8 
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Norm, VIII p. 468, VIII p. h7h 


Normal distribution, I p. 116 

By Morrey's method modified, VI Sec. 12 

Normal equations (of trajectory), IV p. 232 
Numerical integration of, VI, Sec. 

Numerical integration by Morrey's method, 

VI Sec. 11 

With x, y, slope, inclination or pseudo velocity 

as independent variable, V p. 266 


Normalized effect curve, VIII p. 513 
Numerical integration of differential equations, 
VI p. 358, VI Sec. 5 
By Morrey's method, VI Sec. 11 
By Morrey's method modified, VI Sec. 12 
Of adjoint system, IX Sec. |; 
Of normal equations, VI Sec. 8 
Start of solution, VI Sec. 6 


Start of solution when higher derivatives are 
computable, VI pp. 366-370 


Numerical quadrature, see Quadrature 
Oblique coordinates, V Sec. 3, V p. 310 
Panzerfaust, XIV p. 720 
Parallelogram rigidity, V p. 27h, V p. 282 
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Photoelectric cell, III p. 206 
II -theorem (Buckingham), I p. 8l 
Piton-Bressant formula, V p. 313 


Pound force, I p. hO 
mass, I p. 38 


Poundal, I p. 40 
Power-products, I p. 78 
Pressure, center of, II p. 163 


Probability, I pp. 117-151 

density, I p. 132 

measure, I p. 125 

theory, central limiting theorem, I p. 119 


Probable error, I pp. 140, 11 
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vector, I p. 16 


Projectile, standard, IV p. 20 
Pseudo-velocity, V p. 266 


Quadrature, numerical, VI Sec. 3 
extended trapezoidal, VI p. 342 
for Stieltjes integrals, VI p. 38 
iterated, VI pp. 343, 3hh 
Morrey's rule, VI p. 345 
Simpson's rule, VI p. 3ll 
Weddle's rule, VI p. 3l6 
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error, X p. 593 o 
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Range firings, IV p. 250 

of bomb, X p. 587 

wind, X p. 589 
Range lag, B, definition, X p. 587 
Ratio, absolute significance of, I pp. 70, 79 
Reciprocal ballistic coefficientW , IV p. 22 


Reciprocal sumnital ballistic coefficient, 
IV p. Ahh 


Retardation coefficient, definition, IV p. 238 


Reynolds number, I p. 101 
observed effect on Kp, IV p. 236 


Richmond, H. W., II p. 162, II p. 182, XI p. 618, 
XII p. 6h3 


Right-handed, I p. 15 


Rigid, body, I p. 29, I p. 32 
motion, I p. 25 


Rigidity of trajectory, parallelogram, V p. 27h 
Rocket, XIV p. 719 

long-range, XIV p. 720 

spin-stabilized, XIV p. 722 

velocity of, XIV, pp. 721, 72? 
Rotation, I p. 3? 


Rotation of earth, effect, II p. 152 
force, Coriolis, II p. 152 
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mean solar, I p. 25 


Shape parameters, I p. 101 

Siacci method, IV p. 256, V Sec. 2 
possible improvement, VI p. 22 
functions (primary),V p. 267 
functions (secondary), V p. 270 
functions, used in Morrey's method, VI Sec. 11, 
VI Sec. 12 

Simpson's rule, VI p. 341 

Sky screen, III p. 206 

Slug, I p. 38 

Smythe, W. R., III p. 208 

Solenoid, III p. 206 


Sound velocity, relative sound velocity function 
a(y), definition, IV p. 238 


Spacing of stations, XIII p. 70h 
Spark range, XIII p. 685 
Speed, I pe 28 
Spin-decelerating moment, XIII p. 700 
Stability, XI p. 601, XI pp. 618, 619 
Stability factor, XI p. 61h, XI p. 621 
Stability conditions, XI p. 618, XI p. 621, 

XI p. 62h 
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Standard 

density, IV p. 23h 

deviation, I p. 138 

diameter, IV p. 210 

gravitational acceleration, IV p. 236 
mass, IV p. 2h0 

projectile, IV p. 2h0 

temperature, IV p. 23h 

velocity of sound, IV p. 235 


Standard projectile, definition, IV p. 2hO 
Static unbalance, XII pp. 670, 671 
Stieltjes integral, I, Sec. 16 
in plane, I p. lll 
expected value, I p. 133 
numerical computation of, VI p. 350 
Successive approximations to trajectory, V p. 293 
Superelevation, V p. 287 


Swerve, XI p. 635 
reduction of XIII p. 716 


Symmetry, I p. 57, II p. 176, II p. 178 
Synge, J. L., II p. 162, II p. 182 
Tables, ballistic, IV p. 2h6 
bombing, IV p. οἱιό 
firing, IV p. 26 
Target motion, X p. 587 
Temperature, standard, IV p. 235 
changes, large, IX Sec. 9 
departures from new standard, IX p. 582 


method of change to new standard, IX p. 580 
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Time lag, A, definition, X p. 587 
Thomas, L. H., XII p. 664 
Tolerance, in numerical integration of 
differential equations, VI Sec. 7 
in trajectory computations, VI Sec. 10 
means of determining, VI p. 08, VI pp. L13, 13 
Track, definition, X p. 589 
Trail, r, definition, X p. 585 
cross trail, X p. 
range component of, X p. 589 
Trail ratio, definition, X p. 591 


Trajectory, numerical computation of, VI Sec. 8 
start, VI Sec. 9 


Translation, I p. 31 

Trapezoidal rule (extended), VI p. 3h2 
Units, change of, I p. 72 

"V-2" rocket, XIV p. 720 

Variance, I p. 138 


Vector, definition of, I p. 3 
differentiation of, I p. 33 


Vector product, definition, I p. 16 


Velocity, angular, I p. 33 ff., I p. 66 
exit, I p. 27, XIV p. Το] 
muzzle, I p. 48 
of rocket, XIV pp. 721, 72? 
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WKB method, ΧΙ p. 612 

Webster, D. L., III p. 209 

Weddle's rule, VI p. 3h6 

Weighting factor curve, VIII p. 508 


Wind, ballistic, VIII Sec. 5, X p. 595 
cross, X p. 589 
range, X p. 589 
tail, X p. 589 
tunnel, III p. 210 ff. 


Wind tunnel, tests on projectile models, III p. 215 
Windage, jump, XII Sec. L 
Work, I p. l5 ff. 


Yaw, II p. 163, III pp. 213, 21h, 215, III p. 219, 
III pp. 226, 227 

cards, XII pp. 646, 647 

distance between maxima, XII p. 651 

effect of, XII pp. 658, 659, XII p. 662, XI p. 636 
equation of, XI pp. 615, 616, 617 

initial, XI p. 60 

in the gun, XII pp. 666, 667, 668 

of repose, XI pp. 62%, 627, 628, 629 

reduction of yaw-card data, XII p. 651 ff. 
reduction of spark range data, XIII Sec. 2, 

XIII Sec. 3 
wave length of, XIV p. 725 
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